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sotü CoNSEQUINCES OF FrNlTt] PIIOTON I'ASS rN EI-IICTR0üAGNETTC THIIORY

M. ! " I -  Evans

S o m e  c o r i s e q L l e n c e s  o f  f i n i t e  P h o t o n  m a s s  a r e  r c v j e w e d  i n  e L e c L r o m a g n e t l c  f i e l d

t h e o r y ,  u s i n g  a s  a  c o n c e p t u a l  f r a m e w o r k  t h e  E i n s t e i n  d e  B r o S l i e  i n t e r p r e L a t l o n

of  wave par t i c lc  dua l i sm,  recent ly  suppor ted  br '  exper iment  l t  i s  deDonst ra ted

L h a t  f i n i t e  p h o t o n  r e s t  n a s s  (  n 0  )  e m b o d i c d  i n  t h e  l r o c a  f  - L e L d  e q u a L i o n .  i s

c o n s i s r e n t  w i t h  s p e c i a t  r e l a t i v i t y  a n d  w i l h  g a u ! , e  t r a n s f o r 0 r a t i o n  o f  L h e  s e c o n d

k i n d  p r o v i d e d  e u a i ' 0 .  w t r e r e  Ä p  i s  t h e  ( c o m p l c x )  p o t e n t i a l  f o u r  v e c t o r '  F i n i t e  r n o

i s .  l L o w e v e r ,  i n c o n s i s t e n t  w i t h  t h e  L f a r r s v e r s e .  r a d i a t i o n ,  o r  c o u l o n b  g a u g e ,  t h i s

b e i n g  a  s u b s i d i a r y  c o n d i t i o n  w h i c h  i s  L r s e d  r o u l i n e l Y ,  b u t  t h l c h  i s  i n . o n s i s t e n t

v i t h  s p e c i ä l  r e l a t i v i t y .  F i n i t e  p h o t o n  m a s s  l e a d s  t o  l o n g i t u d i n a l  m a g n e t i c  a n d

e l e c t r i c  f i e l d s  i r  f r e e  s p a c e ,  f i e l d s  w h i . h  c o n s . r v e  t h e  f u n d a n e n t a l  d i s c r e t e

s y m m e t r i e s  o f  n a t u r e ,  v h i c h  r e m a i n  f i n i t e  i n  l h e  l i m i t  n 0 _ o ,  a n d  s h i . h  a r e

r e l a t e d  t o  t h e  c o r r c s p o n d i n g  t r a n s v e r s c  f i e l d  c o m p o n e n t s  t h r o u g h  L i e  a l S e b r a

The l in i t  Do _  o  repr -asents  the  t rans i  t ion  f rom the  Proca to  the  r '134w' l  I

f o r n a l i s m .  T h e  I o n g i t u d i n a l  f i e l d s  g { : )  a n d  i E r ' )  r e s p e c t i v e l y  a r e  f r e q u e n c v  a n d

p lüs€  independcnt  .omponents  o f  four  ve . to rs  l j r  and ] ' ' p ,  so  tha t  e lec t ronagnet ic

energy  dens i tv  i : i  repres .n ted  by  Po incarö  invar ian ts  sudr  as  E lEr  and apa}

A L t h o ü g h  a ( t )  a n d  i a r ' '  h a v e  n o  P L a n c k  e n e r g y  ( i . e  c o r r c s p o n d  t o  z . r o  r r e q u e n c y )

t h e y  a r e  e x p c . t . d  t o  p r o d u c e  a  v a r i e t y  o f  r r o v e l  s p e . t r a l  e f f e c t s  i n  t h e

l a b o r a t o r y ,  e 1 1 e . t s  w h i c h  i f  o b s e r v e d ,  o u l d  p r o l i d e  e v i d e r r . e  f o r  t i n j  t e  P h o t o n

1.  In t roduc t ion  and Br ie f  H isLor ica l  Per .sPect ive

the  idea tha l  the  photon  nay  have non uasr  d€ve loped by  Lou is  de

B r o g l i e  l r - 5 1  o v e r  m a n y  y e a r s  o f  i n v e s t i g ä t i o . .  H i s  I i r s t  m a s s i v e  p h o t o n

e q u a r i o n s  t 6 l  w e r .  p r o p o s e d  i n  1 9 3 4 ,  s h o r t L y  a f t e r  L h e  e m e r g e n c e  ö f  r h '  P r ö c a

f i e l d  e q u a t i o n  i n  1 9 3 0  [ 7  L 0 ] .  D e  B r o g L i e ' s  w o r k  i n  t h i s  a r e a  j s  r e ' o r d e d  i n

nurerous  books  and ar t i c les  vh ich  ar€  access ib le  i6 l  th rough L ib rary  o f  congress

l i s t i n g s  I 1 1 ,  1 2 1 -  T h e  d e v e l o P n e n t  o f  t h e s e  i d e a s  i I I  t h e  P a r i s  o f  t h e  1 9 3 0 ' s  i s

s u m m a r i z e d  b y  G o l d h a b e r  a n d  N i e t o  [ 6 ]  T h e  d e  B r o g l i e  p h o t o n  e q r r a r i o n  o f  1 9 3 4

(not  to  be  confused w i th  the  de  Brog l ie  equat ion ,  the  famous gu id ing  theorem)  is

descr ibed by  Go ldhaber  and N ie to  as  coming I r :om the  producr  o f  a  D i rac  par t i c le

space w i th  a  D i rac  an t ipar t i c le  space,  f rom the  ou tser  they  regard  rhe  photon  as

a par t i c le  e i th  mass ,  and the  an l i  photon  as  an  an t i  par t i c le  \ r i th  Mss The de

B r o g l i e  p h o t o n  e q u a t i o n  i s  r e l a t e d  t o  t h e  D u f f i n - K e m e r ' P e t i a u  v a v e  c q u a ! i o n  [ 6 ]

f o r  n o n - z e r o  a n d  s p i n  o n e  p a r t i c l e s  i n  i t s  f u n d a n e n t a l  ( r e d u c i b l e )  s i x t e e n

d inens iona l  repr :esenta t ion .  The 1a ! te r  can  be  de f ined l6 l  as  a  sYmmetr ic  p roduc t
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' - . '  o f  M  D i r J  < ! - . " s  , o  .  o m p o s  r p  o r  r L o  D i r -  p . r r  i . l p  
" p " . e s ,  

l h e
l \ , t f i n  K e m m e r  P c r i a u  c q u a t i o n  p r o v i d e s  t h e  K l e i n  C o r d o n  a n d  P r o c a  e q u a t i o n s  i f
j t  i s  assuned tha t  the  rave  func t ion  Lrans lo rors  as  thc  p roduc t  o f  rwo D i rac  $avc
i , { r c t i o n s .  T h e  K L e i n - G o r d o n  e q u a t i o n  i s ,  i n  r h i s  . o n r e r \ r ,  r h e  i r r e d u c i b l e
i r p r e s e D t a t i o n  c o r r e s p o n d i n g  t o  a  f i v c  d i m c n s l o n a l  p s e u d o - s c a L a r  e q u a t i o n
, ,1 ) ta ined by  spec ia l i z in8  to  a  p lane wave and d iagona l  maLr ix  e lements .  The Proca
L  ( { , l a t i o n  i s  t h e  i r r e d u c i b l e  r e p r e s e n t a t l o n  . o r r e s p o n d i n g ,  t o  a  t , . n  d i m e n s i o n a l
, ,p iD one equat ion-  The dc  BrogL ie  photon  equat ion  on  the  o ther .  hand de .onposes
r n t o  a  o n e  d i m e n s i o n a l  p s e u d o  s c a l d r  i r r e d u ( i l , l '  r . p r . s c n t a t i o n ;  a  f i v e
, l i m e n s i o n a l  i r r e d u c i b L e  r e p r e s e n t a t i o n  c o r r e s p o n d i . r  r . . ,  s . . r 1 a r  K l e i n - C o r d o n
,  q u a i i o n ;  a n d  a  t e n  d i m e n s i o n a l  a x i a l  v e c a o f  r c p r c s f n t a l i o n  o f  t h e  P r o c a
t ( l ü a t i o n .  D u f f i n  I r 3 ]  h a s  d e s c r i b € d  t h e  g e n e r a l  m a 1 ] t r , m a r i c a l  p r o p e r t i e s  o f
,  h a r a c t e r i s t i c  m a t r i c e s  o f  c o v a r i a n t ,  q u a n t u m  r e l a t i v i s r i .  s y . r t e m s .

I t  i s  c I e a r ,  t h e r e f o r e ,  t h a t  t h e  d e  B r o g l i .  p h o r o n  . q u a t i o n  o f  1 9 3 4
,  o n s i d e r s  D i r a c  s p a . e s  f o r  p a r r i c l e s  ä n d  a n t l  p a r t i c l c s ,  S i v i n g ,  t h .  p o s s i b i l i t y
' ) t  p h o t o n s  a n d  a n t i  p h o t o n s .  T h e  D u f f j n  K e D n e r  P e t i . , ,  ( , ( t , , : , r  i ( ) n  ( ) r ,  r h e  o t h e r  h a n d
,  o n s i d e r : s  o n l y  D i r a c  s p a c e s ,  a n d  r h e r e f o r e  o n l y  p h o l o r s .  w l i i . h  a r e  t h c i r  o m

, , t  i  p a r t i c l e s .  I f  t h e s e  e q u a t i o n s  a r e  a p p l i e d  l o  l ) h o l ( ) l s  ( r n ( ]  . ' r r  i  p h o t o n s )  i n
1 h .  c l a s s i c a l  l i m i t  n o -  o ,  t h e  M a x w e l L  e q u a t i o n s  o f  I  h .  . l ; , : i : j i . e l  . 1 , . r  . o m r g n e t i c
i  i ! ] d  r ü r l s t  b e  r e c o v e r e d .  l n  c o n t e m p o r a r y  d ( . : ; . r i p l  i o n  l L 4 r .  t l r .  c h a r g .

,  o n j u a a r i o n  o p e r a t o r  i  a p p L i e d  t o  t h e  p h o t o n  i n  d f  l l r ( ) 8 1 i . ' s  . q r . r i o , r  m ü s t

r , r o d u c e  t h e  a n t i  p h o t o n  b y  d e f i n i t i o n ,  1 . e .  e  i s  d . i i r k , d  l l 4 l a s  t h e  o p . . : r t o i
l , a t  p r o d u c e s  L h e  a n t i - p a r t i c l e  f r o m  t h e  o r i t i r . l  t ) r r l  i c l c ,  w h i l .  h ! v i r i |  o

, l f e c t  o n  s p a c e  t i m e  p r o p e r t i e s  s u c h  a s  h e l i c i l y .  I | l i : i ,  i  p r o d u . e s  r l , .  l ) i r r ( :

L ' , t i  p a r t i . l e  s p a c e  f r o n  t h e  D i r a c  p a r t i c l e  s p : r r : r .  l h i s  m u s t  m c a n  l l u l  a l  l r r r s
r l r e  e f f e c t ,  f o r  e x a m p L e ,  o f  r e v e r s i n g  t h e  : r i t r  ( ) l  , , 1 1  f o u r  c o m p o n e n r s  r h f

r o t . n t i a l  f o u r - v e . t o r  Ä p  o f  t h e  c L e c t r o m a g n € L r  l r ,  l , l ,  . r n d  a I l  . o m p o r r . n l s  o l
) . c t r i c  a n d  n r a g n e t i c  f i e l d s  o f  a  p l a n e  v i a v e  i n  v r . , r o .  ( l n  g e n . r a l  l h .  n o ü

r r i v i a l  t o p o l o g y  l l 5 l  o f  r h .  v a c u u m  i s  a l s o  a i l e . r ( . d  b y  a .  a l l  p a r t i . L e : i  o l  I l n
i i r a c  s e a  I 1 5 ] ,  o f  w h i . h  t h e  v a c l r u r  i s  c o m p o s . d  i r ) . o n t . m p o r s r y  t h o u g h r ,  a r .  b y

L ,  t i n i t i o n  o f  i ,  c h a n g e d  t o  a n t i  p a r t i c l e s ,  a , r l  r l , ,  . f l c c L  o f  d  o n  t h e  v a c u r r r n

i ,  n o n  L r i v i a l . )  I t  i s  c L e a r  t h a t  t h e  e f l . . t  o l  a  i n  r h €  d e  B r o g l i e  p h o t o n
, , t ü a t i o n  i s  t o  p r o d u c e  t h e  a n t i  p h o t o n  e q t r a l  i ( ) , ,  1 , ,  t h e  i n L c r p r e t a i i o n  o t  t h .
, L , f f i n - K e n n e r  P e t l a u  e q u a t i o n  t h e  p h o t o n  i s  i l s  o w , ,  : , , , r  i p h o r o n .  T h e r e f o r e  r h ( .

i ( Ä r )  ,  ^ n  ( l )

, '  t h i s  e q u a t i o n  m e a n s  t h a t  l h e  p h o r o n  i s  i r )  i i l  ( . i f l c n s t a t e  o f  C =  1 ,  { h i c h  i n
, , J ' t e m p o r a r y  u  d e r s t a n d i n g  i s  a  c o n s e q ü . n . f  o 1  l l x ,  c o v a r i a n c e  o I  r h e  U ( t )

, l e c t r o m a g n e t i c  s e c r o r )  f i e l d  e q u a t i o n s  L I 6  ü r d ( , r  6  a n d  ü i .  H e r e  i  i s  t h .

r . r f i t y  i n v e r s i o n  o p e r a t o r  a n d  f  L h e  m o t  i o n  f (  v . r s a l  o p e r a t o r .  T h e  D u f f i n
t , n m e r - P e t i a u  e q u a t i o n ,  b e i n A  a  p i r y s i c a l  l a v ,  i . e .  a  r e l a t i v i s L i c a l l y  c o r r s i s r e n t
, l , , a r i o n  o f  t h e  e l e c t r o m a g n e t i c  f i e l d .  m u s r  b e  L n v a r i a n t  u n d e r  a  d i s c r e t e
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s y m f f e t r y  o p e r a t o r  s u c h  a s  a .  l h i s  i r n p l j e s  t h a t  t h e  n e g a t i v e  c h a r g e  p a r i t y  o f

t h e  p h o t o n  n u s t  b e  c o n s e r v e d .  I f  s o ,  t h e  d i s t j n . r i o n  b e t a € e n  p h o t o n  a n d  a n t i

p h o t o n  b e c o m € s  u D m e a s u r a b l e  I f 4 ] ,  ! / h i c h  i s  c o n s i s t e n t  w i t h  t h e  f a c t  r h a t  t h e

D u f f i n - K e m m e r - P e t i a u  e q ü a t i o n  i s  w r i t t e n  i n  a  s y D n c t r i c  p r o d u c t  s p a c e  o l  t v o

D i r a c  s p a . e s ,  i . e .  i s  a  c o m p o s i t €  o f  p a r t i c l e  s p a c e s ,  t h e  p a r t i . l e  b e i n g

i d e n t i f i e d  v i t h  t h e  m a s s i v e  p h o t o n -  l n  t h e  d e  B r o g l i e  e q u a t i o n ,  t h i c h  a P P e ä r s

t o  t h i s  a t l t h o r  t o  b e  e q u a l l y  v a l i d ,  t h e  a n t i  p h o t o n  i s  p r o d u c e d  b y  e  f r o B  t h e

p h o t o n  a n d  v i c e  v e r s a ,  a l I  s p a c e  t i m e  p r o p e r t i e s  s u c h  a s  p h o t o n  h e l i c i t y  l , e i n g

u n a f f e c t e d  b y  d e f i n i t i o n  o f  e  l l a l .
I n  c o n t e m p o r a r y  f i e l d  t h € o r y ,  h o w e v e r .  l h e . o t i o n  t h a t  f h e  p h o t o n  i s  i t s  o s n

a n t i  p a r r i c l e  i s  p r e v a l e n t  I l a ,  1 5 l ,  a n d  v e  a d o p t  t h i s  P o i n t  o f  v i e v  a s  a  r ü a L t e r

o f  c o n v e n t i o n  r a t h e r  r h a n  a s  a  l o g i c a l  n e c e s s i t y .  l n  t h i s  f r a m e v o r k  r h e  D ü f f i n

K e m e r  P e t i a u  e q u a t i o n  i s  a  d e s c r i p t i o n  o f  t h e  e l e c t r o m a g n e t i c  f i e l d  c o n s i d e r e d

a s  a  m a s s i v e  S a u g e  f i e L d ,  w h o s e  q u a n r i z a t i o n  p r o d u c e s  w e l l  d e f i n e d  n a s s i v e

p h o t o n s  w i t h  t h r e e  s p a c e  l i k e  p o t a r i z a r i o n s ,  t \ . v o  t r a n s v e r s e  r o  t h e  d i r e . t i o n  o f

p r o p a t a l i o n ,  o n €  p a r a l 1 e l  t o  t h i s  d i r e c t i , r n ,  a n d  t h e r e f o r e  l o n g i r u d i n a L .  T h i s

e q u a t i o n  m u s t  b €  i n v a r i a n t  u n d e r  1 o . a l  U ( l )  g a u g e  t r a n s l o r s r a t i o n s  I r 6 l  i n  t h e

c o n t e n r p o r a r y  d e s c r i p t i o n .  ü €  s h o w  i n  S e c  3  t h a t  r h i s  l e a d s  t o  t h e  l i m i t i n g

gauge cond i  r i  on

( 2 )
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r , r n g c s  u l d e r  g ä , r g c  l r a n s f o r m a t i o n  o f  t h e  s . . o r r l  k i n d .  S i n c e  r h .  m a s s  l ( . r r  i s

J  -  t l a  ^ ' .  ( l )

r  f o l l o w s  i m e d i a t e l y  t h a t  f o r  n o  /  o .  g a u S e  i ' , v , , r j , , , , . e  j s  s a t i s f i e d  u n d e r  t h €

: r m i t i n 8  c o n d i t i o n  ( 2 )  ; 2 1 1  T h e  i d e a  r h ä r  r , ,  .  i d e n t i c a L l y  l r 5 l ,  r h c

, ) J , v e n t i o n a l  i d e a ,  m e a n s  t h a t  . 4 r A p '  i s  a l l o v e d  t ( )  l , , k ( . . , i , !  v : r l t r e .  i . e .  t h e r e  i s

. , 1 r i j e  f r e e d o m .  A  s t a r t l i n S . o n s e q u e n c e  o f  E q .  ( ) )  i s  l l i , , l  l h f  e v e . v d a y  C o u l o n b .
i  l . a n s v e r s e ,  e a u g e  i ? 2  b e c o r n e s  i n c o n s i s t e n l  u i r l ,  1 i ' , i r ( ,  I , l , . r o n  m a s s .  I f  ( i n

u n i r . \ .  . o  b " i  , t  " .  p , ' F . r r ' v i r \  ' n  v , . . .

' r .  " , , ( r ,  re1 ,

, . ,  , r s r a l  ,  E q .  ( 2 )  i m p r i e s

o -  
" l r  ,

. . 1 , j . , h  c o n t r a d i c t s  t h e . o n d i t i o r l  o f  t h e  C o u l o m b  8 a , , | ,

( 5 )

l x . , , 1 1 i !  i r  t h : , 1  l l l l r r  . ) . )

( 6 )

( t '  )

v h e r e  . 4 r  i s  c o n s i d e r e d  a s  a  c o o p l e x  D i r a c  g a u g e  i L / ,  t 8  E q u a t i o n  ( 2 )  i s  v a l i d

f o r  f i n i t €  p h o t o n  m a s s  ( , n , , )  i n  t h €  l i m j t  o f  i n f i n i t e s i m a l l y  s m a l l  P h o t o n  r a d i u s ,
-  T h e  L a t t e r  i s  o r t h o g o . a l  t o  t h e  e n e r g y  r n o m e n t u

v e c t o r ,  p p ,  o f  t h e  p h o t o n  i n  i r s  r e s t  i r a m e  I L / .  1 8 l .

T h e  u s u a l  c o n t e m p o r a r y  d e s c r i p t i o n  o f  t h e  U ( I )  s e c t o .  d i f f e r s  f r o m  t h i s  i n

t h a t  t h e  p h o t o n  m a s s  i s  c o n s i d e r e d  i L 5  l o  b e  i d e n r i c a l l y  z e r o .  c o l d l E b e r  a n d

N l e t o  l 6 l  s h o a  t h a t  t h e r e  i s  n o  e v i d e n c e  l o r  t h i s  i d c a ,  r l o r  c a n  t h e r e  b e ,  s i n c e

i t  i o p l i € s  t h a t  t h e  r a n g e  o f  e l e c t r o n a g n e t i c  r i d i a r  i o n  i s  i n f i n i r e ,  a n d  t h e r e f o r e

u n n e a s u r a b l e  e x p e r i m e n t a l l y .  I n  c o n t e m p o r a r y  ü n i f i e d  t h e o r Y ,  t l l 8 n g  I 1 9 ]  h a s

d iscüssed f in i te  r ro  in  the  contex t  o f  the  Glashov  l , l c inberg  Sa lam (c ! , i s )  and SU(5)

t h e o r i e s ,  s h o w i n g  t h a t  a  n o n  z e r o  n o  L e a d s  t o  r  i  i . i t e  e l e c t r o n  l i f e t i m e ,  f o r

exanp le ,  and is  a  cent r :a t  rheme in  contempordr -v  par l  i c le  phys ics  and Arand
ü n i f i e d  f i . l d  t  h . o ) : i e s .

S i n c e  e L e . t r o m a S n e t i c  f i e l d  t h e o r y  i s  t h e  U ( L )  s c c l o r  o f  g r a n d  u n i f i e d

t h e o r y .  i t  i s  e s s e n t i a L  t h a t  m e a n i n g f L r l  c o n s i d e r a t  i o r  b e  A i v e n  t o  L h e  c o n c e p t  o f

f in i te  photon  mass  i r i t roduced in  the  1931 '  d .  l J r  o | , l  i  e  .qua l ion-  Ear l ie r

c o n s i d e r a t i o n s  o i  l i n i t e  , m 0  d a t e  t o  E i n s t e i n ' s  p r o p o s a L s  2 0 1  o f  1 9 1 6 ,  a n d

b e f o r : e  t h a t ,  t h €  e x l s t e n c e  o f  n o n  z € r o  m 0  h a d  b e c n  p r o p ö s e d  [ 6 ] ,  t n  n e c e s s a r i l y

c l a s s i c a l  ä n d  n o r )  r e l a t j v i s t i c  t e r n s ,  s i n c e  C a v e n d j s h .  T h i s  i m p l l e s  a n  o v e r h a u l

o f  h a b i t u a l  n o t i o n s  i n  e l e c t r o d y n a m i  c s .  A s  s o o n  a s  w e  a c c e p t  t h e  p o s s i b i l i t y

tha t  n ,  +  o ,  the  th€ory  o f  gauge invar iänce is  a f te . ted  a t  a  fundamentaL leve l

because the  Lagrang ian  [15 ]  i s  supp lemented by  a  nass  te rn .  l f  th is  i s  non zero ,

invar iance under  loca l  l ( r )  gauge t rans fo isa t ion  1s  los t ,  nean ing  tha t  the  ac t ion

t r . r t i o n  ( 5 )  m e a n s  t h a t  t h e  d i f f e r e n . e  b e 1 u . ( r  0  , I r i  ,  A  i s  i r r t i n i t . s i n r a l l y

. L l L ,  b u t  [ q .  ( 6 )  m e a n s  t h a t  0  i s  i d . . D t j ( r l l !  : r  r , ,  q ] i i 1 .  Ä  i s  , , o n  z c . o

7 i ) e  C o ' , l o , r ö  g a u J l e  i !  r ' n . o n s i s t e ? r t  w i t h  1 i ? , , r ,  r ) l l , / , , , r  ? ! ! s s .

E q u a t i o n  ( 6 )  i s  e l s o  i D c o n s i s t e n t  v i f / r  : , r ! , ,  i . r 1  r . l r r  i v i t ! ,  ü n l e s s  r  i s
j ( r t j c a l  1 y  z e r o ,  i n  i ' h i c h  c a s e  L h e r .  i s  r i , )  ( . l , r l r ( ) n i i t n e t i c  f i e l d .  T h j s

l e m e n t a f  l n c o n s i s r e n c y  r n  t h e  t r a n s v € r s .  l i L u | (  i  : ,  r . l  a l  . d  r  o  t h e  h a b i t u a l

,  , , , n p t i o r  i n  e l e c t r o d y r i a m i c s  L h a t  r h e  l o n l t i r , ! t j , , ; , 1  , ( ) n i t o n e n t s  o f  l . I : r x \ r e L l ' s

r  L I i o n s  i f  ' u . p h y s i . . r l " .  p r . s ü , n r l , l v  z , r ( ,  l h .  r c a s o n  f o r  t h i s  i s

, , , t  L h c  L o n g i t u d i m a l  a n d  l i n e  l i k e  c o m p . , r ( . l r  j  t ) l  . r r  , r . ,  d i s c . r d . d  i .  r h .

( ( i o [ ] o m b  t : r u g € ) ,  s o  t h a t  l . o r e r l  2 . , ) ! , , r j , , ' , . 1  l : i  l o s t .  T h c  l o n g i t ü d i n ! l
^ r  ,  .  ' n n o t  t h c r . l  ( ) i  (  , , t j t , (  . , r  i  n  t h c  d e f i n i  t i  o n  o t  r l , e

,  r t r i c  a n d  m a g n e t i c  c o n p o n e n t s  o f  t h €  p l a r i ,  u . r r ,  i r  ! ; r . u ( ) .  I h i s  i n c o n s i s t e n c l '

r . c e p t e d  c u s t o m a r l l y  o n  t h e  g r o t r n d s  t h , r t  l l , ,  l , ) L i r  \ ' ( . l o r  Ä p  i s  n o t  d i r e { ' t l v
.  ,  r v a b l e  o r  p h y s l c a L l y  i u f l u e n t i a l .  l r  r l r i r  v i , w  l r  0  a n d  r  f o r m  p r r L s  i

L : , t h e m a t i . a l  s t r b s i d i a r y . o n d i t i o .  t o  t l , .  l , 1 . , r u 1  l L  ( , t L L . l  i o n s .  a n d  s i n c e  r h e s t . r r .
, ( t r r . e d  b y  ( 6 ) ,  t h e  t r a n s v e r s e  8 a u g e  i : ; . . . ( t l r { 1  l l i i s  l e a d s  i n  t u r n  t .  r h (

,  i i t u a l  a s s c r t i o n  t h a L  L o n g i t u d i n a l  s o L u t i o r i s  o l  ) 4 n r u . l l ' s  e q u a t i o . s  i , L  ! . , ,  ' , .

,  " u n p h v s i c a l "  a r l d  p r e s G m l b l y  t h e r . f o r .  u , , r l . 1 r l . d  t o  t h e  u s u a l  t r a n s v e r : j i
i r r i o n s .  l l o w e v e r ,  i r  h a s  b € . n  k n o w n  € x p . r i u i . n L a l l _ v  l o r  o v e r  t h i r t y  y e a r s  t h a t

,  l l o h m  A h a r o n o v  e f f e c t  l 2 : l l  m e a n s  t l r a r  . r r  i s  p i ) y : ; r . a l l I  m e a n i n g f u l ,  s i n c c  Ä ,
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i n  t h e  a b s e n c e  o f  a  m a g n e t i c  f i e l d ,  p r o ' l l r c e s  f r i n g e  s h i f t s  i n  e l e c t r o n

d i f f r a c t i o n  b v  c h a n g i n g ,  t h c  e l e c t r : o n ' s  w a v e  f u n c t i o n  S i n c e  t h e  s p a c e _ l i k e  p a r t

o f  n , , ,  i . e .  , 1 ,  i s  a  f h y s i c a l l y  n e a n i n g f u l  q u a n t i t y ,  t h e n  a l 1  f o u r  c o s P o n e n t s  o t

o .  i i "  . r . "  p t ' y " i . " i r v  m e a n i n s f u L  r t  Ä F  r s  r o  b c  a ' c e P r e d  a s  - r  f o l r  v e c t o r  o f

s i . c i a l  r e l " i i " i t v .  T h i s  i n  t u L n  L e a . i s  r o  t h e  c o n ' l u s i o n  t h a c  l o n g i t u d i n a l

r o t r t i u n "  o f  M ä x w ; r l ' s  e q u a t i o n s  i n  v a . u o  c n n n o t  b e  d i s c a r d e d  i  e  t h e  m a n i f e s t

c o v a r i a n c e  o f  t h e  t h e o r y  o f  e l e c t r o m a S n . t i s m  m u s t  b e  m ' i n t a i n e d  r i g o r o u s l y  T h e

h a b i t  o f  d i s . a r d i n g  t h e  t i m e - l i k e  p a r t  ' f  r F  d e s t r o y s  t h e  s t r u c t u r e  o l  M i n k o e s k i

s p a c e - r j  m e ,  i .  e .  i s  g c o m e t r i c a l l y  u n s o u n d

R e c e n t  v o r k  b y  i h e  P r e s e n t  a u t h o r  l 2 a  3 0 i  h a s  r e s u l t e d  i n  a  I - i e  a l g e b r a

w h i c l i  s h o w s  n a t h e m a t i c a L l v  t h a t  a h e  l o r ) 8 i l . u d i n a l  s o l r l t i o l l s  o f  l 1  < v e l l ' s  e q u a ' j o n s

i  v a c u o  e r e  r e l a t e d  t o  t h e  t r a i s v e r s e . o i n p o n e n t s  T h i s  a L g e b r a  i s  ' o n s i s t e n t '

f u r t h e r n o r e ,  w i L h  t h e  P r o c a  e q u a t i o n  I o r  l i n i t e  ' n !  a n d  b y  i m p L i c a t i o n '  w i ! h  t h e

D u f f i n - K e m m - ; r - P e t i a u  a n d  d e  B r o g l i e  e q ü a t i o n s  f o r  n r a s s i v ' r  p h o t o  s  l h e  n o v e l  L i e

a l r , e b r a  t 2 4  3 0 1  r e m a i n s  v a l i d .  f t l r t h e r m o r e .  i n  t h e  M a x w e L l i a n  f i e l d  ' h e r e

' " 1 0 ,  
" . a  

i s  t h e r e f o r e  c o n s i s L e n t  w i t h  w h a t  i s  k n o a n  a b o u t  t t r e  U ( L )  s e c t o r  o f

c ;n temporary  g ränd un i f ied  f ie ld  theor )  i ro r  example ,  the  nagnet ic  comPonents

o f  t h e  M a x r , / e l i i a n  f i e l d  c a n  b e  d e s . r i b . d  b v  t h e  f o l L o v i n g  v e ' t o r i a l  L i e  a l g e b r a

i n  t h e  t h r e e  s p a c e - L i k e  d i m e n s i o n s .

a ( 1 )  : B ( 2 )  :  i a l o ) ! ( 1 ) . ,  i t J i o ) a ( . )

t ( r )  ! ! { 3 )  =  i 8 1 o ) ! ( 1 ) .  j i r l i r t ( 2 )

B ( 1 )  \ ! ( 1 )  =  i B  n t B t a ) .  -  i B \ r J B t t t

T h i s  a l g e b r a  i s  d e r i v e d  i n  S e c  4  t q u a t i o l r : r  ( / )  a r e  w r i t t e n  i n  a  c i r c u l a r  b a s i s

t ? 4  3 0 1  i n  w h i c h  ( r )  ä n d  ( 2 )  d e n o t c  t h e  I  r a i s v ' r r i ' r  P o l r r i z a t i o n s  s ( r )  = a ( ' ) '

i . i n g  
' . o ' p l  

" .  
. o n j u g a t e  P a i r s .  I t n p o r t a t ) t  l v ,  t  h ' r c  a t p c n r s  l I r  E q s  ( 7 )  a

l o t l g i t t l .  i D a l  . o m p o n e n t ,  l a b e l f e d  ( 3 ) ,  w h i ' h  i s  r c a l  s o  l h a t  a . ( 3 )  = s ( 3 ) '  B ( 0 )

i n  i h e s c  r : q u a t i o n s  i s  t h e  s c a l a r  a m p l i t u d i :  o l  n i a l l , I t r ' r  i .  l l r r l  d e n s i t v  i n  v a c u o  o t

r h e  e t e c t r o m ; r $ 1 . t  r c  p r a n e  w a w e -  l u r t h c r m o r c .  i f  s ( 1 )  o ,  r h c D  - B ( 2 )  o  f r o m  E q '

( 7 b )  a n d  r ( 1 )  o  f r o m  I i q .  ( 7 c ) ,  a n d  b e c a u s e  i t  i j i  r h (  ' o n i P l ' x  ' o n j u g a t e  o f  a r ' )  '

t l c  . o n . ] n d .  t  t n t  n o i ' z e r o  c o D p o r ' ' r ) l s  i r r y l )  a  n o D ' z e r o  l o t l q i t t l d i

r )ä l  conponer ) .  .  I  l i c  la t te r  be ing  f teqoen 'y  i r rdeP ' r 'd '  t r

T h i s  i s  a n  . b v i o u s  d e p a r t u r e  f r o m  t h e  c o n v ' J r l i o n a l  i d e a  t h a t  . B ( t  = ' o  w h i l e

B { r )  = a { 2 ) ' * 0 .  l " l o r e  d . t a i l s  a r e  g i w e n  i n  S e ( :  4 .  S i n c '  e l e c t r o m a g n e t i c  t h € o r y

i s  a  P o i n c a r €  i n v a r i a n t  l o c a l  g a u g e  t h e o r v ,  i (  m u s t  c o n s c r v e  e F t  I 1 4 ]  I t  i s

s h o v n  i n  S e c .  4  r h a t  E q s  ( 7 )  c o n s e r v e  t h e  ' e v ' n  I t 4 ]  d i s c r € t e  s v m m e t r i e s r

ö ,  i ,  i ,  aF ,  t? ,  ? i ,  a t ta  öF?,  a  resu l t  } ih ich  is  'ons is ten t  w i th  the  fac t  tha t

! ( 1 ) ,  a { 2 ) ,  a n d  A ( t  a r e  s o l u t i o n s  o f  l { a x w e 1 l ' s  e q u a l i o n s  i  v a c u o ,  e q u a t i o n s  o f

a  f ie ld  theory  tha t  conserves  iF i .  s ;ncc  the  cquat ions  conserve  iF i  then no

The Pholomagneton and Quantun FieLl Theory 9me Co sequences oJ Finile Photon Moss in .,.

L l l ) e r a t i c a t  s o l u t i o n s  t h e r e o f  c a n  v i o l a t e  ö F f .

a ( t )  = ) 0 ,  a o )  = a ( 2 , .  +

l . ' l

T h e  h a b i t u a l  l ) r ( ) t i , ' : . 1 1  I r ,  ' !

o ,  
( l l )

,  t h e r e f o r e  h e t e r o d o x ,  i n  t h a t  i t  c o n t r ä d i c t s  t h c  a F i  t h e o r e m  a n d  a  L i e  a 1 l l , 1 ' l ' j r r r

, ( h  a s  t h a t  e n b o d i e d  i n  E q s .  ( 7 ) .  I L  i s  c l e a r  t h a t  t h e  l o n g i r u d i n a l  s o l u t i o t r '

E r t ,  m u s t  t h e r e f o r e  c o  s e r v e  t h e  s e w e n  d i s c r e t e  s y m m e t r i € s  i n  v ä c u o  l o r

: , n , p l e ,  ä p p l y i n g  e  t o  a ( ' )  e  o b t a i n ,

e ( r c , ) =  r ( i ) ,  e ( r )  = r ,  ( 9 )

, . r , j l e  t h e  b e a m  h e l i c i t y  ( 1 )  i s  u n c h a n e e d  b y  d e f i n i r i o n  E q u a t i o n  ( 9 )  t r l 1 1 s t  b e

, , le rp rered  to  nea tha t  the  negat ive  charge Par i tY  o f  ,B( t  f ias  bePn 'onserved

,  o t h e r  w o r d s ,  t h e r e  i s  n o  e  v i o l a t i o n  t 1 4 l  i n p l i e d  b v  t h e  e x i s t e n c e  o f  l ' " '

i l  t h c r e  i s ,  f o r  t h e  s a m e  e  v i o t a t i o n  i m p l i e d  b y  t h e  e x i s r e n c e  o f

F r o m  E q .  ( 7 a )  i t  f o l t o w s  t h a t  c h a n g i n a  L h e  b e a m  h c l i ' i t v  i m p l i e s  c b a n g i n g

l L (  s i g n  o f  a { r '  ,  b e c a u s e  t h e  s i g n  o f  ! r ! '  x  t ( 2 )  i s  . : h a n g . d ,  w h i l e  t h a t  o l  t h e

r l a r  a m p l i t u d €  E ( Ö )  i s  u n a f f e c t e d  b y  b e a m  h e l i . i t y .  I t q u a t i o n  ( 9 )  b e c o m e s
( 7 ' )

(  / b )

(7c )

6 (  B r 1 ) ) = r ( r ) ,  e ( - 1 )  -  r ,

, r ( 1  t h e  n e g a t i w e  c h a r g e  p a r i l y  o f  8 ( t )  h a s  r h i s  1 i m .  b . : e n  c o n s e r v e d '  v h i l e  )

r i  r e n a i n e d  u n a f f e c t e d  b y  d e f i n i t i o n  o f  0  [ r a ]

I L  m a y  b e  o b j e c t e d  I 3 1 l  t h a t  s i n c e  E ß )  d e p e n d c  o i r  t h e  s i g n  o f  I  ( t h r o u g h

, i  . ross  produc t  a ( t )  x  s ( : )  )  tha t  i  shou ld  I  eawc s { ' r  unchanged because i t  leaves

^  , ' n c t ü n g e d  a n c l  v i c € - v e r s ä .  T h e  f l a v  i n  t h j s ;  r s s { r t i o n  i s  r e v e a L e d  s i E p l y  b v

.  L '  ' n 8

6r'r = !. ' :*( ' l  ,,,|1,],

( 1 0 )

(  11 )

. ,  ,  r e  f ( l )  n e a n s  " f u n c L i o n  o f  1 " .  w h i l e  a  d o t s  u o l  . h a n g e  f ( l )  b v  d e f i n i t i o n

I  ( i h a n g e s  t h e  s i g n  o f  t h e  s c a l a r  a m p l i t u d e  B " ' )  b y  d e t j n i t i o n  s o  t h a t  E q  ( 1 1 )

, , .  E q .  ( 7 a ) )  i s  i n v a r : i a n t  t o  e  a n d  t h e r e  i s  r r o  a  v i o t a t i o n  i ü P l i e d  b v  t h e

L s t e n c e  o f  t ( t .  F q u a t i o n  ( 7 a )  i s  i n v a r i a n t  t o  C  b e c a u s e  o p e r a t i n g  o n  e a c h

rbo l  o f  the  equat ion  by  d  p roduces  the  sane equat ion  s imi la r lv  fo r  Eqs  (7b)

, , t  ( 7 c ) .  T h i s  e x e r c i s e  c a n  b e  r e p e a t e d  f o r  t h e  o t h e r  d i s c r e t e  s y n n e t r i e s  '

! G a L i n g  t h a t  E q s .  ( 7 )  a r e  i n v a r i a n t  t o  t h e  s c v e n  d i s c r e t e  s y m m e t r i e s ,  a n d  t h u s

, , l a t e  n o n €  o f  t h e s e  s y n m e t r : i e s -

Another  fun i lamenta l  consequence o f  mo +  o  i s  the  inp l i€d  ex is tence [32 ]  o f
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€ l e c t r i c  a n d  n a g n e t i c  f o u r _ v e c t o r s ,  E p  a n d  E p ,  j n  v a c u o ,  f o u r : - v e c t o r s  t h i c h  a r e

a s s o c i a t e d  w i t h  t h e  e l € c t r o m a g n e t i c  p l a n e  w a v e .  T h - '  P r o c a  e q u a t i o n  [ 1 5 ]  f o r

no  +  0  may be  wr l l len  as

1 4 " =  € Ä r .  i  " ; l

w h € r e  A p  i s  i n  g e n e r a l  c o D p t e x  [ 3 2 ]  a n d  i  i s  t h e  r e d u c e d  P t a n c k  c o n s t a n t  T h u s : q r

takes  o ln  the  ro le  o f  a  phys l .a l l y  nean iü l fL t l  e igenfunc t ion ,  upon vh ich  the

d ' A l e n b e r t i a n  L l  o p e r a t e s  t n  M i n k o l t s k i  s p a . e - t i m e  t o  p r o d u c e  t h e  € i g e n v a l u e  1 '

T h e  M a x w e l L i a n  l i n i t  o f  E q -  ( 1 2 )  n a y  b e  r e a c h c d  i n  d i f f e r e n t  w a v s  ( S e c  3 ) .  b u t

i n  t h i s  L i m i t .

( 1 2 )

( 1 3 )

(14 )

- n t s  o ,

' h i c h  i s  t h e  d ' A l e m b e r t  e q u a t i o n  [ 1 3 ]  i n  v a c u o  E q u a t i o n  ( 1 3 )  i s  n o  L o n g e r  a n

e i g e n f u n c t i o n  e q u a t i o n ,  a n d  i n  c o n v e n r  i o r r a l  e l e c t r o d y n a m i c s  [ 3 3 ] ,  Ä | ,  i s

i r a b i t u a l l y  r e g a r d e d  a s  a  s u b s i d i a r y  m a t h e m a l  i c a l  c o n s e q u e n c e  '  o r  c o n d i r i o n ,

a r i s i n g  f r o n  t h e  M a x w e L l  e q u a L i o n s  i n  v a c u o  A l t h o u g h  g  i s  v e r v  s m a l L  ( - r 0 ' : 6 n  1 )

t h e r e  i s  a  c r i t i c a l  d i l f e r e n c e .  t h . r e f o r e .  b c t w e e n  t h e  P r o c a  a n d  d ' A L e m b e r t

e q u a t l o n s ,  i n  t h a t  I  i s  a  p h y s i c a l  l y  m . a n i n l , f u t  e i g e n f u n c t i o n  i n  t h e  f o r m e r .

a n d  a  m a t h e n a r i c a l  s u b s i d i a r Y  c o n d l t i o n  1 n  l h e  l a t t . r '  E x p e r i m e n t a l l y ,  t h e  B o h $ -

Aharonov  e f fec t .  f i r s t  observed by  Chambers  [  ]4  I  ,  and  repcated  severa l  t imes in

i n d e p e n a l e n t  l a b o r a t o r i e s ,  s h o i r s  c o n c l u . i v . ' l y  t h a t  A r  i s  p l t v s i c a l l y  n e a D i  S f u l '

T h i s  r e s u l t  i s  s u p p o r t  f o r  t h e  P r o c a  e q u a t i o r r  a n d  f i n i t €  p h o t o n  m a s s .  T h e  l a t t e r

i s  c o n s i s t e n t ,  i n  o t h e r  w o r : d s ,  t i t h  t h e  f a . t  t h a t  Ä "  d i r e c t l y  i n f l u e n c e s  t h e

r a w e  f ü n . t i o n  o 1  a n  e l e c t r o n ,  m e a n i n 8 ,  t h a t  d l l  f o u r  ( : o m P o n e  r s  o f  A p  a r e

p h y s l c a L L y  m e a n i r i s f u L ,  a s  i n  t h e  P r o c a  e q u a r  i o n .  l h e  l a t t e r  i s  r e l a t i v i s t l c a l l y

c o n s i s t e n t ,  b u t  m a t h e m a t i c a l l y  i n c o t s i s t e t l  w i t h  t h e  C o u l o m b ,  o r  t r a n s v e r s e

g a u g e .  I t  i s  w . l l  k n o v n  [ 1 5 ]  t h a t  t h e  P r o c a  e ( l u a t i o n  i f l p l i e s  n B t h e m a t i c a l l y  t h a t

aa

v h i c h  i s  t h o  l , o r e n t z  c o n d i t i o n  I 1 5 1 ,  d e f i n i n g  r h . r  L o r e n t z  g a u g e  l n  g e n e r a r '

O + o  a n d  r + o  i n  t h i s  8 a u g e .  w t r i c h  i s  c o n s i s t - " t i l  w i t h  t h e  f a c t  t h a t  ' A e  i s  a

phys ica l l y  mean i rLg fL l l  four -vec tor .  l ' Io reover .  fo r  (oopLex ,qp ,  i t  cän  be  shona ' l

t h ä t  t h e  P r o c a  c q u a t i o n  i s  c o n s i s t e n t  e i t h  t h e  D l f a .  g a u g o  [ 3 2 ] ,  f r o m  w h i c h  E q '

( 2 )  h a s  b e e n  d e r i v e d  t 3 0 l  i n  t h e  l i m i t  o f  i n f i n j l e s i m a l l y  s n a L l  p h o t o n  r a d i u s '

I n  t h i s  1 i m i t ,  a s  w e  h a v e  s e e n ,  t h €  l r o c a  e q u a t i o n  i s  c o n s i s t e n t  w i t h  l o c a l  g a u g e

invar iance o f  U( i )  fo r  f in i te  photon  mass  The La t te r  i s  numer ica l l y  so  s lDa l l

[ 6 ]  t h a t  t h e  P r o c a  e q u a t i o n  i s  a l v a y s ,  f o r  a 1 l  p r ä c t i c a l  P l r r p o s e s ,  c o n s i s t e n t

w i th  locaL gäuge invar iance.  Th€ gaüge f reedon ässo. ia ted  t ' r i th  iden t ica l l v  zero

photon  mäss  is  however  1os t .  For  exampLe,  the  Proca equat ion  is  mathenat ica l l y
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( r 5 )

iDcons is t€n t  w i th  the  t ransverse  gauge j  as  we have scen,  and produces  tong i tud i
i i r l  p h o t o n  p o l a r i . z a t i o n  p i l o r e d  i n  v a c u o  b y  t o n g i t u d i n a l  e t e c t r i c  a r , (  x E 8 n e r r c
I  i c l d s .

T h u s  A s  i s  a  p h y s i c a l l y  m e ä n i n g f u l  ,  f u l 1 y  ( i  e .  D a r i i f e s t t y )  c o v a r i a n t  f o u r -
v . c t o r  f o r  n o + 0 .  T h i s  i n t e r p r e t a t i o n  i s  r e t a i n e d  i r )  r h e  f , l a x w e l 1 i a n  f i e L d  u n d e r
1 l ' . ,  c o n d i t i o n  ( 2 ) ,  w h i . h  i s  c o n s i s r e n t  r i t h  t o c a l  g a u g c  j n v a r i a n c e  i n  L h e  U ( 1 )
i . c t o r  o f  u n i f i € d  f i e l d  t h e o r y .

T h e  ]  i e  a l g e b r ä  ( 7 )  ( t h a t  o f  a  s u b , A r o u |  o t  r h .  r . o r e n t z  e r o u p  t r 5 l )  i s
, . n s i s t e n t  w i t h  t h c  r e p r e s e n t a t i o n  o f  t h e  r n a g n e l  i .  ( : o n i f o n . n r  o f  t h e  e t e c L r o m a g -
i , . t i c  f i e l d  i n  v ä c u o  a s  a  f . u r  v e c t o r  i n  s p a c c  t i m e  l 1 4 . . 1 0 1 .  T h e  d e r i w a r i o n  o f
l h i s  r e s u L t  j s  g i v e n  i n  S e c _  5 ,  a n d  i s  c o n s i s t e n t  L l ,  w i r h  r h e  p r o c a  e q u a t i o n
. , n d  v i t h  t h e  E i n s t e i n - d e  B r o g L i e  t h e o r y  o f  l i g h t .  I h .  f o u r  v . c t o r  t h L r s  d e f i n e d
, s ,  i n  t h e  c i r c u l a r  b a s i s

, , r d  s i n i l a r l y

a p : ( B ( ! ) ,  t { , )  ,  B l r \  ,  i t | ' t t ) ,

\ . ( E t t ) ,  E ( , ) ,  ! 1 3 ,  ,  i / / ' o ) ) , ( 1 6 )

i , ) r  t h c . l e c t r i c  c o m p o n e n t  o f  t h e  p l a n e  \ r a v e  i n  v J . u ( ,  l r  c a n  b .  s h o w n  t r o m  t j q s .
t ! )  a n d  ( 1 6 )  t h a t  t s r o )  a n d  r L 0 )  a r e  i d e n t i f i e d  . s  I  i o r  l i k (  . o m f o n . n r s  o t  ? r F  a n d

/ ;  r e s p e c t i v e l y .  I n  c o n s e q u e n c e  o f  E q s .  ( 1 5 )  a r r l  | . ) ) .  a r x l  o i  r h !  t h y s i . a l
, ( n l i t y  o f  Ä p .  t h e r .  i s  a  r e l a t i o n  b e t a e e r r  l J r ,  / . ! .  i r r t  . 4 p  ! , h i c h  i s  c s l n l ) l  i s l , , ( t
. i :  S e c .  5 .  I o r  o u r  p r e s e n t  p u r p o s e s !  v e  l o t i .  r t , i r t  r i  r !  a D d  B s a !  a r .  t . o r . l t :
, r r l i t r i a n t s  a n d  c o n t r i b u t e  r o  L h e  e l e c r r o m a g r x r  i ( .  ( r i { . r I r  d c  s i r v  i n  v a ( : 1 r ( ) .  t l r (
, : r p r e s s i o n  f o r  \ , r h i c h  b e c o m e s

r ; - ; . ( e " 8 , \ .  
; 8 , 8 , ) ,

( 1 , / )

, i  S . L  u n i t s  v h e r e  € o  i s  t h e  v a . u u m  p e r m i t t i v i l v , , n ( t  $  l h .  v a c u u m  p e r m e a b i l i t y
, ,  i  n g .

E r L r -  g  E  F a \ '  \ t , r  E  B  I ( 1 8 )

I  b e c o n e s  c l e a r  t h a t  t h e  u s u a l  e l e c r r o d y n a n r i . . l  d . l i n j t j o n  o f  e n e r g y  r n  r e l  s
i  t  l  a n d  a . A  o n l y ,  i s  i n c o n s i s t e n t  w j t h  s p e . i a l  r c l a t i v i t y ,  a n d  w i t h  r h e  L t e

,  t l e b r a  e x e m p l i f i e d  i n  E q s .  ( 7 ) .  T h e  s p a . . - l i k e  p r o . t u c L s  ! . !  a n d  ! . . B  a r €  n o t
! , r  en tz  invar ian t  i f  Er ts  and Br  a re  re i ,a r ( tcd  as  phy : r i  ca l l y  mean ing fLLL four
(  ( : t o r s  i n  U i n k o r s k i  s p a c e - r i m e .

H o v e v e r ,  i t  i s  k n o w n  r h ä t  t h e  P l a n c k  r a d i a t i o n  l a a  i s  o b e y e d  p r e c i s e r y  l 6 l ,
' . r n i n g  t o  i n p l y  t h e  e x i s t e n c e  o f  o n L y  t ' o  ( t r a n s v e r s e )  d e g r e e s  o f  f r e e d o m :
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i
whereas  f in i te  photon  mass  imp l ies  th ree  space-L ike  degrees  o f  f reedon ( two

t ranswers€  and o  e  long i tud ina l ) .  How 1s  th is  paradox  reso lved? rhe  anss€r  i s

g iven by  the  in te rna l  s t r l l . tu re  o f  ErEr  and Epar ,

( 1e )

(20 )

a n d  b y  u s i n g  t h e  L i €  a L g e b r a  d e s c r i b e d  i n  E q .  ( 7 )  S P e c i f i c a l l y '  E q  r 7 ä )  A i v e s '

i n  t h e  M a x w e L l  i a n  l i m i t ,

B(r) = at| lr l l )  Fr)\ ,  E,

F  t l t 2  -  E \ a , 2  =  O ,  U \ \  .  -  B \ 4 , )  =  A ,

a n d  i n  E q s .  (  I 9 )  a n d  ( 2 0 ) ,

E e r  -  E t \ ) z  +  E t 2 ) z  +  F \ 1 t 2  E \ t ) 2

B P r  =  B t ) \ 2  +  B t z ) z  +  ß t ' \ 2  B \ t ) 2
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W e  a r r i v e  a t  t h e  i r n p o r t a n t  c o n c L u s i o n  t h a t  n e i t h e r :  i s 6 )  n o r  a ( , )  c - r n
, ) n t r i b u t e  t o  e l  e c t r : o r n a g n e t i c  e n e r g y  d e n s i t y  j n  t h c  c l a s s i c a l  M a x w e l l i a n  f i e L d

l , , s p i t e  t f i e  f a c t  t h a t  - - a . 1 1  i s  n a n - z e r a  i n  v a c l o .  T h i s  i s  a  k e y  r e s u l t ,  a n d  g o c s

long ray  to rards  exp la in ing  rhy  the  in f l rü ,n ( ( ,  o I  t .E{3 '  and B11)  has  been
L r ( l e t e c t e d  t h r o u g h  n e a s u r e m e n t s  o f  l i g h t  i n t e n s i l y .

In  the  Proca i ie ld  on  the  o ther  hand ar '  has  ; r  snra l l  amount  o f  P lanck  energy

1, r . : '? )  rh rough the  de  Brog l ie  gu id ing  th€oren [ :J ; )

<26'

{here  r  i s  a  un i t  ax ia l  vec tor  in  the  proPagat ion  ax is  o f  the  p lane wave in

v a c u o .  S i m i l a r l y ,  i t  i s  s h o m  i n  S e c  J  t h a t

! ( r r  :  F t o ) k  
( 2 2 )

\ rhere  r  i s  a  un i t  po la r  vec tor  in  the  ProPaf la t ion  ax is  From Eqs (2 r )  and

( 2 2 ) ,

(23'

L,  fundanentaL  theorem o f  wave mechan i .s .  The t l , ( )1 , ) r ,  r f s l  rnass  i rh ich  appears
,  I  o f  E q .  ( 2 5 )  i s  a l s o  b o t h  ä  f r e q u c n c y ,  ! 0 ,  a r ü  i n  . ' t r , r t y  r r v o .  S i n c e  ( = o
I t , n t i c a l i y  i n  t h e  M a x v e l l i a n  f i e 1 d ,  t h i s  e n e r g v  ( l i s . p t . . ' s  w h e n  t h a t  f i e l d  i s

T h e  q u e s t i o n  o f  w h y  l o n g i t u d i n a l  p h o t o n s  f r o m  l l , ( ,  I J r . . a  e q u a t i o n  d o  n o t
' ) ' r r r i b u t e  t o  t h e  P l a n c k  r a d i a t i o n  1 a s  h a s  b e e n  r d d r , . : r s ( r t  b v  B a s s  a n d  S c h r c j d i n g e r
r , l .  L i s r n e  a  s t a t i s t i c a l  a r g u n e n t  v h i c h  s h o w s  t h . l  t l , .  r l ) | r . a . h  r o  e q u i l i b r i u m
I  I o n g i t u d i n a L  p h o t o n s  i n  a  c a v i t y  i s  v e r y  s l o u  i I  . o m p r r i s o n  w i t h  L h a t  o f
. , n s v e r s e  p h o t o n s ,  c o m p a r a b l e  w i t h  t h e  a g e  o f  r l k ,  , , n i v c r s e .  F o r  L h i s  r e a s o n

,  l o n C i t u d i n a l  p h o t o n s  h a v e  a  n e g l i e i b l e  e f f . c r  o n  l  h .  s r a t i s t i c a l  t h e r m o d y
r D i c s ,  a n d  t h u s  o n  t h e  P l a n c k  r a d i a t i o n  1 a ! . , .  l l n , s ,  r h , .  c l l . c L  o f  L o n g i t t ü i n a l
L , ) l o n s  o n  r a d i a t i o n  e n e r g y  L 6 l  i s  n e g l i g i b L e .  a . o [ . l l s i o r  w h i c h  i s  c o n s i s t e n r

. .  l h  o u r  d e m o n s t l a t i o n  g i v e n  a l r e a d y .  I t  i s  . f i l  i . r l L y  i m p o r t a n t  t o  n o t e .
u ( . v e r ,  t h a t  t h i s  . o n c l u s i o n  d o e s  n o t  e x t e n d  l o  t l t r  r n a t n e t i c  a n d  e l e . r r i .

J . . t s  o f  l G '  a n d  i a ß )  o n  m a t t e r ,  d i s c u s s c d  i l  ( l (  r . , i l  . l s e v h e r e  [ 2 4  3 0 ,  3 6  .
l h  a r e  € x p e c t e d  t o  p r o d u c e ,  i n  t h e  l a b o r ä t o r y ,  s l , , ( . i { i .  s p . c r r o s c o p i c . f f . . r r
(  l i  a s  a  Z e e m a n  s h i f t  d u e  t o  a ( . '  l 2 5 l  i n  a r o n i l r  : ; 1 , { . Ü a .  T h e s e  e f f e c t s ,  j 1

r , , , . r v e d ,  c a n  b e  i n t e r p r e t e d  a s  b e i n g  c o n s i s L . n l  w l l l )  l i r ) ü .  p h o t o n  m a s s .  l , l h i l e

, 1 h  a { t  a n d  i E ( ' )  a r e  v e l L  d e f i n e d  i n  t h e  M a x ü (  l l i . , ' i  J i e l d ,  w h e r e  m o  c a n  b .
, l r a r d e d  a s  b e i n g  i d e n t i c a l l y  z e r o ,  t h e r €  h a s  r . . u m u l a t e d  [ 3 2 ]  p ] € n t j f ü l

t i ( . r i m e n t a L  e v i d e n c e  f r o m  s e v e r a l  i n d e p e n d e n r  r ; ( n , r , . (  s  r  h a l  i s  c o n s i s t e n t  w i t h

/  0 .  F o r  f u r r h e r  c o n s i s t e n c y ,  t h e r e f o r e ,  ! | r '  - r l ( l  i t ( 3 )  s h o u l d  b e  i n t e r p r . t e d
L r h i n  t h e  c o n t e x t  o f  t h e  P r o c a  f i e 1 d ,  v h e r e  r r o ' 0 .

O n  L h e  q u e s t i o n  o f  a b s o r p t i o n  o r  e m i s s i o n  , r n t ) l  i r u d e s  f o r :  I o n g i t u d j n a l
, ' l o n s  o f  f r e q u e n c y  v ,  G o L d h a b e r  a n d  N i e t o  6  : ; l r o w  t h a l  t h e s e  a r e  s u p p r e s s € d

c o m p a r i s o n  v i t h  t h e i r  L r a n s v e r : s e  c o u n t e r p r r r : i  I ) v  : r  l a c l o r  a " c , / ( h v )  .  T h e
r r e s p o n d i n g  r a t e s  a n d  c r o s s  s e c t i o n s  . r .  s u p t r ( s : ; . . 1  b y  t h e  s q u a r e  o f  t h i s

,  l o r  [ 6 ] .  T h u s ,  t h e  q u a n t u m  m e c h a n i c a l  J n a t r i !  { . 1 ( . ü ( ! r i  I o r  o r d i n a r y  t r a n s v e r s e
, r o  s  i s  s i v e n  [ 6 ]  b y

' t i ^  r '  =  < t  . ' t  
"  

,  i >  ,  ( 2 1 )

a  p h o r o n  i n d u c e d  t r a n s i t i o n  L o  a n  a r b i t r . r ) .  s r a t e  t ,  w h e r e  r  i s  t h e  i n i t i a l
r S e t  s t a t e .  T h e  c o r r e s p o n d i n g  m a t r i x  e l e r ! : n L  l o r  a  l o n g i t u d i n a l  p h o t o n  i s

ErEv =  E l rJ2  +  E\2r2 ,  B / ) r  t J t \ "  +  1 t t2 \2

n l r i c h  t - s  p . . (  ' : ; e l y  L h e  r e s u i L  i n d i c a t e d  b l  I ' 1 . 1 / k ' : ;  I a Q  l o r  a I l  p r a c t i c a l

p u r p o s e s ,  t h e  s : r n r c  c o n c L u s i o n  h o l d s  i n  t h e  P r o ' r  I j ' l ( l  u h ! r e  ( S e c  a ) '

(2r)

(24)

(25)
! ( 1 )  =  B ( o ) e  ! : t .

S i n c e  ! - 1 0  4 o - 1 0 6 a k s  I 3 2 1 ,  w e  r . c o v e r  l t q  ( 2 1 )  t o  a n  e x c e r l e n t

a p p r o x l n a t i o n .  l h u s ,  P L a n c k ' s  L a v  i s  c o n s i s t e n t  \ , i t h  f i ü i t e  n o  b e c a u s e  t h e

Long i tud ina l  e lec t r i c  anat  magnet ic  f ie lds  iE{3r  an( l  t ( r )  do  no t  con t r ib l r te  to  the

e t e c t r o m a g n e t i c  e n e r g y  d e n s i t y  o f  t h e  c l a s s i c a l  f i e l d  l n  o t h e r u o r d s ,  j ! ( ' )  a n d

r {1) ,  be ing  independent  o f  f requency  in  the  l laxve l l ian  l i rn i t  (Eq (21) )  have no

PLanck  energy ,  an  energy  tha t  i s  by  P lanck 's  law Propor t iona l  to  f requency
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^ l  =  r l
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( 1 3 )

(as  g iven by  Go ldhaber  and N le to

and fo r  co f fParab le  t r :ansverse  and

(28)

(2e,

( 3 r )

(32'

i n  E q .  ( 2 9 ) .  ' l h i s  
r e s u l L  i s  c o n s i s t e n t  i 1 h  E q .  ( / a )  o f  t h e  v e c t o r i a l  L i e

ä l g e b r a  d e v e l o p c d  i n  S e c .  / + ,  b e c a u s e  E q .  ( 7 a )  s h o w s  r i r ä r  a ( ' )  i (  i n d e P e n d e n t  o f

f r e q u e n c y  i n  r l r e  l { a x v e l l i a n  f i e 1 d .  E q u a t i o n  ( 2 5 )  s M s s  . l e a r l Y  t h a t  i n  t h e  P r : o c a

f i e l d ,  a ( ' )  i s  a s s o c i a t € d  w i t h  a  f r e q u e n c y  o f  a b o u t  r o /  h e r t z ,  a s  i n  E q .  ( 3 1 ) .

U e  c o n c l u d c  t h a t  s i g n i f i c a n t  s p e c t r a l  a l ) s o r p t  i o n  a n d  € n i s s i o n  o f  a

l o n g i t u d i n a l  p h o t o n  p i l o t e d  b y  a ( ! )  a n d  i ! r ' '  t a k . s  p l a c e  a t  -  r o  I  h e r t z  i n  t h e

P r o c a  i i e l d  a n d  a t  z e r o  f r e q u e n c y  i n  t h e  M a x w e l l  i a n  t i e t d .  T h i s  i s  a n o t h e r  v a y

o f  s a y i n g  t h a t  t h e  f r e q u e n c y  o f  . a o '  f r : o m  E q -  ( , ' . )  i s  z e r o ,  a n d  t h d r  f r o m  E q '

(25)  i s  10  t  her tz  fo r  n0  o f  about  10  5 'zkEr .  Th is  cxp la ins  vhy  the  ve l l  known

. l e c r r i c  d i p o l .  t r a n s i t i o n  s e l e c t i o n  r u l e  a p p e ä r s  i n  t h e  i n f r a  r e d ,  v i s i b l e '  a n d

u l t r a  v i o l e t  a l w a y s  r o  b e  l h e  f a m i r i a r  [ 3 7 ]

A l  =  0 ,  + 1 ,

v r  ; ;

. l r ,  r e  l '  i s  k n o m  a s  P o y n t i n g ' s  v e c t o r ,

l l =  ! t ' s .

Lr  v€ctor  Iy  is  therefore longi tudinal  ,  and is  interpreted as the f lux of
l , . t romagnet ic energy of  a pLane rawe in vacuo, i .e.  the electr :orDagnet ic poser
,  r  Lrni t  ar .ea.  This not ion is  meaningful  bv tautology onLy vhen th€ bearn

( 30 )

tha t  a t  f requenc ies

' ,  .ause the  t rans i t ion  A l  -  o  accompany ing  the  äbsorp t ion  o f  a  long i tud ina l
l L o t o n  i s  p o s s i b l e  o n l y  a t  v e r y  L o w  f r e q u e n c y  ( P r o . a  f i e l d )  o r  z e r o  f r e q u e n c y

M a x v e l l  f i € L d ) .  ( T h e  t r a n s i t i o n  A / = 0  h a p p e n s  a l s o  L o  l ) e  f o r b i d d e n  b y  t h e
, r i o r r e  s e l e c  t i o n  r u l e .  )

Aga in  i t  i s  emphas ized tha t  th is  r :esu l t  does  no t  mcan lha t  a ( r )  and i ! ( r '  a re
, r r r i n s i c a l l y  u n o b s e t v a b l e  b y  s p e c t r o s c o p y ,  b e c a u s e ,  a s  v e  h a v e  d € t a i l e d

'  L s e v h e r e  [ 3 6 ] ,  b o t h  p r o d u c €  s p e c t r a L  e f f e c t s  n o r m a l l y  a t t r i b u t e d  t o  m a g n e t o -

. r a t i c  a n d  e l e c t r o s t a t i c  f i e l d s .  s u c h  a s  t h e  Z e e m a n  e l l e c t  d u e  t o  t h e  a ( ! J  o f
. i r c u l a r L y  p o l a r i z e d  l a s e r  p u l s e  [ 2 5 ,  3 6 ] .  

' l h . s ( :  
e f l e c t s  d o  n o t  d € p e n d  o n

, l ) r o r p t i o n ,  a n d  d o  n o t  t i m e  a v e r a g e  t o  z € r o  b e . a u s c  A ( t )  a n d  i t { t  a r e
, i ( l . p e n d e n t  o f  t h e  p h a s e  o f  t h e  1 a s e r .  I n d e e d ,  w . l 1  k n o { n  . x p e r i n r e n t a l  e f f e c t s
,L (  h  as  magnet iza t ion  by  a  c l rcu la r ly  po la r ized  laser  pu lse .  the  inv€ ' rse  Faraday

'  l l e c t  [ 3 8 ] ,  c a n  b e  e x p r e s s e d  i n  t e r n s  o f  t ' "  a t  l i r s r  a n d  h j g h e r  o r d e r s  [ 2 6 1 .
l ,  i n v e r s e  F a r a c k y  e f f e c t  ( S e c . 4 )  i . s  c o n s i s t e n t  r h . r e l o r €  w i t h  f i n i t e  p h o t o n

i , : r s ,  a l t h o u g h  i t  w a s  o r i g i n a l l y  i n t e r p r e t e d  i n  t . r m s  o i  t h .  p r o d u c t  E t r t  t E ( ^ ) ,
,  ' rovn  in  non l inear  op t ics  as  the  con jugat€  prodr l . t  I  l r l  I  .  f ' rom Eq.  (  7a)  ,  i t  i s

, . ; i 1 y  v e r i f i e d  t h a t  t h e  c o n j u g a t e  p r o d u c t  i n  v a c r o  j s  d i r e c t l y  p r o p o r t i o n a l  t o

e x i s t e n c e  o f  t h e  c o n j u g a t e  p r o d u c t  i m p l  i . s  t h a t  o f  a r " ,  a n d  t h e r e f o r e
i l i ( .  e x p e r i m e n t a l l y  o b s e r v e d  [ ] 8 1  i n v e r s e  F a r a d a y  e 1 1 e . t  i s  e x p e r i n e n t a l  e v i d e n c e

r  , r  a ( ! ' ,  a n d  b y  i m p L i c a t i o n ,  f o r  f i n i t e  p h o t o n  m a s s  . s  w c  h ä v e  a r g u e d .

F i n a ] ] y  i n  t h i s  i n t r o d u c t o r y  s u r v e y  w e  ä d d r . s s  t l r  e l f e . t  o f  i l { 3 )  a n d  A ( r )
, ,  t :he  Po) 'n t ing  th€orem o f  e lec t rodynan ics .  the  law o f  conserva t ion  o f

'  L ( . t r o m a g n e t i c  e n e l g y  d e n s i t y .  F u r t h e r  d e t a i l s ,  l o l l o i r i n g  a  r e c e n t  p a p e r  b y
d a h i  a n d  E v a n s  l 2 7 l  a r e  s i v e n  i n  s e c .  / .  I n . l , s s i . a l  c l e c t r o d y n a n i c s  l 2 7 l  r h e
, w  o f  c o n s e r v a t i o n  o f  e n e r g y  i s  e x p r e s s e d  c u s r o m a r i l y  t h r o u g h  t h e  c o n t i n u i t y

( 3 4 )

( 3 5 )

(36 )

, ;" '  =l\{),r1t.1t,  ,

\ . /here  \ ,  i s  i t s  f requency .  For  no  -  1o  r '?  , , {g

[ 6 ] ) ,  c - 3 \ 1 o s n s ' i , , r - 1 0 r 4 . t s ;  \ ,  -  1 0 1 4  ' s  1 !

l o n S i t u d i n a l  m ä t r i x  e l e m e n t s  i r  i s  s e e n  t h u t t

. - - r o 1 \

!:9' - !"-:
l r v  hv ,

f r o m  t h e  d e  B r o g l i c  g u i d i n g  t h e o r e m ,  E q . ( ) 6 ) .  T h i s  n e a n s

comparabLe v i t t i

( f o r  , r !  -  1 o  ' :  , t e )

Tt r is  resu l .  shows wäy spec t ra l  absorp t  Lon and ea iss ion  ö f  lo t tg i tud ina l

photons  o f  sp in  zera  and f requency  abscrved in  the  usüa l  iD f ra  red ,

v r s i b l e ,  a t l d  u l t r a  v i o ) e t  r e g i o n s  a f  r l E  e l . . : t r o ü a q n e t i c  s p e . t . u d -

H o v e v e r ,  a s  v - 0 ,  ( i . e .  a s  t h €  f r e q u c n c y  o f  t h e  l o n g i t u d i n a L  p h o t o n  g o e s  t o



ll
t

ut. 0 ,

w h e r e  a . r  i s  t h e  c o n t r i b u t i o n  o f  t h e s e  f i e l d s  r o  c l e c t r o m a g n e t i c  e n e r g y  d e n s r t y .

F r o n  E q .  ( 3 5 ) ,  t h € r e f o r e ,

t28 The Photomagneton anll Quantum FieLl Theory

i n t e r a c t s  w i t h  m a t t e r ,  o t h e r w i s e  t h e r e  i s  n o t h i n g  t h a t  c a n  b e  o b s e r v e d .  W e  h a v €

argued rha t  a ( t  and t ! r3 '  do  no t  con t r jbu te  to  u ,  and the i r  con t r ibu t ion ,  i f

any ,  to  I t  w i l l  tbere fore  be  governed by

( 3 7 )

Some Consequences oJ Finite Photon Mass in ... r29

t r . ä n i n g f u l  v a v e  ( t h e  e l e . r r o m a g n e t i c  f i e l d ) .  i n  t h e  C o p e n h a g e n  i n r . r p r e r a r i o n
i l  d u a l i s m ,  p r o p o s e d  b y  t s o h r  a n d  o t h e r : s ,  r h i s  j s  n o t  p o s s i b L e  [ 3 2 ] .  E i n s t e i n
o n . l u d e d  t h a t  i n  h i s  v i e w ,  t i g h t  e n e r g y  ( p , = - t v , )  r r a v c l s  i n  p a r t i c l e  f o r m ,  r h e

r . r r t i c l e  b e i n g  i d e n r i f i e d  w i r h  t t i e  p h o t o n  T h e  p a r r i . l e  i s  d u a l  n r i t h  a n
,  l - . c t r o m a g n e t i c  w a v e .  t o  n h i c h  r h € r e  i s  a  c o  { , x i s r . : n t  p h y s i c a l  r e ä 1 i t )  T h e
. . h o o l  o f  E i n s t e i n  a n d  d e  B r o g l i e  t h e r e f o r e  i n t e r p r e t  l i g h t  ä s  b e i n g  c o n s t i r u t . d

l J !  s p i n  o ü e  p h o t o n s  ( b o s o n s )  v h i c h  a r e  c o  t r o l l . d .  o r  p i l o t e d ,  b y  p h y s i c a l l v
r ,  a n i n g f u l  f i e l d s .  T h e  r a v e  d r i v e s  r h e  p a r r i  c l  e  I  h r o u g h  l h e  q u a n t u  p o t € n t i a 1

1 2 l .  P h o t o n s  a r e  t h e  o n l y  e l e m e n r s  o f  l i g h t  t h a r  n r .  . t i r ? . t  l y  o b s e r v a b t e ,  f o r
,  r : r m p l e  b y  t r a n s f e r  o f  n o D e n t u m  i n  t h e  C o n p r o n  c f t e . l  o r  p h o t o e l e . t . i c  e f f e . r .

i e l d s  a r : e  i n d i r e c t l y  o b s e r v a b L e  t h r o u g h  i n t e r a . t i o n  t t a m j l r o n i a n s .  T h c  p h o r o n s
L, ;  par t i c les  car ry  energy-momentum and angu lar  nom. ,n r  ' rm (sp in ) .  They  behave in

' l i n k o w s k i  
s p a c e - t i m e  a s  r e l a r i v i s t i c  p a r t i c l e s  ! i t h  f i r l i l .  m a s s .  a n d  a r e

i l r c r e f o r e  g o v e r n e d  b y  t h e  P r o c a  e q u a t i o n .  E l € c t r o m a g i r l  i .  . ! t r , r f , y  i s  n o t  c . r r i c d
, r  r h c  M a x w e l L i a n  f i e l d  i n  E i n s t e i n , s  i n r e r p r e t a t  i o n  b u l  b y  r  l r ,  p h ( ) t  o n : j  v h i c h  a r e

I ' i l o t e d  b y  r h e s e  f i e l d s .  E a c h  p h o r o n  c a r r i e s  : l n . r x r l , , y  / ] ! .  r  f o u . r  r r v i .  a n d

. t s  i n  t i m e  v  I .  T h e r e f o r e ,  i I  v  i s  z e r o  o r  v e r y  s n r a l l ,  : r , t  l o r  I  l o l l t i l u d i n a l
r , ( ) t o n  a s  w e  h a v e  s e e n ,  i t s  e n € r g y  a n d  p o w € r  v . n i s h  . | ( t  i l  i . \ ' r , r  a r : l s .  t h .
, , n g i t u d i n a l  f i e l d s  a ß )  a n d  i E r ! )  i n  t h i s  i  n l  e r  I ) r ( . 1  r t  i o ' ,  ( t ( )  t x ) t  I  l r ( . r ,  I  ( ) r (

, ) n t r i b u t e  t o  r l v ,  n o r  d o  t h e y  c o n t r i b u t e  r o  r h c  p o v o  o l  c i . l i  i n d i v i d u r l  I ) h ( ) t ( ) r l
i , i s  i s . o n s i s t e n t  w l t h  t h e  f a c t  t h a r  a ( ! )  a n d  i a ( ' )  ( l i )  n o r  c o n L r i h u r ( .  1 , ,  1 1 , ( ,
l r r s s i c a l  e l e . t r o r n a g n e t i c  e n e r g y  d e n s i t y  u ,  v h i c h  i : r  t h ( ,  p o u e r  p e r , , , , i r  v , ) 1 , ! ! ,
, ,  c L a s s i c a l  f o r n .  T h e  i n t e r n a l  m o t i o n  [ 3 2 ]  o f  i i . l ,  t ) l , o r o n  i s  S o v e r h ( . ( i  l ) !  r i , (

r ,  B r o g l i e  g u i d i n g  t h e o r e m ,  a n d  p h o t o n s  o s c i l l ! t e  i , ,  I r l ü s .  w i L h  t h .  s , r r r . ) ,  ! l i , , l l
, , ( l  o s c i l l a t i n g  € l e c t r o n a a n e t j c  f i e l d .  P h o r o r ) : j  . ( ) n : i . r v u  e n e r : , , y  m o n k , ! t , u r . , r ! l
, , l t 1 l a r  m o m e n L u n  r h e n  t h e y  i n t e r a c t  \ " 7 i t h  m a t t . r ' .  1 , ) f  . x r m p l e  w i L h  . 1 . . 1 r ( , r r : ;  i , ,
i r t , C o n p t o n  e f f e c t .  T h e  q u a n t u m  p o t e n t i a L  i s  o n l y  i r t r l i r e . t l y  o b s e r v : 1 b l f  r h r i ) , r l t l l
, , 1 e r : f e r e n c e  p h e n o m e n a ,  a s  i n  t h e  B o h n  A l u r o r l J v  ( . 1 { { , . r ,  w h i c h  r € v e , r l : j  t l , ( .

. l , v s i c a l  r € a l i t y  o f  t h e  r r ' a v e  n t s ,  t h e  e i g e n f ü n . t  i , ) n  ( ) l  r h c  P r o c a  e q u a r i o n  I l
r , i s  c o n t e x t  t h e  e i g e n f u n c t i o n  n r  i s  u s u a l l y  w r i l t f r i  l - l 2 l  a s  i h e  ( : o m t l , x

. . .  ve funcL ion  Vp in  Minkowsk i  spac€ i ime,  anc l  rh .  I ' ro .a  .quat ion  becomes

(/ '0)

v . x !  -  o ,

! ( , )  !  B ß )  1  r . 1 r ( f  r l r r ) ,

(  38 )

showing tha t  any  non zero  cont r ibu t ion  lo  t f  I ro f l  i t t t  and  a( t  must  be

d i v e r a e n r l e s s  T h r s  r e s , n r  r s  a k i n  t o  l h e  C a u s s  t h e o r e n  i n  d i f f e r e n t i a l  f o r n .

F u r t h e r n o r e ,  t e r m s  s u c h  a <  t r ! )  x t ( 3 )  c a n n o t  c o n l r i b u t e  t o  r a !  h e c a u s e  i a ' t )  i s

p a r a l 1 e 1  t o  t ( ! ) .  T e r n s  s u c h  a s  r ( r  r  a ( t  a n < l  " < ,  o n  c o u l d  p r o w i d c  a  c o n t r i b u t i o n

i n  p r i n c  i p l  e  t o  x , -
A  te rm such äs

( 3 e )

! i m e  a v e r a g e s  t o  z e r o ,  a n d  c a n n o t  c o n t r i b u l .  l o  t h e  e l e c t r o m a g n e t i c  m o m e n t u m

d e n s i L y  ! t .  I t  i s  s h o m  l a t e r  t h a t  E q .  ( 3 ' l )  a l s o  v j o l a t e s  ?  s y m n € t r y ,  a n d  i s  n o t

a  v a l i d  l a w  o f  c L c c t r o d v n a m i c s  f o r :  t h i s  r e a s o r t

I t  i s  c o n c l u d e d  t h e r e f o r e  t h a t  n e i t h e r  i t ( r )  n o r  B { t  c o n t r i b u t e  t o  t h e

P o y n r i n g  v e c t o r  ! r ,  a n d  i t  b e c o m e s  c l e a r  r h ä r  r l , e  L i e  a l g e b r a  ( 7 )  a n d  ( 3 9 )

r € p r e s e n t s  a  l i m i t i n g  p r o c e d u r e  [ 4 0 ]  v h i c h  d o e s  n o t  a f l e c t  I |  a s  m o - 0 .  T h i s

m e a n s  t h ^ t  o r l y  t r a n s v e r s e  f i e l d  c o m p o n c r l  s  r l l e . t  I ' ,  t h i . |  i s  t h e  u s u a l

c o n c l u s i o D  o i  . l e s s i c a l  e l e c t r o d y r ) a f l r ' c s .  A l i a i n .  t h . .  f  i . l d s  B ( r )  a n d  i a ( 3 '  e l u d e

d i r e c t  o b s e r v n l  i o n  r h r o u g h  t h a t  o f  t h e  f l u x  o f  c 1 . ( : l  r o n r a l t . € , t j .  e D . r g y ,  P o y n t i n g ' s

T o  c o n c l ' ! d . ,  o u r  b r i c f  i n t r o d u c t o r y  s u r v e y  o 1  l h .  e l f . c t s  o f  f i n i t e  p h o t o n

m a s s  v e  p u t  l l t : i c  r e s u l t s  i n  t h e  c o n t e x t  o f  t h .  I r i n s t e i r r  d e  B r o g l i e  i n t e r p r e t a -

t ion  o i  wave per t i c le  dua l l sn ,  the  corners to . .  o f  wave mecha ics ,  and thus  o f

much o f  tw .n l  i c th  century  na tura l  ph i losophy ( )u f  r ( : tnarks  Lean hcav i l y  on  a

r :ecent  a r t i  c l  e  by  v i  g i  e r  [  32  ]  .

T h e  s " h o o l  ^ f  r h o u g h t  o f  E l n s t e i n  ä n d  d e  B r o t l i € ,  i n  t h i s  c o n t e x t  i n t e r P r e t

v a v e  p a r t i c l e  d u a l i s m  t o  m e a n  t h a t  l i g h t  i s  c o n s t  i r , , l e d  b y  r e a l  w a v e s ,  b e  t h e s e

M a x v e l l i a n  o r  t r o m  t h e  P r o . a  f i e 1 d ,  w h i c h  p h ) ' s i . . ? l 1 I  . o  e x i s .  w i t h  p h o t o n s  i n

M i n k o v s k i  s p a c e - t i n e .  T h i s  i s  a  c a u s a l  ,  r e a l i s t ,  a n d  s t o c h a s t i c  i n t e r p r e t a t i o n

o f  v a v e  p ä r t i c l e  d u a L i s m  v h i c h  h a s  r e c e n t L y  r e c { : i v e d  s t r o n g ,  i f  n o t  d e f i n i t i v e ,

exper imenta l  cor robora t ion  in  the  exper iment  [32 ]  o f  M izobuch i  and oh tak€ on

s ingLe photons .  Th ls  exper iment ,  and o ther  re laLed exper inents  t32 l  have nov

succeeded in  denonst ra t ing  tha t  a  s ing l€  photon  coex ls ts  ! t i th  a  phys ica l l y

i  I  he  l im i t  .? r0  -  0  the  f ie ld  o r  vave compon.nr  o l  I  i l th r  obeys  t laxve l  I , s  equat  i (n rs
,  t h e  c l a s s i c a l  l i n i t ,  e q u a t i o n s  w h i c h  A i v { .  r h c  n o v c l  L i e  a l g e b r a  ( / ) ,  r n

r l c b r a  l t h i c h  s h o v s  i n e l u c t a b L y  t h a t  L h e  l o r ) E i l L d i l a l  f i e l d  , ( 3 )  h a s  a  p h y s l c r l
,  t l j t y .  T h e  f i e l d s  a t : )  a n d  i A ( 3 )  i n t e r a ( : l  w i r h  a t r c r .  a s  i n  r h e  e x p € r i m e n

l L y  o b s e r v e d  [ 3 8 ]  i n w e r s e  F a r a d a y  e f f e c t .  t o  p r o d u . e  m e a s u r ä b t e  e f f e c t s ,  e v e n
, ) u g h  t h e  l o n g i t u d i n a l  p h o t o n  i s  n o t  a b s o r b . d ,  i . . .  d o e s  n o t  a c r  b e c a u s e  v - o .

s  i s  o f  course  an  exanp le  o f  the  facr  thar  the  w: rve  and par t i c le  components
t h e  d u a l i s m  o f  d e  B r o g l i e ,  t h e  c o r n e r s t o n .  o f  r a v €  m e c h a n i c s ,  e a c h  h a v e  a

r , v s i c a L  r e a l i t y .  I n  s o m e  c a s e s  t h e  p h o t o n  a s  p ä r r i . l e  i s  s e e n  t o  a c t ,  i . e .  t o
l d u c e  e x p e r i m e n t a l  e f f e c t s  a s  i n  C o n p t o n  s c a t t e r i n g ,  i n  o r h e r  c a s e s  t h e  f i e l d

observed to  ac t ,  as  in  the  inverse  Faraday  e f f€cr ,  even though th€  long i rud i

Eüu  =  2 t ' vn
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na l  phoron has  no  P lan .k  energy  and no  po l t . : . ,  and  cannot  be  absorbed l " iave  änd

p a r t i c l e  a r c  p r . s c n l :  s i n ü l i : a n e o u s l y ,  a n d  b o t h  h a v e  p h y s i c a L  r e a l i t y .

2 .  S ' l l ] rMry  I32 l  o t  t rxper imenta l  Ewidence fo r  l in i te  Photon  Hass

T h e  v a r i o u s  t v p € s  o f  c x p e r i n r e n t a l  e v j d e n c c  i o r  t h i s  c o n c l u s i o .  h a s  b € e n

r e v i e w e d  b y  v i g i e r  l 3 2 l  v h o s e  s u m m a r y  i s  r e p e a t e d  h e r e .

I l a 1 l  e r  a l  .  [ 4 1 ]  h a v c  r c c e n t l y  o b s e r v e d  a  d i r e c r i o n  d e p e n d e n t  a n i s o t r o p y  o f

l i g h t  i n  t h e  d i r e c t i o n  o f  t h e  a p e x  o f  t h c  2 . /  K  b a c k g r o u n d  o f  m i r : r o w a v r  r a d i a t i o n

i n  r h e  ü n i v e r s e .  T h e s e  d a t a  a r e  c o  s i s t e n t  l l 2 l  \ r i t h  n o n - z e f o  p h o t o n  m a s s

E x p e r i m e n t s  o n  t h e  e r i s t e n c e  o f  s u p e r l ü m j n a l  a c t i o n  a t  a  d i s t a n c e  [ 3 2 ]  h a v e  b e e n

p e r f o r m e d  a n d  a r e  b e i n g  r e p e a t e d  v i t h  i n c r . . s i n l  a c c u r a c y  \ , t i r h  r h e  o v e r ä 1 1

i n t e n t i o n  o f  i n v e s t i g a r i n g ,  t h e  c e n t r a l l y  i m p o r t a n t  i d e a  o I  n o n  l o c a l i t y  i n  t h e

q u a n t u m  p o t e n t i a L .  O t h e r  t y p e s  o l  e x t e r i m . , n t s  a r e  d e s i S n e d  t o  i n v e s t i g a t e

d i r e c t L y  t h e  l l e i s e n b e r g  L r n c e r t a i D t y  p r i n . i t l e  f o r  s i n g l e  p h o t o n s ,  t h i s  b e i n g

c e n L r a L  c o  t h e  i n r e r p r e r a r i o n  o f  w a v e  p a r t  i c 1 .  d u a l i s m .  I n  a t o m i .  s € l f -

i n t e r f ' e r e n c e ,  o p t i c a l  a n d  n e u t r o n  e x p e r i m e n t s ,  L e s t s  a r e  b e i n g  d e v j s e d  f o r  t h e

e x i s t e n c e  o f  p a r t i c l e  t r a j e c t o r i e s  ( E i I w c g  x e ) . h e r v e g ) .  o t h e r  e x p e r i m e n t s  a r e

b e i n g  d e s i g n e d  t o  t e s t  t h e  C o p e n l E g e n  i , r l e r p r e t a t i o n  o f  d u a l i s m ,  P u t  f o r t a r d  b y

B o h r  a n d  o t h e r s ,  a n d  i n  l t h i c h  1 i 8 h t  i s  c o n s t j l , r l . d  e i t h e r  b y  w a v e s  o f  p r o b a b i l i

t y ,  o r  b y  p a r t i c l e s .  T h e  p r o b a b i l i t y  w a v . s  n . v e r  c o e x i s t  w i t h  t h e  P a r r i c l e s  i n

s p a c e  t i m e .  T h e  p h y s i c a l  c o e x i s t e n c e  o f  w a v c  r n d  p a r t i c l e  i s  t h e r e f o r e  a  c e n t r ä 1

p o i n t  o f  i n t e r p r e t a t i o n .  I t  i s  p o s s i b l e  i .  t h a t  o f  E i n s t € i n  a n d  d e  B r o 8 1 i e ,

imposs ib le  in  the  Copenhagen in te rpre ta t ion  There  are  no  rea l  waves  in  the

l a t t e r  s c h o o l  o f  t h o u g h t ,  a n d  e x p € r j m e n t a l  . \ ' i d . n c e  f o r  r e a l  v a v e s  w o u l d  b e  i n

f a v o r  o f  t h c  l , : i n s 1 : e i n  d e  B r o g t i €  s c h o o l  e l e n  t h o u g h  t h e  i n f l u e n c e  o f  t h e

c o n c o m i t a n t  p a r t i c L e  m a y  n o t  b e  o b s e r v a b l e  l h i s ,  a s  w e  h a v e  a r g u e d ,  i s  t h e  c a s e

f o r  t h e  8 ß )  f i . 1 d ,  w h i c h  p r o d u c e s  o b s e r v a b l .  ( l l ! . r l s  l 3 8 l  s u c h  a s  m a g n e r i z a t i o n

o f  m a t t . r ,  l ! i l h o r l t  t h e  c o n c o n i t a n t  l o n g i t u d i n . l  p h o t o n ,  k h i . h ,  b e i n g  a s s o c i a t e d

wi th  a  zer_o  I  r .q , , .ncy ,  has  no  P lanck  encrgy  / ) !  ,  .nd  no  Pover ,  nv '?  Th is  type

o f  e v i d e r x ,  l ( ) r  t h e  E i n s t e i n - d e  B r o g t i .  i . l . r p r ( r a r i o l r  o f  d u a l i s m  i s  a l s o

p r o v i d l d  b y  r r  ! x p e r i m e n L  [ 3 2 ]  s u c b  a s  t h n r  , ) l  l l r r r l . r r  a r ( 1  ( l o r l e  [ 4 2 ]  w h i c h

m e a s u r e s  t h L .  l , f u x w c 1 1  d i s p l a c e m e n t  c u r r e n t  i ' r  ! a { 1 1 ( )  r n ( i  w i l l r o u l  e l e c t r o n s

E x p . r i n . n r : , 1  t e s t s  f o r  t h e  e x l s t e r r c e  o l  l h (  , l , u D l , , u  f o t e n t i a l ,  v h i . h  i s

r . s p o n s j  b l e  L ) r  I  h .  i d e a  o f  p h o t o n s  b e i n g  I r i  l ( ) l  ( ' ( l  b , v  v i t v . s  ( e l  e c t r o m a g n e t i c

f i e l d s )  h a v r  l ) r , c n  d e v i s e d  [ 3 2 ]  u s i ü g  . o h e r . ' r r t  i r r l . r s e { : t i n g  l a s e r  b e a n s .

E x p e r i m e n t a l  ( v i ( i ( n c .  f r o m  s u c h  s o u r c € s ,  a n d  1 { , r n  l r : J r r  j n d u c e d  f r i n g €  P a t r e r n s

t l 2 l  i s  a v a l l r l , l { ,  a n d  s h o w s  a n  o b s e r v a b l e  e n h  , . . ' m . n t  o f  P h o t o n  e n e r g y  d u e  t o

t h e  q u a  t u r t i  l ) o t e r i l  i a l  .  I n  t h i s  c o  t e x t  t h e  o P r  i . a l  e q u i v a l e n t  o l  t h e  B o t m -

A h a r o n o v  e f f e c t ,  i n  w h i c h  t h e  t i n y  s o l e n o i d  ( i r o r )  s l , j s k e r )  o f  t h e  c o n v e n t l o n a l

e x p e r i n e n t  i s  r c p l a c e d  b y  a  n a r r o w ,  c i r c u l a r l y  p o l a r i z e d ,  l a s e r  b e a m ,  \ t o u l d  b e

a  c r i t i c a l  t e s t  o l  t h e  € x i s t e n c e  o f  t h e  v e c t o r  p o t e n t i a l  a s s o c i a t e d  v i t h  a ( "

1 4 3 1 .  E x p e r i m e n l s  s l c h  a s  t h a t  o f  d e  M a r l i n i  e r  a / . .  d i s c t l s s e d  b y  v i g i e r  [ 3 2 ] ,

s h o w  L h a t  j t  i s  p o s s i b l €  t o  p a s s  c o n t i n u o u s l y  I r o m  I l o s e  E i n s t e i n  t o  M a x v e l l

B o l t z m a n n  ( o r  P o i s s o n )  s t a t i s t i c s  i n  a n  e n s e m b l e  o f  P h o L o n s .  T h e  p a s s a g e  f r o n

o n e  t y p e  o f  s t a t i s t i c s  t o  t h e  o t h e r  c a n  b - "  e x p l a i n e d  [ 3 2 ]  i n  t e r n s  o f  n o n _
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' ) . a l i t v  i n  t h e  q , r a r l u 0 i  p o t . n t i a l .  w h i c l ,  r r . L 1 l 1 . i  i , ,  , i , ' i  l o o a l  a . t i o n  , 1 t  ,
i i t . r , , . e .  . u r r . n t l v  . . i  . e r t r e l  q u e s l  i . n  i I  . 1 , , : , I r r o  f , . l r ; t n i . s .

I n  a s t r o p h y : r i . i s  1 l r .  c o n s . q u e n c e  o f  n o n  2 r i , )  l ) 1 , ( ) l  . ) i i , r : , s s , r .  ! r : r n v : r n . l  v r i i r ( l
i ( l  t t a v e  l \ , e l  . r o n s i . l . ' r ! ( l  r e f e a t . r l l v  t h r o u ! , l ! r L !  1 [ r  l v i . l t i . r h  c . n r u f \  ] l

i , ) r e m o s L  a m o n t  l h e s .  i s  l h a t  t h e  l r o . a  e q u ä 1  i , ) , i .  ; , i ,  ! r  l ) r ! .  i r l ] L r d l ,  p r o . l L 1 . { : l
' ) , i S i L u d i n a L  p h o r o n : i  v i , i { l )  ( l o  r ( ) L  a f l e c t  t h f  v , , l i ( l r t !  ( ) t  r l L ! .  P l i n . k  r a d i a t j o |

l h e  p r . s c n r  a u t h o r  h a s  , , o r  s h o w n  t h ! t  r l , t  ) , ) r r ' r t u . l i D a l  f i c l . l  B r ' )  i . i

r r . s e n L  i n  b o t h  t h e  P r o c a  a n d  ] I a a r e l l j a n  f o r n i r l i s , : i .  , , , ( l  i s  I ( ) i  a l I  t r a . t i . , , l
' L r ' t o s e s  i d e n t i c a l  i n  b ( ) r 1 , .  f l r t  t o n g i t u d i n ä l  l i l , , ) 1 o , , s  ' t J .  t l , e r e l o r e  p i l o r e ( l  t ) \ '

' l i .  l o n g i t u d i n ä l  f  . , 1 ( 1 s  l E ß )  a n d  a ( 1 )  i r )  r h e  l : t j , , , , r ,  j , ,  , 1 1  l j r o l t l  j ( .  i r r r e r p i e l . r  j o , i

I  ü r v .  p a r t i c l e  d u a l  i s r l ]  l \ r r r h . r m o r e ,  t l r c  f  i {  l ( l  a o )  t ) } ( d u . e s  o b s ! . r v a 1 , L (

l i . . t s  i n  m a l l . r ,  s u c h  a s  m : r L ' r . r i z . r i o n  3 U l  ( 1 , , ,  r ( ,  a i 1 )  , i 1  i i f s L  , r r r l  l , i l t l j r f
r : L c r s  i n  t h e  i r r l e r s .  l a . a d a y  e f f e . t .  l h ( ,  r \ i , , r , , i t . r  ( ) i  r l i ( , : i e  l j . l d : r  i : i
r J t h . r n l o r e  c o n s i s t e n t  r i t h  l o ü  z . r o  p h o r o n  m a s : j ,  , r s  ! (  l r r r \ (  a i l t ( k . i  h e r e .  l n  l [ (

'  o . a  f o r m a l i s m  t h !  f i . l d  a r 3 )  d e . r e d s e s  e \ p o  (  1  i . r l L r .  . r r r l  . r , e r  1 ! r t c  r ' d o , , l r l l
l i s ' . a n c . s ,  t ,  o n  a  c o s n r i c  s . a l e  ( e  l ] .  l i g h t  l r r , , r  L i  ( l i r l n , , 1  8 r l : 1 r i f ! )  r 1 , , ,

, . ) e a s e  j r  a ( ' )  m i g h t  b e c o m e  o b s e r ! : r b l e .  T h i s  i 5  , , 1  , , ) i u s (  . r  . L i r . c t  n r e a s u r r , t u , n l
I  i : h e  p l i o t o n  m a s s  t h r o , l g h  t h c  p a r a m e t e r  (

l h e  p h o l o n  { l u x  f r o m  t h e  f r o c a . q u a t i o n  r l : i , )  ( t ( , . r ( , , : i ( : r  . \ p o n . n t i a l l v .  , d ( l
' r ,  C o u l o n r b  p o t e n t i a l  i s  r f ! ] a c . d  b r -  a  Y u k a ! .  t ( J r ( , r l i , i l  l )  I h i : j  p l ) d , o D , r . r l

, l v e s  t h .  O l b e r s  p a r ä d o : .  [ 3 2 ]  a n d  r e s u l t s  i n  l , ) !  ! ,  l , , , . l r !  t r l i . l . r s .  i  (  1 1 i { ) : i ,
' l , r t  t r a v e l  a l  c o r r s i d e r a b l )  I e s s  t h ä n  r h e  s t . { ( 1  , i i  l i r l , L  l h (  r c s i d u , l  n . , | ,  , , 1

l , r s e  p h o t o n s  . o  l r i b u t .  t o  t h e  m a s s  o f  r h e  l r f i v r  |  . ,  . , r , 1  ( . r !  s o L v .  t h ( .  r , j : i , i i , , |

. , : , : i  r r r o b l e m  o I  c o s m o l o g , v  1 3 ,  l .  f h c  I a c r o r  s , r . l i  , .  r l L , r  ! h i . l i  r p p . ü r : j  i l  a r r )
, , ) n  t h e  P r o c a  e q u a t l o n ,  i m p i i e s  a  d i s t a n c . :  t ) r  , , 1 , , , , 1 1 , , r  . l  i , L  s h i l t .
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l i j . i  i s  t h e  w c l l  k D . r w n  " t i r e d  l i g i r t "  o I  l l u L b l ,  . , | ( j  1 , , , r . L ' ,  l . )  I h i s  t r p e  o i  f ( d
r r r l r  c o u L d  c o n t r i b u t .  s i g n i l i c a n t l y  t o  r h . . ( ) 5 i t r o l ( , l r i t , , l  ' ( ( j  s h i f r .  a n d  e x f l i r i n
L 0 t r , r o l 1 s  r . p o r t s  b y  a s t r o n o m e r s  o f  " a n o m a l o u : r "  r ( r l  : i l r i i r : i  i n  o b . j . c L s  s L r c h : r s
, , , s a r s  b o u n d  t o  g a l a x i c s  b y  n a t t e r :  b r i d t i e s .  l ' l i , , r  1 ) i i  o ] , : i ,  i , i  , , 1 ! o  . o . s i  5 r e n t  l /
i t h  a n o m a l i c s  i n :  Q . S . O .  s k v  d i s t r i b u t i o r i .  ( 1 , ) , , t ) l (  s r , , r  , , o l i o n s .  r e d  s h i t t
r : , . r e p a n . i e s  i n  € : a 1 . i x y  c l u s t e r s .  a n o m d l o , r i i  ! : , ,  i . , r i ( ) , ! ,  i n  r l r . ,  1 1 1 ü b l e  c o n s t a i t .
! i  q ü a n t i z e d  p e a k s  - t r i  L h e  N - I o g  z  p l o t  l , )

S i r i c e  a l l  t h e s e  t h e n o m e n a  a r e  e v i d . r ) l l v  . t l  l ( i . r 1 ( t  1 l ) r o u E h  t . 1 . s c u f . s ,  r  ,

t h e  u s e  o f  c l e c t r o m a g n e t i c  r a d i a t  i o , r ,  1 l r  , r ) ! 1  I  I  i . l d s  i t r ' '  a n d  a ( t  a r ( .
r  s c n t  i n  a l L  o f  r h e m  j n  o n e  f o r n  o r  a I . t l !  I  .  , , : i  u (  l l  a s  i n  t a b o r a L o r y  s c a l c

r , l  i c a l  e x p e r i m e n t s  o f  n a n y  d i f f e r € n t  k i r ( l : ,  l l r  t i c l d s  i ! { r '  a n d  r { r )  a r c
r r i f e s t a t i o n s  o f  f j r t i t e  p h o t o n  n a s s ,  a s  w .  h . v .  a r S u e d ,  a n d  a r e  t h e r e f o . e
L , , d a n r e n t a l  i n  n a t u r e .



l1
t32 The Photonagaeton and Quanlum FieA Theory

3. Gauge Inwariance Under Iocal U(1) TransforMtion

Contemporary  unders tand ing  o f  f ie ld  theory  imp l ies  invar iance under  loca l

(U(1) )  gauge t rans format ion ,  th is  be ing  a  fundamenta l  requ i rement  o f  the

Lagrang ian  fo rnaL ism upon sh i  ch  the  theory  i s  based.  Contemporary  theory  a lso

requ i res  tha l  the  Proca equat ion  fo r  f in j te  photon  nass  be  cons is ten t  s i tb

spec ia l  re la t i v i t y  and tha t  e tec t romagnet  - i c  t  ie ld  theory  be  par t  o f  Srand un i f ied

theory .  The ques t ion  o f  f in i te  photon  rnass  there fore  becomes par t  o f  the  genera l

t h e o r e t i c a l  u n d e r s t a n d i n g  o f  m a s s  i t s e L f  i n  e l e i D e n t a r y  p a r t i c l e s  a n d  f i e l d s ,  a

cent ra l  con temporary  theme.  A  descr ip t ion  o f  a rand un i f ied  f ie ld  theory  such as

SU(5)  141,  451 depends fundamentaL ly  on  the  ideas  o f  loca l  gauge invar iance and

gauge symf le t ry  b reak ing ,  and i t  i s  there for . '  in rporLanr  to  shov  tha t  f in i re  photon

mass can be  accomnodated r r i th in  th is  overa l l  theore t ica l  f ranerork .  The la t te r

h a s  b e e n  s o l i d l y  e f f e c t i v e  i n  r n i f y i n g  t h e  e l e c t r o n a g n e t i c  a n d  w e a k  f i e l d s ,

p red ic t ing  nev  boson masses  uh ich  have been ver i f ied  €xper im€nta l1y .  A

c o n s i d e r ä t i o n  o f  t h e  e l e c t r o r 0 a g n e t i c  f i e l d  i n  l s o l a t i o n  o f  t h e  w e a k  a n d  s t r o n g

f i e l d s  i s  t h e r e f o r e  n o  l o n g e r  c o m p l e t c  u n l e s s  a  c o n s i s t e n t  u n d e r s t a n d i n g  i s

a t ta in€d v i th in  the  contex t  o f  un i f led  änd r rand un i f ied  f ie lds .

l o l . l o v i n A  t h e  d e v e l o p n e n t  b y  R y d e r  L 1 5 l  l . h e  c o m p l e x  s c a l a r  f i € l d  ( 0 )  i n

e le . t ronagnet isn  is  descr ibed by  the  l lu le r  l ,agrange equat ion  o f  no t ion ,

(42)

Some Consequerlces of Finik Phoron Mats in ...

l e a r u r e  o f  c o n t e m p o r a r y  u n i f i e d  f i e l d  t h e o r y  I r 5 ] ,  w h € r e  b o s o n  m a s s ,
i s  i d e n t i f i e d  i n  t h i s  w a y .  A  g a u g e  t r a n s f o r n a t i o n . a n  b e  u n d e r s L o o d
L y  a s  a  r o t a t i o n  o f  t h e  w € c t o r ,

r33

w h e r e  {  i s  r } , F  l . n t r a n A i a n a n d  x p  t h e  f o L r r  v c c l o r ,

\ . \ X , Y . z , i . t ) ,

I f  t h e  c o m p l e x  s . a l ä r  l i . l d  h a s  t w o  r e a l

, ö .  '  1 6 ^ r  , ö .  r ö - ,

l z  ! .

a n d  t h e  t - a t r a n t i a n  r e q u i r e d  t o  p r o d u c e  a  r e a l  a c l  i o n  l l ) l  n u s t  b e

s - jq 9el - n,c.00. ,

0  -  0 , 1 - O  J .

0 -  
"  

' ^0.  o ,  -  . ,  'n t .

aJ.

w h e r e  J p  i s  a  f o u r : - v € c t o r  i d e n t i f i e d  a s  t h €  1 } , r x  r , , l i , : , ( l  ( , , r r . n t

: i  conp lex  sca la r  f ie ld  and de f ined by

'" '(o #" '11")

f h e  g e n e r a l i z e d  c h a r g e  i s  d e f i n e d  a s  t h e  i l r r , I r r 1

o = lr"dv =

i n  t h e  i n t e r n a l  s p a c €  ( 1 , 2 )  i t r r o u g h  a n  a n g l e  ^  T h e  a ( : r  i o l  n r u s r  n o t  c h a n g e  a s
J  c o n s e q u e n c e ,  b e c a u s c  t h i s  v o u l d  v i o l a t e  L h e  f u n d a m . n r a l  p r i n c i p l e  o f  l e a s t
a . t i o n ,  v h i c h  i n  c l a s s i c a l  n e c h a n i c s  s t a t e s  t h a t  ü o t  i ( )  i s  d e r e r n i n e d  b v
m i n i m i z i n g  a c t i o n ,  - 9 .  T h e  L a g r a n g i a n  ( 4 5 )  m u s r  l h . r (  t o r .  l ) .  i n v a r i a n t  t o

( 4 6 '

( h 9 ,

(  50 )

s h i c h  i s  e q u i v a l e n t  t o  a  r o t a l i o n  o f  t h e  v e c t o r  0  r h r o , , d r  r  i ' l f , l .  ^ .
T h i s  i s  a  s i m p L e  e x a n p l e  o f  g a u g e  i n v a r i a l . c ,  l ) y  w l r i . h  ( v d y . o n r . m p o . a r y

t h e o r y  o f  f i e L d s  i s  g u i d e d .  I t  i s  u s u a l  i n  t h e  d . v (  l o p t r t r ' r r  o l  r h c  l l x o r )  L I ! l
1 o  s h o v  t h a t  t h e  g a u A e  t r a n s f ö r t t a t i a n  a f  t l t .  l i t s t  k i , . /  d . { j r ( . c l  l ) y  l ; q  ( 4 / )

( 4  t )

( /,ll )

a s s o .  i a l  (  d  w i l l r

# J  a 1 a 9  \6 *'[,(,tJJ'

( 43  )

i n  M i n k o a s k i  s p a c e  -  t i n e .

<44'

( 4 5 )

r / (o 'S c" j ' ) , ' " ,

w h e r e ,  i n  S - 1 .  u n i t s ,  m  i s  a  m a s s  a s s o c i a t e d  v i t h  t h e  f i e l d s  ( 4 / + ) .  ( T h i s  s h o u l d

n o r  b e  c o n f u s e d  w i t h  p h o t o n  r e s t  m a s s ,  r r o . )  l l  i s  s e e n  t h a t  t h e  m a s s  e n t € r s  t h e

Lagrang ian  I  by  p remul t ip ly ing  a  quadra t i  c  te rm 00 ' .  Th is  i s  a  p rominent

, ,ver  a  vo lume u  in  th ree  d inens ionaL spacc .
I n v a r i a n c e  o f  a  c o n p l e x  s c a l a r  f j e l d  ü r l d . r  S  u t ( .  r r a n s l o r m a r i o n  o f  t h e  f i r s r

k i n d  p r o d u c e s  a  c o n s e r v e d  c u r r e n t ,  d e f i n . d  b y  l q s .  ( 4 l l )  a n d  ( 4 9 ) ,  a n q
. h a r g e ,  d e f i n e d  b y  E q .  ( 5 0 ) .  T h i s  i s  a n . . x p r . s s i o n  o f  N o e t h e r ' s  t h e o r e m  l r 5 l
$h ich  sunoar iz€s  the  conser :va t ion  laws o f  phys i .s  under  th is  type  o f  essent ia l l y

tcomet r ica l  t rans forna t ion  in  an  in tehaL space o f  the  complex  f ie ld -  For
1 ,xanp le ,  f ro  Noet i re r ' s  theorem i t  can  be  deduced tha t  the  laws o f  phys ics  a re
i r rvar ian t  to  th€  or ig ins  o f  space and t ine ,  a  fundamenta l  requ i remenr  fo r  any

ana ly t i ca l  deve lopment  o r  d€scr : ip t ion .  By  app l ica t io i )  o f  the  e  op€ra tor  (see
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i n t r o d u c t i o n )  t o  E q s .  ( 4 9 )  a n d  ( 5 0 ) ,

Some Coisequences of Fi te Photon Mass in ... 135

T h i s  i s  a  d e p a r t u r e  f r o n  t h e  u s u a l  d e v e l o p m e n t  l L 5 l ,  w h i c h  a s s e r t s  t h a t  m o = o
jdent ical ly ,  and thereby reta lns gauge f reedom, as discussed in the introduct ion.
c lear ly,  the ad hoc choice rb=o is  fundanental  l  y  at  odds ni rh the Proca equat ion
a n d  w i t h  c o l l e c t e d  e x p e r i s e n t a l  e v l d e n c e  3 2 1  c o n s i s t € n t  v i t h  m o + 0 .

( 52 )

e ( r p )  = . r r ,  a \ o )  -  o , (  s1)

a n d  i t  b e c o m e s . l e a r  t h a t  n e i t h e r  . r s  n o r  C  . : i n  b e  i d e r r t i f i e d  w i t h  e l € c t r i c

c l l r ren t  o r  charge,  \ th ich  are  boLh a  negat ive .  The q tEnt i t ies  . /p  and O ar ise

f rom th€  way in  wh ich  rhe  complex  scaLar  f ie ld  has  becn de f ined,  and because o f

r h e  f u n a l a r € n t a l  r e q u i r e m e n t s  o f  N o e t h e r ' s  t h e o r e n i  T h e  a p P t i c ä t i o n  o f  a  i n  E q

( 5 1 )  t h e r e f o r e  e m p h a s i z € s  t h e  d i f f e r e n c €  b . l t t . ( ' n  t h e  c o n p l c x  s c a l a r  f l e l d  a n d  t h e

e l e c t r o r n a g n e t i c  f i e l d .  l , I e  p r o c e e d  t o  s h o w  t h a t  t h e  l a t t e r  a r i s e s  a s  a

requ i reneDt  o f  spec ia l  re la t i v i t y  app l l .d  to  the  Saoge t rans forna t ian  o f  the

I t  f o l l o w s  t h e r e f o r e  t h a !  a l l  a s p € c t s  o l  . l e c t r o m a g n e t l c  f i e l d  t h e o r y  m u s t

b e  c o n s i s t e n t  \ . r i t h  s p e c i a l  r e l a t i v i t y .  F u r t h . , r m o r e ,  a s  w e  s h a l 1  s e e ,  e l e c c r o n r a g -

n € t i s m  e n t e r s  t h e  t h e o r y  o f  r h e  c o m p l e x  s c a t a r  f i e l d  t h r o u g h  t h e  p o t e n t i a l  f o u r -

v e c t o r  a p  s c a l e d ,  o r  m u l t i p l i e d ,  b y  t h e  u n i t  o f  e t c c L r i c  c h a r g e  e  ( t h e  c h a r g e

o n  t h e  e l e c t r o n ) .  I n  c o n s e q u e n c e ,  t h e  p o t e n t i a l  l o t r r  v e c t o r  A ,  i s  P h y s l c a l l y

nean iD+f l t l  in  the  contemporar :y  gauge theor ) '  o l  e le ' t romagnet ism and is  regarded

f r o m  t h e  o u t s e t  a s  b e i n g  f u L l y ,  o r  m a n i f e s t l y ,  c o v a r i a n t .  A l l  f o u r  o f  i t s

components ,  in  o ther  words ,  ä re  regarded as  Phrs j .aL ly  mean ing fu l  The hab i tua l

u s e  o f  t h e  C o u l o m b  g a ü g e  i s  o b v i o u s l y  l n c o n s i s t e n t  w i t h  t h i s  m e t h o d ,  b e c a u s e  t h e

c o u l o m b  g a u g e  ( s e e  i n t r o d u c L l o n )  d e s t r o y s  l h c  m a n i f e s t  c o v a r j : n ' e  o f  t h e

e l e c t r o n a g n e t i c  f i e L d  b y  ä r b i t r a r i l y  d i s c a r d i r r r l  t l l e  t i m e ' l i k e  a n d  l o n g i t u d i n a l

s p a c € - l i k e  c o m p o n e n l  o i  Ä ! .  T h e  C o u l o m b  ! , 1 L 8 €  i s  k r o d n  d s  r h e  t r a n s v e r s e  g a u g e

p r e c i s e l y  b e c a u s .  i L  h a s  o n L y  t x r o ,  t r a n s v e r s e ,  p o l a r i Z a t i o n s .

T h e  g a u g e  t r a n s f o r n a t i o n  o f  t h e  f i r s t  k i I ) d  ( 4 / )  i s  i n c o n s i s t e n t  \ t i t h  s p e c i a l

r e l a t i v i t y  b e c a u s e  i t  i m p l i e s  i n s t a n t a n e o u s  a c t l o n  a t  a  d i s t ä n c e  [ 1 5 ] .  T h e

r o t a t i o n  a n g l c  A  i s  t h e  s a n e  a t  a l l  p o i n t s  i n  s p a . e  t i m e ,  i  e  a l l  P o i n t s  a t o n g

l h e  v e c t o r  {  m u s t  r o t a t e  s i n u l t a n e o u s l y  l n  s p a c e _ t i m e  l n  s P e c i a l  r e l a t i v i t y

c ,  t h e  s p e e d  o f  l i g h t ,  i s  a  u n i v e r s a l  c o n s t a n t  a n d . a n n o t  b e  e x c e e d e d ,  s o  t h a t

there  müst  be  a  min imun t ime de lay  be tveen ac t ion  a t  onc  Po in t  in  späc€- t ine  and

another .  E l  e . t romagnet ism c lear ly  has  someth ing  to  do  a i th  th is  t ime de lay

b e c a u s e  t h e  l a t t e r  i s  d u e  t o  t h e  s p e e d  o f  l i g h t  j n  v a c u o  E l € c t r o m a g n e t i s n

i n t r o d u c e s  " c u r v a t u r e "  i n t o  l h e  w e c t o r  0 .  ( I n  S e n e r a t  r e l a t i v i t y ,  m a s s  i t s e l f

b e c o m e s  c u r v a t u r c  o f  s p a c e - t i m e ,  s o  p h o t o n  m a s s  m u s t  b e  s i m i L a r l y  i n t e r P r e t a b l e . )

Spec ia l  re la t i v i t y  there fore  requ i r :es  tha t  the  in te rna l  spac€ ang l  e  ^  becone a

func t ion  o f  th€  four -vec tor :  x |  and so ,  i t  i s  wr i t ten  as  ^ (xF)  Rea l iz ing  th is

leaats  to  the  ccn t ra l  concept  o f  con temporary  f i cLd  theory .  ' , /h ich  is  Ioca l  gäuae

t rans farna t ian  I15 l ,  a lso  known as  AaaBe t ra t l s fo rne t  Lo t t  o f  the  second k ind  $e

are  led  to  conc lude tha !  photon  nass  nus t  be  cons is ten !  t i th  loca l  gaüge

t räns forna t ion  requ i renents  o f  the  U(1)  sec tor  o t  8 , rand un i f ied  f ie ld  lh€orv .

I f  th is  vere  no t  the  case,  then l7 ro  tou ld  be  incons is ten t  v i th  spec ia l  re la t i v i t y

and grand ün i f ied  f ie ld  theory .

In  the  fo l low lng  devetopnent  \ te  der ive  a  cond i t ion  (Eq.  (2 )  o f  the

in t roduc t ion)  wh ich  re ta ins  the  in te rna l  cons is rency  o f  the  theorv  fo t  f in i te  n ro

b u t  i f  Ä  i s  a  f u n c t i o n  o f  x e ,  h o v e v e r ,  a s  r e q u i r e d  l ) y  s p e c i a L  r e l a t i v i t y ,  t h e n
act ion can no longer be invar iant  under the gauge t ransformat ion (52).  I ie  have

6c= r .++0 , ( 5 3 )

i f  t h e  o r i g i n a l  L a g r a n g i a n  i s  d e f i n e d  b y  E q .  ( 4 5 ) .
The electronagrret  ic  f ie ld is  int roduced to for .e 6{=o in Eq.  (51) rhrough

the in lermediacy of  the extra Lagrangian term,

E, = -  eJrAr,  (54)

s u c h  r h a t  e Ä p  h a s  t h e  s a m e  u n i t s  a s  a / a * , , t h e  l o u r - d . ' r l v a r i v e  o f  s p a c e - t i m e .
^pply ing the C oper:ator  to {1 in Eq.  (54),

e(9 ,  )  =  s , ,  (55)

rcvea l inA tha t  eAts  must  be  pos i t i ve  to  ö .  vherc  , r  i s  a  sca la r  and ap  a  four -
r L c t o r .  A t  t h i s  s c a g e  o f  r h e  d e v e l o p n e n r  i t  i i j . r s s e r r e d  t h a t  u n d e r  g a u g e
t r a n s f o r n a t i o n  o f  t h e  s e c o n d  k i n d  [ 1 5 ] ,

o  -  0 - i ^ 0 ,

.Ä  -  r  - l  q4

l h €  i n t r . o d u c t i o n  o f  9 j  i n p l i e s  t h €  f u r t h e r  n e c d  r o  i t l t r o d u c e  [ 1 5 ]

in  o rd€r  to  fo rce  the  cond i t ion

ö g  * ö 8 ,  *  6 9 ,  -  0 ,

, ,o  tha t  the  to ta l  Lagrang ian  is  invar ian t  under  loca l  gauge t rans forna t ion .
l r t t e r  h a s  t h e r e f o r e  p r o d u c e d  t h e  r e s u l t

( 5 6 )

( 5 , r )

( s 8 )

The



136 The Phorornagneron ond Quantun Field Theory

(s9)

( 60)

Some Corsequeaces o! Fi[ile Photon Mass in ... 137

r n d  j t s  i s  i d e n t i f i e d  a s  t h e  , r s u a l  c r l r r e n t  f o 1 1 r  v . . t o r  o f  e l e c t r o m a g n c t i s f l .  l t

i s  c lear  f ron  th is  deve lopment  tha t  e  can ac t  on tv  on  a  sca la r :  quant i t y ,  the

\ c a l i n g  c o n s r a n r  e ,  t h e  e l e m e n t a r y  e l e c t r o n i c  . h a r 8 e .  T h u s ,  a s  i n  t h e
i  n t r o d u c t i o n ,  w e  o b t a i  n

( 6 6 )

where  g ,  i s  due

constän t  e .  The

9"" .  = *" td* e,rer  e 'zsrnro 'o = g"JJ*1r,

to inrcräct ion r i , i th the four vector  Är through the scal ing

9". .  term can be vr i t ten

( 6 1 )

i s  t h e  c o v a r i a r t  d e r i v a t i v e .  i . e -  a d e r i v a t i v e  v r h i c h  t r a n s f o r m s  c o v a r i a n t l y  ü n d e r

loca l  gaug€ t rans format ion ,  i .e -  , r  t rans fo .ms in  rhe  same way as  0 .

The n in tna l  coup l ing  in te r :äc t ion  te rn  * ,  i s  there fore  ob ta ined by  rep lac ing

the  ord inary  a te r iva t ive  a /Axp by  D|  and Lo . 'a l  EanEe synnet ry  d ic ta tes  the  f ie ld

dynan ics  th rough Er  rn in ina l  coupL ing .  to r  th is  r€ason Ar  i s  a  8aü8e f ie ld ,  and

produces  i t s  om Lagrang ian ,  9 , ,  wh ich  nLLs t  a lso  be  invar ian t  und€r  loca l  gauge

t r a n s f o r m a t i o n ,  i . e .  i n v a r i a n t  u n d e r  E q .  ( 5 6 ) .  ! , / e  n o v  s e e  t h a t  t h e  l a t t e r  i s  a

consequence o f  the  covar iän t  d€r iva t ive  D! .

Th€ four -cur1  o f  .A ! ,  de f ined by

o , = j  - t a , ,

'"' = 3i; 3i:
i s  i n v a r i a n L  t o  ( 5 6 ) ,  a n d  p r o v i d e s  t h e  L a a r a n g i a n ,

T h e  s t a n d a . d  t h . o r y  [ 1 5 ]  i d € n t i f i e s  F p ,  I . r i t h  t h e  e l . c t r o m a g n e t i c  f o u r  t e n s o r ;  e

w i t h  t h e  c h a r E e  o .  t h e  e l e c t r o n ;  a n d  Ä !  r r i t h  t h c . : l ( , t r t . o m a g n e t i c  p o t e . r i ä l  f o u r _

vec tor .  F rom th is .  rhe  inhomogenous Max! ,e ]1  equat ions  cor respond to  vary ing  Äp

in  the  appr :opr ia te  Eu l€r  Lagrange equat ion  to  p rodu. .

lo r  the  sca la r  ampl i tude o f  a  magnet ic  f lux  dens i ty  I  spa . .c  t ine  proper t ies

t r .  t n v a r i a ü L  L o  a  b t  ' d e f i ' i i t i o t l  o i  t h i s  o p e r . t r . t  I a l  r n d  s o  ä l L  t y p e s  o f  u l l i t

v . c t o r  a r e  i n v a r i a n t  t o  e .  I r  f o l l o w s  t h a t  , 4 r  i s  a  f o u r  v c c t o r  w h o s e  a b s o l u t e

: i ca la r  magn i tude is  e  negat ive .
w c  n o w  a d d r e s s  t h e  f o l e  o f  f i n i t e  e l e c t r o m a g n . l  i .  t  i . 1 d  m a s s  i n  l o c a l  g a u g e

l  r a n s f o r m a t i o n .  T h i s  i s  n e c e s s a r i L y  w i t h i n  a  c l a s s i . ! l  f r a m . w o r k ,  w e  h a v e  n o t
! e t  a d d r e s s e d  t h e  e f f e c t s  o f  f i e l d  q u a n t i z a r i o n .

T h e  c o n v e n t i o n a l  d e v e l o p n e n t  1 1 5 1 ,  h a v i n g  a r r i v , , d  , 1  u q s .  ( 5 4 )  a n d  ( 5 8 ) ,

. r s s e r : t s  t h a t  t h e  v e c t o r  A r  c a n n o t  b e  a s s o c l a t € d  w i t h . l . . l r o m a g D e t i c  f i e l d  m ä s s ,

a , " ,  b e c a u s e  t h e  I a t t e r :  w o ü 1 d  n e c e s s a r i l y  b e  i d . n r  i l  i ( d  r h r o u g h  a  L f , g r a n S r r n  o f

( 6 1 )

9,,",  '  (Dr,o) (rpo)'* n'c"00'

rr,  = i(O'DrO - Orpo') ,

. ,  c o n d i t i o n  v h i c h  i s  a l s o  . o n s i s t e n t  r r i t h

ö 9 /  -  o ,

E , - e ' : Ä p Ä r o ' o - 0 ,

t ^  =  j ' :  
"  

e 'e '

( 62 )

( 6 3 )

(54 )

(65 )

i n  S . L  u n i t s ,  a n d  n o t  l n  r e d u c e d  u n i t s  I 1 5 1 ,  N 1 , . " .  i  i s  h a b i r u a l l y  s . t  l o

L , n i t y .  S i n . e  { i  i s  n o t  i n v a r i a n r  u n d e r  t l q .  ( ) 6 ) ,  i '  i s  a s s e r t e d  t h a t  r r (  - 0

L . l c n t i c a l l y ,  s o  t h a t  t h e  e l e c t r o m a g n e t i c  f i e l d  h r r s  " r r o , t r , s : ; " .  A s  s u r v . y c d  i n  t h r

i n t r o d u c t i o n ,  t h i s  i s  i n c o n s i s t e n t  w i t h  c o l l e c t . d  ( . x p (  r  i D . n t a l  d a t a  I J 2 ] ,  a n d  a s
i s  a c t u a l l y  w e l l  k n o w n  t 1 5 1 ,  f e a d s  t o  c o n s i { l (  f r l ) 1 {  t ) h v s i c a l  o b s c u r i l ) '  i n

,  Lec t ronagnet ic  f ie ld  quant iza t ion .  The ( ] (n , l (n ,  r  l t r , l l t c  i s  one o f  thes . ,
t ) b s c u r i t i e s ,  a n d  a t t e m p L s  a t  q u a n t i z a t i o n  I  L  I  i D  l  h e  C o u l o m b  A a u g , e  a r e
f l e a n i n g l e s s .  N e v e r t h e l € s s ,  i t  i s  h a b i r u a l l y  a c c ( p t f ( l  i D  ( : o n t e n r p o r ä r y  e L e c t r o d y
, i a m i c s ,  a l t h o u g h  s t a n d a r d  t a b l e s  [ 6 ]  n o  l o n g i . r  l i s r  r h e  p h o t o n  m a s s  a s

i d e n t i c a l l y  z e r o .  T h e  l i t e r a t u r e  i s  t h e r e f o r .  l r i , ( l , , , , r i l l )  s . 1 f  c o n t r a d i c t o r y .

I t  i s  c l e a r  r h a t  f o r  , ' 7 l 0 + 0 ,  t h e  L a g r a n S i a r : t -  v r t r i s h . s  i f

( 6 8 )

( 6 e )

( / 0 )
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6 9 + 6 9 ,  =  6 { ,  =  o ,

and rnul t ip ly both s ides by 4,

,,'r1"" ( o,r. o

i t  b e c o m e s  c l e a r  t h a l  i f  , A r Ä p = 0 ,  t h e  P r o c a  e q u a t i o n

e q u a t i o n  [ 1 5 ] ,

- : : !  =  o .  Ä  .  o .

The Photomagneton and Quantum Field Theory

( 7 r )

<72)

a u t o m a l i c a l 1 y .  T h e r e f o r e  f o r  Ä " e " - o  f i n i t e  p h o t o n  m a s s  i s  c o n s i s t e n t  ! ' i t h  l o c a l
gauge invar iance,  and the lat ter  do€s not  mean that  photon mass is  ident ical ly

T h e  c o n d i t i o n  e " a , - o  i s  a l s o  c o n s i s t e n t  w i t h  t h e  L o r e n t z  c o n d i t i o n
A A , / A x " = 0 ,  w h i c h  i s  i n p l i e d  a u t o r n a t i c a l l y  b y  t h €  P r o c a  e q u ä L i o n  [ 1 5 ,  3 2 ] .  A s
descr ibed in Lh€ introduct ion,  Äu?q!=o is  inconsistent  \ r i lh  the Coulonb gauge.
I n  v i e v  o f  t h e  a v a i l a b l e  e x p e r i m e n r a l  e v i d € n c e  [ ] 2 1  f o r  f i n i t e  , 0 ,  w e  a b a n d o n
the Coulonb gauge and quant izat ion procedures [15]  based rhereon, and ädopt
, . | )ef=o instead of  . "0=o in g,  and 9, .  This impl ies that  Äp must a lways be fu l ly
covar iant  and physical ly  meaningful  in specia l  re lat iv i ty ,  vhere A,a" and
AA"/ax" ate invar iant  to Lorentz t ransformat ion in Minkowski  space-t ine.
Furthermore,  i f  i {e $r i te the Procä equat ion as [15]

( 7 3 )

reduces  to  the  Maxwel l

( 14 )

even thoug l l  L l i .  nass  no  is  no t  zero .

w e  c o n c l r l d .  t h a t  t h e  M a x w e l l  e q u a t i o n  i n  v a c u o ,  t i t .  (  / a ) ,  i s  a  " s u b s i d i a r y "

o f  the  Proca equat  ion  descr ibed by  the  requ i renren t  A"A,  -  o  fo r -  r !  in  geneta l  +  0  .

T h i s  r c s u l r ,  a l t h o u g h  m a t h e m a t i c a l l y  s e L f - c o n s i s t . n t ,  i s  n o t  p h y s i c a l l y

acceptab le  horever ,  because ve  knov  tha t  f in i t c  n ,  i s  the  very  facLor  tha t

d is t ingu ishes  the  l4axve l l  equät ion  f ron  the  Proca cquat  ion .  Th is  i s  obv ious  f ron

Some Consequences oJ Finite Photon Mets in .. .

: ] f  =  - € ? a . ,  4 "  I 0 ,

u h e r e b y  L h e  M ä x v e l l  e q u a t i o n  l s  s e e n  i n  t h i s  l i g h t  r o  b c  r h e  l i m i t i n g  f o r m  o f  t h e

l ' i o c ä  e q u a t i o n  f o r  m o = o  i d e n t i c a l l y .  T h e r e f o r e  A N A e - o  i d c r l I c a l l y  i n p l i e s

u i ,  =  o  i d c n t i c a l l y ,  e v e n  t h o u g h  n "  i s  n o t  s p e . : i [ i . a l l y  s e t  l o  z e . o  i n  E q .  ( 6 7 ) .

äe  must  there fore  accept  tha t  Ärnr  i s  no t  iden t ic . . t l l y  zero  i f  n r  i s  to  rena in

J i n i t e ,  i n  l i n e  w i t h  c o l L e c t e d  e x p e r i m e n t a l  e v i d e n c e  [ 3 ? 1 .  ü c  E u s t  t h e r e f o r e

l o o k  f o r  a  w a y  i n  w h i c h  t h i s  c o n c l u s i o n  c a n  b e  m a d c  t o  b .  c o l s i s t e n t  w i c h  l o c a l

r ; a ü g e  i n v a r i a n c e  o f  U ( r ) .  T h i s  i s  p o s s i b l e  r h r o u g h  l h e , , s e  o f ,  f o r  e x a n p l e ,  t h e

l ) i  rac  gauge [ ] l?  I  .

( 7 6 )r r r r = k ' = c o n s t a D L ,

l h e r e  r p  i s  t h e  p h o t o n  r a d i u s  f o u r  v e c t o r  d e f i n e d  t h r o u t l r  t h . . o m p l e x  l r a v e  f o u r

\  oc to r  { ,F  [  32  ]  ,

'1,, = re exp( l?!s) 
)

l h e  P r : o c a  e q u a t i o n  i n  t h e  f o r n  ( 1 2 )  c a n  b e  d € r i v . d  l r o m  l h c

e, = - 
+ F;, F", - (, 'r; {,e + r(., r! } r./),

" 
= ar" - !\

u h i c h  y i e L d s ,  b y  w a r y i n g  1 , ; ,

: : ! :  -  7t, t . ,

l l , v  con t rac t ion

( t 1 )

Lag rang  i  an  [ 32  L

139

( 7 s )

( 7 8 )

(1e )

(80 )
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(  8 5 a )9Y" = av;
a , (  8 1 )

( 8 2 )

and assuming that Ats

an ,  =  ! ! t  i t *  j ) e

" , . '  
=  

2 ,  
i t + J r e  , o

n 6 t  =  E . . t t  
i J l e  ' +

sot  -  ! t6 r  ;11" , , t

V  t .  0 ,

v . a  =  0 ,

( 8sb )

E v ,  -  2 t ' v , .

Conver t ing  th is  no ta t ion  in to  tha t  o f  the  present  paper ,
i s  in  genera l  corp l€x ,  the  D i rac  gauge .o r responds ro

w h e r e  0 = ( l .  x  t  i s  t h e  p h a s e  o f  t h e  t r : a v e l l i n g  e l e c r  r o n a t n e t i c  p l a n e  w a v e  I n
E q s .  ( 8 5 a )  a n d  ( 8 5 b ) ,  I  a n d  J  a r e  u n i t  v e c t o r s  i n  t h e  X  a n d  Y  a x e s  o f  t h e
l a b o r a t o r y  f r a m e  ( X ,  Y ,  Z ) ,  n u t u a l t y  o r t h o g o n a l  r o  t l r e  p r o p a s a t  i o n  a x i s ,  Z ,  o f
the  wave.  Here  o  i s  the  angu lar  f requency  in  rad ians  p . r  sccond a t  an  ins tan t

o f  t ime t ,  x  the  l rävevec tor  in  inverse  meters  a t  ; r  pos i r  ion  !  in  the  laborä tory

f r a m e .  T h e  c o m p t e x  c o n j u g a t e  o f  I t ( 1 ) ,  i . e .  a ( 1 , ,  i s  a l s o  ,  p h y s i ( : a l  s o l u t i o n  o f
Mäxwel ]  ' s  equat ions  in  vacuo-

c o r r e s p o n d i n g  t o  s q s .  ( 8 5 a )  a n d  ( 8 5 b )  r h c r .  a r .  o s . i l l a t  i n 8 ,  r  r a ü s v e r s e i
e l e c t r i c  f i e l d s ,  u s u a l l y  v r i t r e n  a s

and rhe Lagrangian Es is  consjstent  borh v i th f in i te photon mass and Local  gauge

i n v a r i a n c e  o f  U ( 1 ) .  T h e  c o n d i t i o n  A r A ; ,  o  i s  t h e  l i m i t  o f  E q .  ( 8 1 )  f o r

l^ 'hat  does th is mean physical ly? Th.  magnl tud€ of  the phoron radius is
a b o u t  1 0 ' ? 2 . n  { 4 5 1 ,  a n d  i r  f o l l o v r s  t h a r

( 8 4 )

A'Ä;  -  c .LsLant , ( 83 )

t r r ; - 1 a a a n  - o ,

i s  a n  € x c e l L e n l  a p p r o x i m a t i o n .  T h e r e f o r e  l h e . o n d i t i o n  Ä p a r = o  f o r  r e a l  a r  i s
equ iva len t  to  van ish ing ly  sna l l  photon  r ld i , , s ,  a  cond iL ion  vh ich  fo r  a l l
p r a c t i c a l  p u r p o s c s  i s  t h e  D i r a c  g a u g e  [ 3 r ] .  f i n i t e  p h o t o n  m a s s  i s  t h e r e f o r e
c o n s i s t e n t  w i t h  l o c a l  g a u g .  i n v a r i a n c e  i I  t h c  D i r a c  g a u 8 e ,  a  l i m i t i n g  f o r m  o f
! , , h i c h  i s  Ä r A p - c .

4 .  L ie  A tgebra  o f  the  E lec t ronägnet ic  F ie ld  in  vacuo

I n c o n v e n l i o D a l  ,  c L a s s i c a l  e l e c t r o d y n a m i ( : s  i t  i s  c u s t o m a r y  t o  c o n s i d e r  o n l y
t h e  t r a n s v e r s c ,  o s c i l l a t i n g ,  s o l u t i o n s  o f  M a x u e l l ' s  e q u a t i o n s  I 4 6 1 .  F o r  t h e
n a g n e t i c  f l u x  d e n s i t y  i n  v a c u o  t h e s e  a r e ,

i n  t h e  s a n e  n o t a t i o n .  I n  E q s . ( 8 5 a )  ä n d  ( i l l b ) .  4  i s  a  s c a l a r  m a S n e t i c  f l u x

d e n s i L y  a n p l i L u d e  a n d  E r o  a  s c a l a r  a n p l i t u d e  o f  r . l c c r r i c  f i e l d  s l r c n g t h  B y
d i r e c t  s u b s t i t u t i o n ,  i t  c a n  b e  s h o w n  t h a t  I q s  ( 8 5 )  a n d  ( 8 6 )  o b e y  M a x w { : 1 1 ' s
cquaL ions  in  vacuo,  and in  the  s tandard  dcv . lopmcnt  o f  e lcc t rodynan lcs  thcsc
L r a n s v e r s e  s o l u t i o n s  a r e  u s u a l l y  t h e  o n l y  o n e s  { : o l s i d e r e d .  S o m e  r e x t s  n r e . r  i o l
b r i e f l y  r h e  p o s s i b i L i t y  o f  l o n g i t u d i n a l  s o l u t i o n s ,  b u t  t h €  l a t t e r  a r e  o r  l i n k . d
d i rec t l y  to  lhe  t ransver :se  vaves .  Tvo  o f  th .  Maxwc l l  cquat ions  in  vacuo,

(86a )

(  8 6 b )

( 8 / a )

( 8 7 b )
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w o u L d  b e  v i o l a t e . l  l i v : i n \  l ( , n g i l u d i n a l  s o l u t i o n  v t r i c h  d c p c n d s  o n  L h e  p h a s e  0 ,
b . c a u s c  n  f i . l d  o f  l l , a t  k i n d . a n n o t  h e  d i v e r t e n t l € s s .  I n  o t h e r :  v o r d s  t h € s e
f j € 1 d s  l r o u l d  n . l  . b e !  r l r e  ( j a u s s  L h c o r c n r  i n  d i l f . r c l r i a l  f o r m .

O r  t h .  o t h . r  I ' : r r r l .  i t  j s  w € l l  k r o \ , n  i n  I h (  I  i l e r a r u r e  l 5 l  t h a t  t h e  P r o c a

. . t l r a l i o n  l c r d , i  t o  t h r . .  N e l l  d e f i n e d  : r t a ( : !  l i k e  p o l a r i z a t i o r s .  r n . L  u p o n

. t , 1 a n t i 7 ä t i o i  l r . r ( l s  r ( ) ,  w { : 1 1  d c l i n c d  p a r t i . l .  q i l h  m a s s ,  i d c n t i J i e d  ! i i h  t h e
p h o t o n  [ 1 5 ]  O n  t h e  o t h e r  h : r n d ,  a t l . n p l s  a l  { t , r . r i l i z a t i o n  o f  t h e  d ' A I e m b e r t

e q u a l  j o , ,  a r r .  l ) { , s e l  e i l h  o b s c u r i t v .  F o r  r _ ( . a s o D s  c 1 . s . r i b . d  a l r c a d y ,  u e  r e j e c t
q u a n t i z a t i o n  i n  t h .  C o u l o m b  U a u t e .  i n  l h c  I - o r e n l  7  g a u a e ,  q ü a . t i z a t i o n  o f  t h e

d ' A l e n r i i e i l  ! , t , , r 1 i . , ,  c r n  p r o c c c c l  o D L v  t h . o u t h  1 1 x '  u s .  o f  a  t a u g c  f j x i n f ,  t e r D ,  a n d

t h r o u l h  t h e  c r r p t a  B l e u l e r  c o n d i r i o n  I r t ] .  Q u a n r i z a l i o n  o I  t h e  P r o c a  e q t r a t i o n ,

b e r i i t ,  r  . a r u . a L  w ä v e  F q u . , r i o n .  p r o ( : e e d : ,  s l r a i g h t f o r v a r d l y ,  p r o d u c i n g  t r o

t r a r s v . r s c  a n . i  o n c  l o D g i t u d i D a l  s p a . e  l i k e  t o l a r i z a t i o n s  f o .  t h e  p h o r o n  i n  \ a c u o .

T h e  P r o ( : ä  a n d  ( l ' A l e r n b e r L  e q u a r i o n s  a r .  j . t . r t i c i l  ,  h o w c v c r .  f o r  a l l  p r a c t i c a l

f u . p o s € s  [ ] 2 1 .  b e c 6 r r s e  t h e  p h o t 6 n  f l a s s  i s  v e r v  : ; m a l 1 ,  a n d  w e  a r e  t h e r e f o r e  l e d

t o  c x p e ( r :  a  s e l l  d c l i n . d  L o n g i t u d r n ä l  s p . r  ,  l r f .  p . L . . i z a L 1 u n  i r  t h e  / r a . i . l l / e 7 l i a n
f i e l d  a s  v e l L  a s  t h e  P r o ( i ä  f i e l d  C l e a r l v ,  l h i r  t ) o l a r i z a t i o n  e m e r g € s  c l a s s i c a l l y

t h r o u g h  e q u a t i o n s  ( 7 )  o f  t h e  i n t r o d u c t i o n .  i  .  t h r o u g h  a  L i e  a l - g e b r a  r e . e n t l y

| r o p o s e d  b y  t h e  p r e s e n r  a u t h o r  [ 2 4  3 0 ] .
F u r t h e r m o r : e ,  t h - .  e x i s t e n c e  o f  t h e  l o n l t i l , x l i r i r l  ,  . 1 a s s i . a 1  M a x v e l L i a n  f i e l d s

i . a ( t  r n d  - B r '  i n  v a c u o  n u s t  n o t  v i o l a t . ,  i h .  ( ; . L r s s  t h e o r e n  o r  P l a r c k  r a d i a t i o n

1 a v  ( s e e  i n t r o d ! . t i o n )  l r e l l  k n o m r  p h o t o n  s c l . . t i o n  r u L e s ,  e x p e r i ß e n t a I l y  w e l l

s u p p o r l e d ,  , u s l  i ) . 1  l ) .  a f f . . t . d  b y  j a o )  a r x l  ! r r )  a s . t l s c u s s e d  i n  t h e  i n t . o d u c -

T h .  f i r s t  i r r l i . : a t i o n  [ 2 4 ]  o f  t h e  v . l l  d . 1 i n . d  n a t u r e  o f  a ( ' )  i n  v a c u o

appeared rh rou t l ,  j l  s  re la t ion  to  the  ve l1  knowr  con jugate  produc t  o f  non l  inear

o p t i c s  l 4 t '  ,  l h ( ,  r ' r o s s  p r o d u c t  t ( o  r  ! r , ' .  T h i !  i s  a l s o  r e f e r r e d  t o  i n  n o n l i n e a r

o p t i c s  a s  1 | .  \ ' . . t o r i a l  p a r t  o f  t h e  l i g h t  i n t c n s i l y  t e n s o r ,  / i j  t a 8 l ,  a n d

t h e r . J o r e  h , : ;  r  r e l l  k n o w n  p h y s i c a l  i n t c r t ) f f r a r  i o n .  l h e  q u a n t i t y  I ; j  i s

h a b i t u a l l y  u s . t l  a s  t h e  b a s i s  f o r  c a l c u l a t i o n s  i n . l . . l r o .  d r ) d  m a g n . t o  o p t i c s  1 4 9 ,
5 0 1 .  I , r . d  l i t ! i  f l l 6 a )  a n d  ( 8 6 b ) ,  r h €  c o n j u g a t .  r ) r ( x l , x  r  i n  v . . r 1 o  i s  e a s i l y  s e e n

t o  b .  !  p u r .  i i l r s i n a r v ,  l o n g i t u d i n a l  q u a n t i r y

( 8 8 )

r c v c r s a l )  s y n ß e L r y  o f  L h e  c o n j u g a r e  p r o d u c t  j s  r k g i t i v . .
.  - j u 8 4 r , o r  I  \ ) r r F r ' !  I  . i r ' v '

Us- ing  th .  vc lL  known fundamenta l  re la l  io t )  I ro rn  thc

t s h o  f l . l . l  c i m n l v  t ) ,

i E : r =  i E , p B a k  -  i ! : t . 8 1 "

' L h F r e l . i e  i n  E q .  ( 8 8 )

, , " = 4 * _ ' ; ; : ) , . ,

Some Cotttequences oJ Finite Pholon Mass in ... 1 4 3

F i n a l L y  i r s  d  ( ( : l u r [ l

M a x v c l l  e q i l a t j  o n s  i n

( 8 9 )

(  eo)

( e t )

E{ ! )  xEo)  -  iE :  k ,

I t  i s  f u n d a m c n t a L l y  i n p o r t a n t  t o  n o t e  t h a t  1 l !  |  i ,  l ( l  u t : r  1 1 1 : ,  a J l  l l i (  L f , ) s , )

a r t r i b u t e s  o f  m a g n e t i c  I l u x  d e n s i t y  ( r c s l a ) .  I r  i , ; . , , , , \ i ; , 1  r 1 , ( : t o r .  l ) o s i l  i \ 1  1 { )
p ,  a n d  n c g a t i v e  t o  f .  I t  i s  a l s o  n e S a t j v (  l , '  , '  , i : ,  r . ! u i r c d  l ! l l  1 , . , r , , i , i

a L t h o ü g h  t h e  c o ü j u e a t e  p r o d u c L  i s  p o s i t i v .  t ! , : .  i r  l , i  ( l j v i d . d  b y  r L (  : i . , r l , r l

i E o c  t o  p r o d u c €  t ( : ,  i n  E q .  ( 9 1 ) .  T h e  i  s ) n x r { r r \  , ) l  / , ;  ( s ( . . .  3  a n d  i n r r o ( 1 , , (

t i o n )  i s  n e t a t i v e  b y  d e f l n i t i o n  o f  f  a s  a n  o l , 1  r , , l , , r  w ) , i . l r  l . a v c s  a l l  s p a c .  I  i n x

q u a n t i L i e s  u n c h a n g c d  b u t  w h i c h  r e v e r s e s  t h .  : ; i l i r  ( , 1  ( j . . r l : , r )  e l e . t r i c  c l i ! r l l (

I n  p ä r r r < l e  p h y s i c s  a  p r o d u . e s  r h e  a r l t i  p a r l i . l (  1 r , , r  l l ü  o r i g i n a l  p ä r 1 i . l .  i : ;

d e s c r i b e d  i n  t h e  i n t r o d u c t i o n .  l n  L h c  c 1 a : r : r i . . r l  M r \ { { l l i ; , r i  l i e l d  h o v e v c r ,  l h .

p a r : t i c l e - a n t i p a r t i . l e  i n t e r p r e t a t i o n  i s  i , I p t ) r ( i l ] r  i , , l '  l ! . i u s .  q u a r L i z a l i o n  I r : i

n o t  o c c u r r e d .  c  i s  t h e r e f o r e  t h e  o p e r a l o r  t l ) , r l  r t . r ( . r , i ( s  t h r  s i g n  o f  t h e  u r r i l

o f  e l e c t r i c  c h a r g e  e .  T h i s  i s  n o t  a  q u a n l i , . { ( l  ( t , , J , , 1  i l v .  i . e .  i s  w e l l  d e l i n c d

i n  c l a s s i c a l  p h y s i c s .

A  s i m i l a r l y  s i m p l €  a n a l y s i s  l e a d s  1 o  t  l i ,  r ' ( . j , L , l  I
w b i ( : h  j s  i r { l {  r ) ( , , n t ( . t  b y  d e f i n i t i o n  o f  t h e  p h a : ; e  o l  t l , f  p l a n e  w . 1 v e .  F u r r h e r m o r e ,

r h p  u n . ,  \ ' .  |  |  t  n  \ F  r r g h r  h d n d  s i d F  o l  |  . .  . ' "  r , , ,  b -  . " i . 1  b v  d p f i r i -

t i o n ,  b c c a u s .  i r  i s  I o r m e d  f r o m  a  v e c t o r  c r o s s  p r o d , , (  l  ( ) i  t w o  p o l a r  v e c t o r s .  F o r :

t h i s  r e a s o n ,  l l i { ,  ( : o r t . j u g a t e  p r o d u c t  i s  p o s i t i v e  t o  p a r  i t y  i n v . r s i o n ,  i ,  a n d  f o r

t h i s  r e a s o n  i .  t ü r n  c a n n o t  p r o d u c e  a  s c a t i c  e L e c r r i c  t 1 c l d .  l t  c h a n g e s  s i g n  r i t h

t h e  s e n s e  o I  . i r ' . u i ' r  p o L a r i t y ,  a n d  v a n i s h e s  i o r  r l , i s  r e a s o n  i n  a  l i n e a r l y

p o l a r i z e d  e l e c t r o m a g n . t i c  f i e t d .  b e c a u s e  t h e  l a t t . . r  i s  m a d e  u p  o f  5 0 %  r i g h t  a n d

5 0 %  l e f t  c i r c u l a r l y  p o l a r i z e d  c o m p o n e n t s .  T h e  c o n j L r S a t e  p r o d u c t  a l s o  v a n i s h e s

i n  a  s t a n d i n g  v a v . ,  i . c .  l s  n o n - z e r o  o n l y  i n  a  L r a v . l l i n g  w a v e  v h i c h  h a s  a  d e g r e e

o f  c i r c u l a r  p o l a r i z a t i o n .  I t  h a s  b e e n  s h o ' n  l r 4 - 3 0 1  t h a t  t h e  f  ( m o t i o n
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quant i t y  on  the  le f t  hand s ide  o f  th is  equat ion  is  a lso  ev idence fo r  rhe  quant i t y
o n  t h e  r i g h t  h a n d  s i d e .  T h e  l a t t e r  i s  s i m p l y  r h e  n o n  z e r o  s c a l a r  ; r l c  m u l t i p l i e d

b y  t h e  l o n g i t u d i n a l  n a g n e t i c  f l u a  d e n s i t y  a r ' ) .  I t  r h e  l a t L e r  w e r e  " u n p h y s i c a l , '
( p r e s u m a b l y  z e r o )  a s  h a b i t u a l l y  a s s e r r e d  i n  . 1 . : c t r o d y n a m i c s  [ 5 7 ] ,  t h e n  t h e
inverse  !a raday  e f fec t  vou ld  no t  be  observab le ,  in  d i re . t  conr rad ic t ion  s i th  r , /€11
d e f i n e d  a n d  r e 1 1  a c c c p t e d  e x p e r i m e n t a l  d a t a  1 5 2 1 .  l h i s  i s  o n e  c x a n p l e  o f  n a n y
o f  t h e  i n h e r e n t  c o n t r a d i c t i o n s  o f  c l a s s i c a l  e l e . i r ( x i y u m i c s  l 5 7 l  i f  l o n g i t u d i n a l

so lu t ions  in  vacuo are  d iscarded.  These da ta  a lso  sh)w .xper inenta l l y  thar  B t ' l

the  seven d isc re te  symnet r ies  o f  na turc .  b ( ( ' , , rs { ,  t t r ' )  has  been observed
exper imenta l l y ,  th rough the  inverse  Faraday  e f fec l  ,  t  o  ,n rg l . l  i zc  mater ia l  mat t€ r .

T h a t  l ' t  l s  a  s o l u t i o n  o f  t h e  f o u r  l l a x u c l l  . . r , r a r j o n s
d e n o n s t r a t e d  a s  f o 1 1 o \ , r s ,  b e a r i n g  i n  n i n d  t h a t  i t s  . { ) r ! . o l r i r ! n l  e l e c t r i c  f i e l d  i s

the  l  ong i tud ina l  r ! (3 "

w h i c h  l s  E q .  ( 7 a ) .  N o t e  t h a t  E q s .  ( 9 1 )  a n d  ( 9 2 )  a r e  i d e n t i c a l  i n  v a c u o ,  c l e a r l y ,

t h e y  b o t h  d e f i n e  8 ( 3 ' .  a n d  b o t h  c o n s e r v c  t h e  s e v e n  d i s c r e t e  s y n n n e r r i  e s  [ 5 r ]  o f

n ä t u r e :  e .  P .  i ,  a F ,  ö i ,  F ?  a n d  c P 1 .  T h i c  i s  s t r . a i g h t f o r w ä r d L y  v e r i f i e d  b y

o p e r a t i n g  o n  e a c h  s y r n b o l  o f  E q s .  ( 9 1 )  o r  ( 9 2 )  b y  e a . h  o f  t h e s e  o p e r a t o r s  i n  t u r n

In  each cäse the  or ig ina l  equat ion  is  re .overed unchanged,  and is  there fore

lnvar ia i t  to  thc  symnet r r -  opera tor  thus  appL i .d .  The €quat ion  is  there€ore  sa id

to  .onsenc  thc  s ) rmet ry  descr ibed by  the  op . ra to r  be ing  app l ied  ( fo r  exanp le ,  ö ,  F ,  ?

e t c . )  I f  t h i s  ' e r e  n o t  s o ,  a  s y n m e t r y  i t o ü 1 d  h ä v - .  b e e D  v i o l a t e d .  I t  i s  c l e a r ,  a s

d iscussed in  the  in r roduc t ion .  tha t  a { ' r  v io la tcs  none o f  the  seven kno 'n

d i s c r e t e  s y m m e i r i e s -  I n  o r d e r  t o  c o m c  c o r r e c t l Y  t o  t h i s  c o n c l u s i o n ,  i t  i s

e s s e n t i a l  t o  r e a l i z e  t h a t  t h e  s c a l a r :  a m P L i t u d c s  1 n  a n d  a o  a r e  n e g a r r u e  t o  i

T h e  e  s y m m e t r y  o f  a ( t  i s  t h e r € f o r e  n e g r l i v e .  a n d  o p p o s i t e  i  s i g n  t o  t h a t  o f

the  con iugate  produc t  E{1)  x  ! ( t )  .  We enphas i  ze  these po in ts  because o f  the  recen l

i n c o r r e c t  a s s e r t i o n  [ 3 1  I  t h a t  t ( ! )  v i o ] a t r s  i  a n d  d F i .

I u r r h e r  s i m p l e  c a l c u l a r i o n s  o f  L h i s  r y p e .  b a s e d  o n  v e c t o r  c r o s s  p r o d u c t s ,

l e a d s  t o  t h €  L i e  a l g e b r a  d e s c r i b e d  i n  E q s .  ( 7 ) ,  s h o r i n g  t h a t  t h e r e  i s  a  c y c l i c a l ,

o r  c l o s e d ,  s t r u c t L r r e  w h i c h  r i e s  t o g e t h e r  t b e  t h r . c  m a g n c t i c  f i e l d s  A f i r  ,  . B o '  a n d

B ( 3 ,  .  I f  a n y  a n e  o f  t h e s e  f i e l d s  b e  z e r o ,  t h . D  E q s .  ( 7 )  l n P l y  t l a t  t h e  o t h e r  t s o

o u s t  v a n i s i  I r  v ä . d o .  T h e  i m p o r t a n c e  o I  t h i s  r . s u l t .  s i n p l e  a s  i t  i s ,  c a n n o t  b e

o v e r e m p h a s i z e d ,  b . c a u s e  i t  i s  h a b i t u a l l y  n c g l . c l c d  i n  . l a s s i c a l  e l e c t r o d ] ' n a m i c s

T h e  l a t t e r :  c a D n o .  t h e r e f o r e  b e  a  c o m p l e t e  d . s c r i p t i . n  o f  n a t u r e .

E q u a t i o n  ( 9 1  ) .  f u r t h € r m o r e ,  r e w r i t e s  t h .  c o n j u g a l e  p r o d u c t  a ( t )  x  l ( 1 )  ,  a

w e l l  a . c e p t e d .  e x p c r i n e n t a l l y  v e r i f i e d  I 5 2 l  c o r x . t ) r ,  i n  t e r m s  o f  a ' 3 ) ,  v ä i c h  i s

t h e r e f a r .  p I r y s l . a l l y  n e a i i n g f u l  i n  t } l e  c l , s s i . i l  M e v . l l i a n  f i e l d  l t  i s  a l s o

o f  g r e a t  s i t i n j f i . a n c e  t h a t  ! r ' )  ( a n d  i ! ( 3 t )  i s  a  n a l u r a l  . o n s e q l r c n c e  o f  t h e  P r o c a

f i € L d .  i m r r L y i n s  t h a t  a { t  i s  c o n s i s t e n t  w i t h  f j n i t .  p h o i o n  m a s s  S : i n c €  t h €

c o n j u e a t e  p r o d u . t  h a s  b € e n  u s e d  { 5 1 - 5 5 1  t o  i n t e r P r e r  l h e  e x p e r i m c n t ä l 1 y  o b s e r v e d

i n v e r s .  r a r a { l n y . f f e c t  [ 5 2 ] ,  t h € n  t h e  l a t t e r  i s , ' a p . r j n ' . D r n i  . v i d e n c c  f o r :  a ' 3 ' ,

a n d  i s  a l s o  (  \ l ) e r i m e n t a l l y  c o n s i s t e n t  v i t h  f i n i t (  p h o t o r r  o ; , s s  E v i d e n c e  f o r  t h e

l a t t e r  c a n  t h {  r . t o r e  b e  a c c u m u l a t e d  [ 5 6 ]  i n  t h .  l r b o r a t o r v  a s  a e l l  a s  t h r o u g h

a s t r o n o n y .  ( l  . o s m o t o g y  [ 3 2 ] .  T h e s e  p o i n t s  a r . . m p h n s i z { : d  b } '  t h e  e q u a t i o n

( 9 3 )

' l h e s e  r e s u l t s  f o t l o v  f r o m  t h e  f a c t  t h a t  n e j t h e r  a ( ' )  n o r  t ! ' i l )  1 2 6  ( l ( . p . r ( l  o n  t h c
p h a s e  0  o f  t h e  e l e c t r o m a g n e t i c  p l a n e  v a v €  i n  v a . 1 1 ( , .  ; l ( t  a r .  b o r h  ( i i v (  r t e r 1  l e s : r

a n d  t i m e  i n d e p e n d e n t .  T h e  c u r l s  o f  E t ' )  a n d  i ! ( "  b o l l i  v a n i s h  f o r  t h i s  r . a s o n

I r  i s  c o n c l u d e d  t h a r  a r r ) ,  b u l  D o t  i . s  . . r r . ( r r i r . r r f  l r o ) ,  j q  t ) h v : ; i . a l l y
m e a n i n g f u l  i n  t h e  c l a s s i c a l  l . l a x w e l l i a n  f i e 1 d ,  w l , i . l ,  i 0  r l r i s  l i g h t  i s  ,  l i n i r  i I I l

f o r n  o f  t h e  P r o c a  e q u a t i o n  a s  n o  a p p r o a c h e s  z ( . o  i ( l ( n t i . a l l y .  T h e r e t ( r r r ,  t ( , )
n r L r s t  p r o d u c e  o b s e r v a b i e  e f f e c t s  v h e n  i t  i n t c r a . r s  w i l l r  J n a t t e r ,  a n  e x a m t ) 1 (  b . i l l !
t h e  a l r e a d y  v e l 1  o b s e r v e d  a n d  a c c e p t e d  i n v c , r s (  l : , f r d ; i y  e f f e c r  1 5 2 1 ,  l i r i ( h  j s

m a g n e t i z a t i o n  b y  a  c i r c u l a r l y  p o l a r i z e d  I  a : i (  r  t i , r l  i .  .  T h e  u s u a l  I  ! 2  ! 1
i n t e r p r e l a t i o n  o f  t h e  i n v e r s e  F a r a d ä y  e f f e c r  i n  r , . r m : i  o l  t h e  c o n j u g a t e  p r o d u c l

t { r )  i ! o )  i s !  t h r o u g h  E q .  ( 9 3 ) ,  a n  i n t e r p r e t a l  i ( , h  i r  r ( . r m s  o f  a { ' ) .  C o n s i s r . , n l

l y ,  t h e r e f o r e ,  t ( ' ) ,  b e i n g  a  n a g n e t i c  f i e l d ,  ! r : , 8 r x  r  i 7 , .  n h r e r i a l  .
There  ar€  ava i lab le  in  the  l i te ra l  u r  ( .  , r r  L ,  l  rypes  o f  exper : inenta l

i ü d i c a t i o n s  f o r :  t h e  e x i s t e n c e  o f  a ' t .  ! o r  . x ; , r , t ) l r '  r h ,  w . l l  k n o \ r n  " 1 i g h t  s h i f t s "
5 8 1  o f  a t o m i c  s p e c t r o s c o p y .  T h e s e  a r e  o b : i e r v ; , 1 ) 1 ,  : , l , i l l s  i n  a t o m i c  a b s o r p t i o n

l r e q ü e n c i e s .  u s u a t l y  i n  t h e  v i s i b l e  r a n g c .  d u ( . r { ,  i r l f n s .  t i g h l  ,  a n d  i n t e r p r e t c d
j n  t e r : m s  o f  a n  " e f f e c t i v e  n a A n e t i c  f i e l d "  ! 8 1  l l t r  L a L t e r  i s  t h e  c o n i u g a t  i :

p r o d u c t  l ( 1 ,  x ! ( ' z ) ,  w h i c h  i s  s i m p l y  i a o c A ( , ) .  1 r  i s  c r i t i c a l l y  i n p o r t a n t  t o  n o t c

I h a t  t { r ,  i s  a  p h y s i ( a l  n a g n e t i c  f i e L d  ( i . . .  I 1 , , x  ( l r . n s i r y  i n  v a c u o ) ,  a n d  n o t  a n

" € f f e c t i v e "  m a g n e t i c  f i e l  d .  T h e  t e r m i D o l o | y  i  n  r h i  s  s u b j e c t  i s  t h e r e f o r e
,  on fus ing ,  and i t  i s  no t  a lways  c lear  whcrhcr -  rh ( .  I  i f ,b t  b . ing  t l sed  to  p roduce the
o b s e r w e d  s h i f t s  i s  c i r c u l a r l y  p o l a r i z e d .  o r  s t x , r i , f r  i t  i s  b e i n g  a b s o r b e d .  ( I n

.on t ras t ,  the  da ta  ob ta lned f52 l  in  thc  i l vc rs ( .  l r r r rday  c f fec t  measurer0ents  ! ,e re
( . l e a r l y  o b t a i n e d  f r o m  a  c i r c u l a r l y  p o l a r i z . , d  l t i , n r  r , 1 b y  L a s e r  p u l s e ,  l i g h t  w h i c h
w a s  n o t  b e i n g  a b s o r b e d .  )  D e s p i t e  t h e s c  L r n . e r r  a l n t i e s  i n  t h e  l i g h t  s h r f t
l j te ) :a tu re ,  i t  i s  sa fe  to  concLude tha t  wh€, i  th i , re  i s  any  amount  o f  c i rcu la r

] ) o l a r l z a L i o n  i n  t h e  l i g h t  b e a m  o r  l a s e r  b c i n a  u s c d ,  t h e y  a r e  b e i n g  c a u s e d  b y

B ( 1 )  t A { 2 )  _  i B ( d ) A 6 )  =  i B t r i B < t \ ' ,  B \ D )  =  8 0 ,

E n t .  E t z t  =  t c F , ) E t t )

V  A  t ' )  =  o , v . r r t ) :  o ,  9 "a ,o  -  
,1 ,  

a f j '  o , v .  ! i , i  
" : ; "  

. (s4)

i n  vh ich  the  con jugate  produc t  on  the  le f t  hand s id .  has  been revr i t ten  in  te rms

o f  r ( t  p r € n u l t i p l i e d  b y  a  s c a l a r  i E o c .  O b v i o u s l y ,  e x p e r i n e n t ä ]  e v i d e n . e  f ö r  t h e
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t r , q ,  =  - i . A p .

i r )  r h i . h  {  i s  n o n - z e r o  o n l v  i f  n , ,  i s . o n  z . r ( )  l l , ,  , , i , 1  r
. , '  s m a l 1 .  h o r . v € r .  t h a t  E q  ( q j )  n ü s t . l o s e l v  r t l ) ) ( , \  r t r , r  r l i ,
L r  v a c t r o .  . l 1 h . t r t h  r h .  l s o . q , , a t i o n s  s i g l i l y  \ c r v  ( l i l i , , , ,  I

\ p e . t  E q .  ( 9 1 )  t o  p r o d u . e  4 1 3 )  f o r  a l l  p r a . t  i {  i , l  1 , 1 , ,  t , 1 , . t
r r .  a p p r o x i m a l i o n  [ 1 5 ]  a e  v r i t - "  t h e  I ' r o . a  ( , 1 ' 1 , , 1  j  , i i  i i ,  r

, r : , t e a d  o i  a  d ' A l e m b e r t i  a . .

141

( e 6 )

u l , i (  l j  i : i  r , , , i v ,  r  r l , l ,

d ' . \ l r ü i l !  r l  i , , r L  ,  , r  l ) (

( 9 t  )

a { 1 )  x  . E { 2 )  ,  a n d  t h c r e f . r e  b v  t h c  p r o d u . t  o I  a { r )  ! i t h  i n u c  L i g h t  s h i f t s  a r e

t h e r e f o r e  e ! i d e i . c  f o r  l h e  e : i s t c n c . :  o f  8 r r ,  b c . a , , s e  i f  t h e  l a t r c r

t h e n  s o  w o u L d  t r r  r  t ( ' ] '  b i '  ? e r o .

R e c e i , t l y .  m o r .  e v i d e n c e  f o r  8 { r  h _ t s  r ' r i . r l e d  u s - t n g  . o n t e m p o r a r y  N M R

s p e c t r o s c o p l - .  i I r  u h i c l r  c i r c u L a r l Y  P o l a r i z { d  l : r s . r  L i S h t  h a s  b F F n  ' b s e r v e d

c x p e r i m . n t a l l v  5 9 1  t o  P r o d u . e  s m a l L  l  t  r r s . l u l  n . d  m e a s u r a b l e  s h i f t s  i n  N M R

t r e q u e n c i e s  i n  l i q u i d s .  f o l l o { i n g  a  t h . ( ) r Y  b v  t h e  p r c s c n t  a L r r h o r  [ 6 0 l  T h e

o b s c r v e d  s h i f t s  o f  a  f . v  h e r t z  a r e  f a r  l . o  l . L r t .  l o  b e  e x P l i c a b l e  o n  t h e  b a s i s

o f  p e r t u r b a t i o n  t h c o r !  a p p l i e d  [ 6 f ]  r o  s l \ i (  l d i l r l l  ( : o e l l i c i e r r t s  A l r h o u 8 h  L h e r e

a p p e r r  t o  b c  s e ! e r a l  c o n t r i b u t l n g  m e c h a r r i : i , t r s .  b c c i t r r s e  t h e  s h i f t  p a t r ' r n  i s  s i t e

s p e c i f i c ,  t h e i r  m a g n i t u d e  i s  q u a L i t , l  i v t  L ' v i d . I ! e  f o r  L h e  i n f l u ' n ' e  o f  r h e

m a g n . t i ( :  t i e l d  8 o )  a t  t h e  r c s o n a t i n S ,  n L r . l ( , , i i .  I t  a P p . r a r s  f r o f l  r h e  n v ä i l a b l e

. l a L a .  h o w . ! . r .  t h a t  o n L y  a  s n a 1 l  f r a c t i ( , , i  ( ) l  a ( : '  r { ' ; r ( h e q  t h .  D u ' L e u s ,  b e c a u s e

t h e  o b s e r v e . i  s h i f t s  g i v r :  o  i n d i c a t i o l r  ( ) l  , , : r r f i i l ' , ) ) l t o r t a r d  i n t e n s i t t  d e p e n d e n c e

I 5 9 r  a n d  a r e  t o o  s m a l l  t o  b c  c o n r p a t i b l .  w r l h  1 1 , (  i p p l i e d  a ( ' )  i n  v a ' i r o  I h i s  i s

i n . : o n t r a s l  ü i t h  t i g h t  s h i f t s  i n  a t o t r r i (  : i l ' ( ' r r ( " i ' o p v  r 8 l  a n d  w i t h  r h e  r n v e r s e

f a r a d a y  e f f . c t  i 5 2  t h . r c  a  s j n p l e  i n t . n s l r v  d . P ( n d . n . r .  h a s  b c c n  o b s ' r v ' d  T h e

c l f e c t  o - l  B ( ' )  - t  t h c  n u c l e a r  I e v c l  i s  v ( t !  d i l l { r . n t  t h . r e f o r e  I r o m  i t s  c f f e c t

a t  t h e  e l e c t r o n i c  l e v e l .  T h e  f e a s o n  l o r  l l r i s  i s  n o 1  Y e t  u n d e r s t o o d -  T h e

t e c h n i q u e  o f  o p t i . a l  N M R  ( o r  l i g h t  e n h a r r . . ' ( l  \ ' l ' 1 l i  : i | r . r  f o s c o p Y )  i s  p o t e n t j a t L v  v e r y

u s e f u l ,  h o v € v e r ,  f o r  s r r u c t u r a l  a n ä l Y s i : i  . J  r t r r l . { r l t I . s ,  l ) e c a u s c  t h e  o b s e r v e d

s h i f t s  f r o m  B i r )  ; ü r d  o t h . r  s o u r c e s  a p f e r r  l o  b (  i i l c  s p e c i f i c .  T h e  p r e s e n t

a ü t h o r  h a s  i n . l i . a t . d  t 6  s e v e r s l  o r h e r  : i p (  . l  r ( , r ; (  ( ) p l  .  r . s i  s  f o r  a { r '  s u c h  a s  t h €

o p t i c a l  F a r a . l a v . l f e . t .  o P t i c a l  Z e e n a n  c J l ( ' ( 1  i r r r l  ! ; . . n  w h i . h  
" n  

b e  ü s ' d  t o

a c r : u m u l a t c  ( x t , . r i n e n t a t  . v i d e r r c e  c o n s i s r ( r i l  w i l l r  l j n i t .  P h o t o n  m a s s

C i r . , , l . r l v  p ( ) l r r j z e d  L l g h t  i s  a l s o . r r | i i L l (  o 1  p r ' ( ) ( | 1 . : j n g  a n  a T i n u t h  r o t a t l o n

i n  a  L j ' , e a r l v  p o l a r i z e d  P r o b e  ( t h e  o P t i . r l  1 , r r , l ( l i , v  . 1 1 . . t  l 6 l l )  a n d  r e c e n t l v

. i p c r i m e n l i l  ( h r , L  f o r  r l l i s  p h e n o m c n o n  l l r v ( '  | ! o i  ( ) l ) ( 1 1 i r t . . i  b Y  f _ r c v  ' r  ; r ]  i 6 l ]  i n

a  m a g n c l i (  : , { n L i . o r r d u c t o r  k n o m l  t o  l , i v e  a  8 i , ' r i r  r r ( t  )  t l l { ( t .  l l  i s  r i r " r e s t i n g

t o  s r - .  t [ a r  : ,  l i l o l  o f  r h e  o b s e r v e d  a z i t 0 u t l i  I o r . r r  ] ( ) J i  ! d .  L s  l h f  s r i r a r '  r o o r  l 6 4 l

o l  l a s ( r  i t r l d , s i t t  { a l l s  o n  a  s t r a i S , h t  l i n (  1 , ) )  : r r x , r | ( r i n r r r r r r l  | o j r r l s  T h i s

i n ( l i ( r l . : i  r l r , r  l l , . . b s c r v e d  a z i m L L t h  r o t . t i o r r  (  L r i  r l r i :  r : r r r  . ,  s t L l  r ( ) t ! l i o n o f  t h e

p u m p  i n s ( t )  i : r  ! , r o P o r r i o n a l  t o  l € ' .  T h i !  r ( ' : i L r l l  i : '  r r ( ) r  r r r t r r l " r \ ' o ' : { r '  h o u e v e r '

t e c a u s ,  r r r ,  t ) L , n r t ,  l a s e .  u s c d  b y  ! r e y  e L  a l  l a t ,  ! r : i  r r ( ' 1  |  i r r : r r l i ' r l v  p o l a r i z ' d ,  a n d

L h e  d a t r  I ) l ( , r l r d  a s  a  f u n c t i o n  o t  8 { t  d i d  r r r ) l  r . , )  r l i r ( ) r r l , 1 r  t l r e  o r i g i n  I 6 4 l '

H o v c \ ' ! r .  l l i {  1 . , .  r  t h a t  i n t e n s i t y  d e p e n d c r r i  , r , r i : r ( r l l  r r  r r L l i . r r  u ; l s  ' b s ' r v e d  m c a n s

t h a t  t h .  i r i i l i , L L i !  l i n e a . L y  p o l a r i z e d  l t s r ' r  . r r r l r l i r t ( L  I '  d ' - t r e e  ' f  i r c u l a r

p o L a r i z a t i o ' r  r l , i l {  t r a v . r s i n g  a  P e r . m a n e n t  m . ' l , r r r  r j r '  t i . r L d  f r o m  a  p o v € r f u }

l a b o r a L o r y  o r t , , r ! 1 .  f , I n l  t h a t  a ( ' )  j n  t h e . r p r r i N r L l  . 1  l r { - v . t  . r /  . 6 3 1  w a s  n o t

z e r o  a s  t h e  1 , r : i (  r  I r i s . e d  t h r o u g h  t h e  m a g l r e l  
' 1 l r {  

r i r  . i r l t h o r s  { e r e  n o t  l o o k i n g

s p c c i f i c a l l v  1 . t  r l , r  c f l ( , ( : t  o f  S ( 3 )  h r ) w e v e r ,  b r r r  I r l l i . r  1 ( , r  a  n o r r l i n e a r  o p t i c a l

I r a r a d a y  e f f e . i t  u s i n g  a . o n v e D t i o n a l  o a g n € t , I t l  t { r m f i  l : r s r r

T h e s e  e x a m p l c s  s h o w .  i n  s r i r u n a r Y ,  t h r l  i t ' . ' i i l r r b l €  d a t a  s u p p o r r  a o '

q u a n t i t a t i v e l y  o r  q u a l i t a r i v e L v ,  a n d  a r e  l h e r e l o r (  ( r o ' r : r i s t . n t  w i t h  I i n i t e  p h o t o n

n a s s .  A  m u c h  m o r e  s y s r e m a t i c  i n v e s t i S a t i o n  ( ) {  a b )  i s  o . e d e d .  h o u e v e r '  b e ' a u s e

' l r .  F r L l d  r s  f u f d ä m e n t . r l l )  i m f ^ r t a n t  t o . l r : i . , i ( : r l  a n d  q u a . t u r n  e l e .  o d v r u n L r { ! l

l l : i : r  l ) r i e f  s u r l e v  i s  e r ) o 1 1 [ h  t o  s h , ) r  l h ; , 1  l l i L  1 r  j : i 1 , I c .  o l :  B r ] )  i c  ! r , t t ( ) i 1 ' 1 1
,  r { p . r i m c n t a l L v .  a n d  t h a t  t h e  h a b i t u a l  a s s e r l  i ( ) , r  ( ) t  ( : l r s s i . a l  e l e . t r - o d v r ! t m l . . r .

a ( 3 )  ' 0 ,  a ( 1 )  = a ( 2 ) ' * n ,  j !  i . ( : o n s i s t c n l  v i t L  ( \ t , ( r ' i m L n r a l  d a t a  a n . l  { i  r h  l | .  r , ) r ,  l
i (  . t l g c b r a  ( l )  t o  b e  d . : ! e l o p e d  j n  t h i s  : ; e . l  i ( ) , r

' I l , e  e x i s t e n c . ,  o i  , E ß ,  . n d  i a ( r '  i n  v a . L r .  i  :  ,  ,  ,  )  r  r  '  i  i  , r  |  (  ,  )  t  .  a s  s c  h a v r , r f g , , ( ( 1 ,

r r t h  f i n i t e  p h o t o n  m a s s .  n ,  i n  t h e  l r o . r a  e ( 1 , , , , r  l ( ) , r  
' i l , r , i  

l i ,  . , 1 r  . e i t r a l  t h . o t r , .

, , r ( l  l .  s u p t o r l  i l  d i r . . t 1 )  r .  n o r  d e r r i v e  l ß '  l r , ) {  1 l (  i ' r , , . , t  ( q u a t r ! n  i n  \ J ( u o .

( 9 5 )

, , 1  , , , | ' , i l  ( l t .  o t  a  i s
, l '  \ 1 ,  n i l , (  |  1  ( , q u a t i o n

l l  f )  ,  n (  l h . i e t  ( ) r e

l r  ,  I  r L  i '  l , r r  i v i s
, l  ,  .  i  ] r  l i .  i a n

\ ' a  =  l l  a ,

, , ,  a p p r o x j m a t i o n  r h : 1 t  i s  o b r a j . e d  j , r  t h e  g r l l l

I  I  I  a n a l y t  i c a l l y  b ]  n s s € . r t i  n g  t h a t  t h e  t . r  n r  i  , L
i . l t l e . 1 e d .  t j s i n 8  t h e  s e 1 1  l . n o H l

B - V t A ,

I  h r 1  t h e . ( l u a I i o l

v . a

E q .  ( 9 6 ) ,  b e . a t r s e

( e 8 )

v : (v  r . r )  {  v ,  r ,

v :  (  Ä .

( e 9 )

( 1 o o )
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meanin8  tha t  the  cur l

The so lu t i  on  o f ! ,q .

the quant i t ies on both s ides ls  th€ same.
( e 8 )  i s

! { 3 )  =  B t 0 ) e  ( - , t ,

me Photomcgneton and Qüanturn Field Theory

( ro1)

Some Consequences oJ Finile Photorr Mass in ...

e , d ,  = L t r  i J ) ,  a t )  = f t t t . ; l t ,

u h c r e  l .  J ,  a n d  i  a r e  C a r t e s i a n  u n i t  v € c t o r : i

a r  =  
)e , , " a ,  ,
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( r 0 2 )€ ( 1 ) i € ( ' ) = j € ( ! ) - j r ,

a n d  s i n c e  a - a o ' z 6 n '  f o r  a  p h o t o n  m a s s  o f  1 0  F 1 9  
[ ] 2 1  t h i s  i s  i . l e n t i c a l  f o r  a l l

p r a c t i c a l  p u r p o s e s  w i t h  t h e  r e s u l r  ( 9 1 )  f r o m  t h e  c l a s s i c a l  M a x v e l t i a n  f i e l d .

S i n c e  E q . ( 1 0 1 )  i s  t i m €  i n d e p e n d e n t ,  i t  i s  a l s o  a  s o l u t i o n  o f  t h e  o r i g i n a l  P r o c a
e q u a t i o n  ( 9 5 ) .  w i t h o u t  t h e  n e e d  t o  a p p r o x i m a t e  t h €  d ' A l e m b e r t i a n  v i t h  t h e

Lagrang ian .  The e f fec t  o f  photon  mass  is  there fore  to  t rans form t ( '  o f  the

c l a s s i c a l  M a x w € L l i a n  f i e l d  i n t o  ( 1 0 1 )  o f  t h e  P r o c a  f i e 1 d ,  i . € .  t o  i n t r o d u c e  a n

e x t r e m e l y  s l o v ,  d i s t a n c e  d e p e n d e n t ,  e x p o n e n t i a l  d e c a y  i n t o  a ( t ) .  A s  d i s c u s s e d

in  the  in t roduc l ion ,  th is  exponeüt ia l  dec iy  i s  Lhe same as  rha t  respons ib le  fo r

" t i r e d  l i g h t ' ,  i n  t h e  t e r m i n o l o g y  o f  H u b b a r d  a n d  T o l m a n  [ 3 2 ] ,  a n d  t h u s  f o r  t h e

d i s l a n c e  d e p € n d e n t  r e d  s h i f t s ,  A v / v ,  o b s c r v e d  b y  a s t r o n o m e r s  I l 2 l  o n  m a n y

o c c a s i o n s .  T h e  m a g n e t i c  f i e l d  t ( t  a n d  e l e . t r i .  f i e l d  j ! ( r )  a r r i v i n g  f r o D  f a r

d i s t a n t  r a d i a t i o n  s o u r c e s  i n  t h e  u n i v e r s - "  a r e  t h € r e f o r e  " t i r e d  f i e l d s " ,

a s s o c i a t e d  r i t h  a  f r e q u e n c y  c h a n g e  ^ ! / ! .  f l , e  v e r y  f a c t  t h a t  t h e y  a r e  a s s o c i a t e d

l i th  a  f requency  change imp l ies  the  presence o f  f in i te  photon  r :es t  mass  l f  no

i d e n t i c a l l y ,  l h e n  t h e r e  v o u l d  b e  n o  a n o m a l o u s  r e d  s h i f t s  o f  t h i s  t y p e .

4 .1 .  Comta tor  A lgebra  in  the  C i rcu la r  Bas is :  Quant iza t ion

I t  l s  s h o w n  i n  t h i s  s e c t i o n  t h a t  t h e  l , i e ; r l g e b r a  ( 7 )  c a n  b e  e x p r e s s e d  i n

te rns  o f  comuta tors  o f  na t r i ces ,  a l lo { ing  a  d i re . t  rou t€  to  the  quant iza t ion  o f

t h e  r h r e e  M a x w e l l i a n  f i e l d s  a ( ! ' ,  a ( . , ,  a n d  a ( t .  I h i s  r o u t e  t o  q u a n t i z a t i o n  o f

t h e  € l e c t r o D r a g n e t i  c  f i e l d  d e p e n d s  o n  t h e  e x i . ; l . n ( : e  o f  t h e  v e c t o r i a L  L i €  a l g e b r a

( 7 ) ,  a  d ,  a s s u ß e s  f r o m  t h e  o u t s e t  t h a t  B r l )  i s  n o .  z e r o  a n d  p h y s i c a l l y

n r e a n i n g f u l  ,  a n d  i s  f o r  a l ]  p r a c t i c a l  p u r p o s e s  . o n s i s t . n t  s i t h  a  f i n i t €  f i e l d  m a s s

r h i c h  i s  i n l c r p r c ! ä b L e  a f t e r  q u a n t i z a t i o n  a s  p h o l o n  m a s s .  T h e  q u a n t i z a t i o n

p r o c € d u r e  d e p . n d s  o n  t h e  e x i s t e n c e  o f . o m m u t a t i o n  r e l . t i o n s  b c t w c e n  E ( 1 ) , t ( 2 )

a n d  a ß r  w l r i c h  a r c  i d e n r i c a l ,  l r i t h i n  a  f a c r o r  i ,  w i t h  l h c  w . l l  k n o w n  c o n n u t a t o r s

o f  a n g ü l a r  n t r n . , , t , , n  i n  q r a n t L r m  m e c h ä n i c s .  l h . s . , f , ,  i n  l , r r n  i d e n t i c a l ,  w i t h i n

a  f a . t o r  i ' ,  1 o  t h e  c o m u t a t o r :  r e L a t i o n s  a m o n B  t h e  g . n . r a t o r s  o f  r o r a r i o n  l n  0 ( 3 )

o f  t h r e e  d i m . n s i o n a l  s p a c e  [ 1 5 1 .  T h i s  n o v e l  r o , r r .  r o  q u a n t i z a t i o n  a v o i d s  t h e

o b s c u r i t i € s  o f  . l e . t r o m a g n e c i c  f i e l d  q u a n t i z a t i o n  i n  t h e  L o r c n r z  g a u g e  f o r  m o = 0

I t  i s . o n v € , , , i e n t  t o  d e v e l o p  t h i s  c o m m u t a r o r  J . i . ,  a l g € b r a  i n  a  c i r c u l a r ,

r a t h e r :  t h a n  C a r t e s i a n ,  b a s i s ,  d e f i n e d  b y

t , J  =  k

l l r ( :  ü n i r  v e c t o r s  i n  t h e  . i r c L 1 1 a r  b a s i s  f o r m  t h .  l o l  l , ) u i , i l l

i € r r .  -  i o  ( r ,

€  ( 1 )  x  s ( 3 )  =

a ß r  x d r r )  =  j € ( , ) i

r r r . r e * d e n o t e s " c o m p l e x c o n j u g a t e " .  T a t r t o l o g i c r l l y .  1 e ß )  o .  t l , ( r  € { r )  € ( 2 ) ' = o

L i , d  i f  € ( 3 ' * 0 ,  t h e n  € ( r ) - € ( 2 ) i + 0 .  T h i s  s t r u c t u r ,  i , .  t l i (  : i r r L , : i  r l , , L l  ( ) J  l r . t .
/ ) .  r c v e a l i n g  t h a t  t h e  1 ä t t e r ,  f o r  t h e  c l a s s i c : r l  M , , x u l  l l i , Ü r  1 i {  l d  r , L  \ . , 1 , , u ,  r s

, , , . j e n t i a l l y g e o n e c r t c a i  i n n a t u r e .  T h e t r a d i r i o  l l  : r : l i ,  r r  l ( ) l  ( ) l  c l r , ( . r r r r t \ '  r m i . s :

a r t  
" o  r ( 1 ) = . B ( 2 ) '  0 ,  i s  t h e r e f o r e  g e o n e t r i . . l 1 \ ' t , r ( , , r . r . , . ,  I  i ,  t l t r . t  . 1 t r r ' t r : ; i l i t n l

T o  e x t e n d  t h e s e  c a l c ü l a L i o n s  t o  q u a n t u r L  n ( ( 1 , , , , 1 i ( . , ,  i  ! l  s | a c c  r  i n ( . .  i l  i ! i
. : i e n t l a l  t o  u s e  c o m m u t a t o r  a l g e b r a  [ 1 5  ]  .  l ; , 1 , , , , r  i , J , , : i  (  /  )  ( : a r i  b {  r n , r  i  ' r
r N n u L a t i v e  f o l n  b y  u s i n g  l h e  r e s u l t  f r o m  r . n : ; o r  . '  . r l r s i s  L 6 J l  t h . r  a n  ! x i a l

,  { : t o r  i s  e q u i v a l e n t  t o  a  r a n k  t \ r o  a n r i s y m m e t r  i (  r r , l . , r  l L n : i ( ) r .

(  1O:]  )

(  - r ( : L i c a l  L i e  a l g e b r a .

( 1 0 4 )

( r 0 5 )

, l i | t ( : € , . l i s t h e r a n k t h r e e , t o r a l l y a n t i s y ü n x r r j ( , , , , i r  r { l l i o r '  ( r l L .  L e v i  C - i v i t a

r n b o f ) .  T h €  r a n k  t w o  t e n s o r  r e p r e s e n t a r i o n .  r i . r ,  , , 1  t l , ,  t u i ß n e t i .  f i e t d  a x i a l
,  . r  ( ) r  a |  i s  n a t h € n a t i c a l l y  e q u i v a L e n l  .  l n , t  l ) , , r i  r  l , ( .  l t (  v  a d v a n t a t e  o f  b e i n g

,  r e s s i b l e  t o  c o m m u t a t o r  a l g e b r a .  I n  o t h . r  w , , r ( l i i .  / , . ,  i i i  r  n r n r r i x ,  s o  t h a r  t h e
,  r ' l o r i a l  L i e  a l S , - " b r a  ( 7 )  c a n  b e  e x p r e s s c ( l  , . I r r i l v  L , { , r i v , r l . n t t y  i n  . o r D o r a r o r

r  , , , r  T h i s  i n  t u r n  p . o v i d e s  a  d i r e c t  m e r h : ;  ( ) l  i . \ t , r ' t  ! i , , i r r t  a 6 ) ,  B ( t  a n d  ! l ( t  i n
,  r t r ' s  o f  o ( : j )  r o l a t i o n  g e n e r a t o r s  I r 5 ]  a n d  r l i ,  r { l ) v  i J ,  ( l , , ä r t u m  n e c h a n i c a l  l o r m .
,  s o  d o i n g ,  t h e s e  m a g n e t i c  f i e l d s  a r e  r . l r r ( ( l  ( l i f { . r L y  t o  q u a n t u n  m e c h a n i c a l
i ' l ] , ,1  a r  momenLun opera tors  j  and hav€ rh .  sa tu  r :on t r r , , t  r r  ( ) r  p roper t ies .  Th is  was
r  Lg lna l l y  sho l .n  by  rhe  present  au thor  [24  us ln l ]  r r )  indcpendent  merhod_ These

r l , o d s  s h o w  t h a t  t h e  p h o t o n  h a s  a n  e l e n e n r a i y  l o I | ] i l ,  i n a l  f l u n  q u a n r u m ,  r { ] ) ,
l , r . h  i s  a n  o p € r a r o r  o f  q u a n t u m  m e c h a n i c s .
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T h e  c l a s s i c a l  m a g n e t i c  f i e l d s  a ( 1 ' ,  8 ( 2 )  a n d  r I t  i n  a l l  a x i a l

vec tors  by  de f in i t ion ,  and i t  fo l lon ,s  tha t  the  un i t  vec tor :  conponents  o f  these

vec tors  nus t  a lso  be  ax ia l  in  na tur :e .  In  macr ix  fo rn ,  they  are ,  us ing  tensor

a n a l y s i s  o f  t h e  t y p e  i l l u s t r a t e d  i n  E q .  ( 1 0 5 ) ,

[ o  o o l  f  o o  1 ]  l o l o l
i = l  o  o 1  j = o o  o l ,  [ : ]  1 o o

L 0  1 0 1  l 1 o  o J  L  o o o l

I t  fo l lovs that  the matr ix  repr:esentat ion of  rhe uni t  vectors in the

( 106)

( ro7)

and tha t  these fo r :n  a  comnuta tor  L ie  a lAebra  wh ich  is  mathemat lca l l y  equ iva len t

t o  t h e  v e c t o r i a l  L i e  a t g e b r a  ( r 0 4 ) ,

[ 6 , , 6 , ]  
- - i c r ' = - i , 6 r ,  l c " , c ] ) = - i c l  

- i a , .  
e t .  e , ) = - i a ; =  j 4 .  ( 1 o 8 )

These are our basic geometr ical  commutalots in the c i rcular  basis convenlent  for

the electromagnet ic p lane l tave in vacuo. I iquat ions (104) and (108) therefore

repres€nt a c losed,  cycl ical  a lg€bra,  in which al l  three spac€- l ike conponents

are meaningful .  l f  i t  is  arbi l ra l i ly  assert€d that  one of  these coDponenls is

zero,  the Aeometr ical  s t ructur€ is  destroyed ,  and the algebra render€d

m€*ningless .
Our Seometr ical  basis (108) can no! ]  be used to bui ld a matr ix  representa-

t ion of  the three space_l ike l0ägnet ic compon€nts ot  the el€ctromagnet ic p lan€

wawe in vact lo.

( 109 )

l o  o  r l  l o  ,  ' l  [ o  o J

" uil",' i l ' . i-[: : l l ' [;::]

6 ( 1 r  =  i E ( o ) c ( 1 ) e  i o ,  6 a )  = - j a ( 0 ) 6 ( , ) e  r { ,  i l r )  = B l 0 ) 6 ß )

f ron  wh ich  emerges  the  comnuta t ive  L ie  a lgebra  equ iva len t  to  the  ve . to r ia l  I - te

a l s e b r a  ( 7 ) ,

Some Corßequeices of Fiaite Photon Mass in ,,,

l 6 ( 1 ' ,  6 r ' ? r l  =

161 ' z r  .  6  ( 3 ) l  =

1 6 ß ) ,  € ( l ) ]  =

l l , i  s  a lgebra  can be  inned ia te ly
i  o ta t ion  genera tors  o f  O(  3  )  in

) , (  n e r a l o r s  a r e  c o n p l e x  n a t r i c e s ,

j B { o ) 6 ß ) .  =  j s ( o ) ' G ) ,

- ' i B r o ) 6 ( 1 ) r  =  _ i t s \ a , 6 t 2 \  ,

i B t o t  E t , t '  =  _  i a  r o ) 6 1 r r

expressed in t€rrns of  the
three dinens iona l  space.

1 5 1

(1ro)

! ]e1r kno! .n [1s ]
These rotat ion

äl x
;l 1

;l
I
i
0

0
0

(  1 1 1 )

( 1 1 2 )

j

0
0

0
o

- t

o
0

L l i c  m a g n e t i c  f i e l d  m a t r i c e s  a n d  r o t a t i o n  g e n € r a t o r s  a r e  l i n k e d  b y

6 ( ' )  = - - B ( o )  j ( 1 ) e  i a ,  t t z ) = _ B t o t j t 2 r e  1 a ,  [ t  i  = i B t a r j t ) ,

0
j

0

l l , is  is  a resul l  vhich is  of  key lmportance in recoaniz ing that  the connutat ive
. , l l t e b r a  o f  t h e  n a g n e t i c  f i e l d s  ( 1 1 0 )  i s  p a r t  o l  t h t '  L i e  a l q e b r a  [ 1 5 ]  o f  t h e
i , , r .ntz Broüp of  l r inkovski  space-t lne.  This sugScsts lhat  the magnet ic f ie ld is
i , r  g e n e r a l  a  p r o p e r t y  o f  s p a c e - t i n e ,  i . e .  t h a t  i t  h a s  a  t i n e  l i k e  c o m p o n e n t ,  a n d
. , r )  be expressed as a four vector :  B!  as discuss.{ l  in  the introduct ion,  and

i ,  \ , l o p e d  f u r c h e r  i n  S e c .  5 .  I r  i s  a 1 r € a d y  c L e a r  t r o m  e q u a r i o n s  s u c h  a s  ( 1 1 2 )

l l , r t  the longi ludinal  conponent in space,  6") ,  must  be physj .cal ly  neaningful ,
l , . a u s e  i t  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  f u n d a m o n t a l  r o r a t i o n  g e n e r a t o r  . ? ( ' )  .

! , ( ,  l a t t e r  i s  a  g e o n e t r i c a l  p r o p e r t y  o f  s p a c e ,  a n d  f r o m  E q .  ( 1 1 1 )  i s  n o n - z e r o .
Further:nore,  the general izat ion of  the rotät ion generators of  o(3)  f ron

r i , r .e to space t ine is  ! . 'e l l  knok.r l  l15l  to be,
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l 0  
0  1  0 l

1 l  o  o  i  o J

v 7 l  1 1 0  o l
t 0  0  0  0 l

J'-,+''' ,l ::rrl
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(1r6); '  - u . o  j r ' , . 0 ,  

"  
. " ,  t \ '  . . ,  E ,  i a "  i r ,

i . e - ,  t h €  r o r a t i o n  g e n e r a t o r s  o f  O ( 3 )  b e c o m e  f o L r r  b y  f o u r  m a t r i c e s  o f  t h e  l . o r e n t z
g r o u p .  I t  f o 1 1 o \ , v s  d i r e c t l y  f r o m  E q .  ( l r 2 )  ( h ä t  t h c  m a g n e t i c  f i e l d s  l n  t h €
L o r e n t z  g r o u p  a r e  a t s o  d e s c r i b e d  b y  f o u r  b y  f o u .  m a t r i . e s  o f  t y p e  ( 1 1 3 ) ,  i . e .
tha t  t l )e  nagüet1 . :  caapaDeDts  o f  the  e le . t  ranat tk ,L  i c  p laDe qave in  wacua are  we l l
de f  ined  proper t ies  o f  spa .e- t tDe.

S i n i L a r l y ,  i t  i s  s h o l r n  i n  S e c .  5  r h a r  t h r  e L e c t r i "  c o m p o n e n r s  a r e  r e l a t e d
t o  b o o s t  g e n e r a r o r s  o f  t h e  L o r e n t z  g r : o u p .  l h c s c  a r c  a L s o  f o u r  b y  f o u r  n a t r l c e s
i  n  M i  n L o u c L i

l ' o r  our :  p r .es€nt  purposes ,  ve  no te  tha t  the  ro ta t ion  Senera tors  in  space
f o r n  a  c o n m u t a t o r  a l g e b r a  o f  t h e  f o L l o w i n g  t y p e  i n  t h e  c i r c u l a r  b a s 1 s ,

, 1 , . : r e  6 " )  a r e  n o w  o p e r a t o r s  i n  q u a n t u n  m e c h a n i c s .  I n  p a r t i c u l a r ,  t h e

l , ) n t i t u d i n a t  o p e r a t o r  6 r i r  i s  t h e  e l  e m e n t a r y  q u a n t u m  o f  m a S n e t i c  f l u x  d e n s i t y  i n
1 l , e  p r o p a g a t i o n  a x i s ,  i n  o t h e r  w o r d s  e a c h  p h o t o n  i n  r h i s  q u a n r i z e d  r e p r e s e n t a r i o n
, . . r r i e s  t h i s  q u a n t u r n  o f  m a A n e t i c  f i e l d  T h i s  r c s u l t  i s  i n  p r e c i s e  a g r : e € m e n r  w i t h
r h .  o r i g i n a l  d e r i v a t i o n  [ 2 4 ]  o f  t h €  p r e s e n t  a u t h o r ,  w h i c h  u s e d  c r e a t i o n  a n d
, n n i h i l a t i o n  o p e r a t o r s ,  v h i c h  i n  t u r n  d e f i n e d  t h e  S t o k e s  o p e r a t o r s  i n t r o d u c e d
) . c e n t t y  b y  T a n a 6  a n d  K i e r i c h  1 6 6 1 .

I / i e  r e a c h  t h €  g e n e r a l  r e s u l t  t h a t  m a g n c t i z a t i o n  b y  l i g h t ,  a n d  r e l a t e d

l , l ' e n o n e n a  s u c h  a s  t h e  o p t i c a l  Z e e m ä n  a n d  F a r a d a y  e f f e c l s  1 2 4 - 3 0 1  a r e  d e s c r i b e d

in  quantun  op t ics  th ro i rgh  the  opera tor  -6c) ,  vh ich  is  independent  o f  the  phase
, i l  t h e  p l a n e  u a v e .  A s  s h o m  e l s e w h e r e ,  t h e  e f f e . t  o l  t h e  o p e r ä l o r  i s  d i f f e r e n t

i r  g e n e r a L  f r o m  t h e  . f f e c t  o f  t h e  c l a s s i c a l  f i e l d  r ( t  l o r  6 i ' )  ,  r h e  i n r e r a c
r i o n  H ä n i l t o n i a n  m u s t  b e  e v a l u a t e d  i n  a  d i f f e r e n t  w a v  l r o r n  t h e  s c m i - c l a s s i c a l

l h d i l t o n i a n  i n v o l v i n g  a r " ' ,  b e c a u s e  i n  r h e  l a t t e r  t : a s e ,  a ß )  c a n  b e  i a k e n  o u r s i d e
r l ) c  D i r a c  i n t e g r a l  ( D i r a c  b r a c k e t s ) ,  a n d  i n  t h c  f o . m e r  i t  c a n n o r ,  b e c a u s e  i t  i s
L "  o p e r a t o r .  T h i s  L e a d s  t o  t h e  e x p e c t a t i o n  I r 5 l  r h n l  o p t i c a l  Z e e f t a n  s p e c t r a  i n

i t o m s  d u e  t o  6 ( ' ) ,  f o r  e x a m p l e ,  a r e  d i f f e r e n t  t h c o r ( t i c a l l y  f r o m  t h o s e  d u e  t o

T h e  e x l s t e n c e  o f  t h e  o p € r a t o r  s  A t r ,  E o \  a m t  i l i ' )  i s  c o n s i s t € n t  w i t h  r h e
l ' f o c a  e q u a t i o n ,  v h i c h  c a n  b e  q u a n t i z e d  s r r a i g h t f o r u a r ( l l  y  1 o  g i v e  a  p a r t i c l e  l i k e

n t e r p r e t a t i o n  o f  t h e  e l e c t r o r n a g n e t i c  f i e l d  i n  t h r . .  s p a . e  l i k e  d i m e n s i o n s .  T h i s

l i , , r t i c l e  i s  i d e n t i f i e d  v i t h  t h e  p h o t o n ,  a n d  i n  l h c  P r o c a  e q u a r i o n ,  t h i s  h a s
i l n i t e  n a s s ,  , 1 ? 0 .  A s  s e  h a v e  s e e n ,  t h €  e x i s t e n . .  . f  l h i s  m a s s ,  h o w e v e r  s m a l l ,

: ,  c r i t i c a l l y  i n p o r t a n t  i n  r e m o v i n g  o b s c u r i t i e s  o f  q u a n t i z a t i o n  o f  t h e  c l a s s i c a l
L  l cc r romagnet ic  f ie ld .  The above s inp le  rne thod ( ) l  quanr iza t ion  o f  the  magner ic
l i e l d  c o m p o n e n t s  i s  f r e e  f r o m  o b s c u r i t i e s  s u c h  a s  r h . s e ,  o b s c u r i t i e s  w h i c h  a r i s e

l 5 l  f r o n  t h e  h a b i t u a l  a s s e r t i o n s  t h a t  t h e  e l . ( : l  r o m a t n c r i c  f i e l d  i n  v a c u o  c a n
l . rve  on ly  t ransver :se  conponents ,  and tha t  the  mnss  o f  the  photon  is  iden t ica l l y
. : . r o .  T h € r e f o r e ,  t h e  m o s t  i n p o r t a n t  i m p l i c a t i o n  o f  r h €  I - i e  ä L g e b r a  ( 7 ) ,  o r  i n
L  osnuta tor  fo rm (110) ,  i s  tha t  th is  a lgebra  r ies  rog€ther  th€  t ransverse  and
l ( , . a i t u d i n ä ]  s p a c e - l i k e  c o m p o n e n t s  o f  t h e  m a g n . l i .  i i e l d s  i n  s u c h  a  v ä y  r h a t  i t
l ! c o n e s  i n p o s s i b l e  t o  a s s e r t  t h a t  t h e  l o n g j l u d i n a l  c o n p o n e n t  i s  u n p h y s i c a l .

4 .2 .  A lAebra  Inwo lv ing  E lec t r i c  F ie lds

I f  ve  a t lempt  to  e { tend the  methods  o f  thc  p rev ious  subsec t ion  to  j l (3 )  ve
, ) b t a i n  a n  ä l g e b r a  r h i c h  i s  n o t  c y c l i c  ( c o n t r a s t  E q s .  ( 7 ) ) ,

;:iil
(  r13)

(  r 14 )

r  9 t r J  + ( r )  '  ; l , r -

I i " ,  i " )  =  i , i ,  ,  l i , .  i , l  -  i i " .  t - . , ,  i , t  =  i i " , ( r 1 5 )

i n  t h e  C a r t e s i a r  b ä s i  . ,  d n d  q h i c h  i s ,  w i t h i  n  a  l a c t o r  l  i d e n a i c ä l  r i t ä  t h c
conn l t ta ta r  a lgebra  a f  a l lqu la r  nonentL ln  apera lo rs  i t1  quantun  nechan ics .  Th is
prov id€s  a  s impLe rou te  to  quant iza t ion  o f  th€  magnet jc  f ie lds  o f  rhe  e lec t ronag-
net ic  p lane wav€ in  vacuo,  g iv ing  th€  resu l t
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Err) x Erlt = jcEa9rtt. (117a)

( 1 1 7 b )

( 1 r 7 c )l i r  x  l {1 )  = '

(  118 )

b u t  t h e  o t h e r  t n o  c a n n o t  b e  r e d u c e d  t o  a  c y c L i c  f o r n  a s  f o r  E q s . ( 7 b )  a n d  ( 7 c ) .

E q u a t i o n  ( 1 1 7 a )  0 ,  F ,  a n d  i  b u r  E q s .  ( 1 r 7 b )  a n d  ( 1 1 7 c ) ,  a l t h o u g h

atgebraical ly  correct ,  v io late ? symnetry.  Th€ reason for  th is is  thal  any

at tempt to construct  a real  l { t  f ron phase independent cross products of

t ransvers€ solut ions of  Maxwel l 's  equat ions in vacuo v io lates i ,  the cross

p r o d u c t s  ! ( t )  x  ! ( 2 ) ,  8 ( 1 )  x B ( . ) ,  ! l 1 t  x  a ( 2 )  a n d  s o  o n  b e l n g  f  n e g a t i w e .  A n

e l e c t r i c  f i e l d  m u s t  b e  i  p o s i t i v e .  M u l t i p l y j n p ,  b o t h  s i d e s  o f  E q .  ( r 1 7 b ) ,  f o r

example,  by ! {1 ' ,  and rearranging the vector  t r ip le product  ! (1)  x ( ! { 'z '  x  ! { ' ' )  as

! ( . ) ( ! r t ) . l r t ) - ! { r ) ( E r l )  ! ( r } ) .  u s i n g  t h e  r e s u l r s  ! ( 1 ) . ! ( t  O  a n d  ! 6 '  ! ( 1 ) - E o ' z  r e
arr ive at  th€ ouLat ive Dhvsical  law

E q u a t i o n  ( l L 7 ä )  i s  i d e n t i c a l  l r i t h  E q .  ( 7 a ) ,  a n d  c a n  b €  e x p r € s s e d  a s  a  c o m u t a t o r ,

G o  x E o t ) k = - 1 e  * l A , ' ,  ,  8 , . , ) , , .

s ,u  ="  f { " l r (  1 1 9 )

S i n c e  a  r € a l  r ( ! )  i s  f  p o s i t i v e  a n d  x  i s  f  n e g a t i v e ,  t h i s  € q u a t i o n  c l e a r l y

v i o l a t e s  i .  s i m i l a l l y ,  E q .  ( 1 1 7 c )  v i o l a t e s  f .

The in lagi  ary i l ( ' )  on the other hand, is  non-zero bu.  unphysica- l .  I t  has

the same symmetry as .B(3 '  as in Eqs.  (7) .  SyEnetry analysis in e lectrodynaDics
is as inportant  as algebraic analysis,  therefor . ,  and only af ter  a car:efü l

appl icat ion of  t  does i t  become clear that  tvo out  of  the thre€ Eqs.  (117) are

not  val id physi .a l  Lass.  Equat ion (119) F and d,  but  v io lates f .

I t  f o l l o v s  f r o m  t h e  i F f  t h e o r e m  ( I n t r o d u c r i o n ) ,  t h a t  E q .  ( 1 1 9 )  a l s o  v i o l a t e s  t h e

fündamentat  symetry e-pi ,  s ince öF is conserved and f  is  v io lated.
Sini lar ly ,  i f  an at tenpt  ls  nade to construct  a fornal  a lgebra of  " type
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(120a)

(12Ob)

(12oc )

! ( 1 )  x a ( z )  : "  E  1 o ) ! ß ) .

! ( 2 '  x  B r . '  = t  j s ( d r ! ( 1 ) .

! { 3 '  x B r l )  = r  _  B t o t  E r z t .

i t  i s  n o t  c y c l i c ,  u n l i k e  E q s . ( 7 ) ,  a n d  a l l  t h r e e  L q s . ( 1 2 0 )  v i o l a t e  f  a n d
lhese f indlngs fo11ow frorn s imple vector  t r ip le products such as

a { r ,  .  ( r ( r t  .  ! o ) )  _ a ( z r ( ! ' r )  . a ' r /  ! r r , { a , , '  . ! , r r .  .

E ( r r  .  E n '  O ,  E t . t  t  B t . t  .  O ,  t r r  .  A , r '  O , (122'

ebi .

(  121)

l r i  e lectrodynämics,  care must a1\rays be used to apply Lh€ symnerry operators
r r o p e r l y ,  p a r t i c u l a r l y  i n  r e l a t i o n  t o  c r o s s  p r o d u r t s  s u r h  . r s  r h e  c o  j u g a l e

t ) r o d u c t  o f  n o n  l i n e a r  o p t i c s ,  i . e .  t h e  a n t i s y r n m e t r i c  p a r t  o f  t h e  l i g h t  i n t e n s i t y
( e n s o r .  T h l s  i s  i  n e 7 a t i v e ,  s o m e t h i n g  r h i c h  i s  n o r  o b v i o u s  f r o n  i n s p e c t i o n .
l n  p a r t i c u l ä r ,  i t  l s  i n c o r r e c t  s i m p l y  t o  a p p l y  f  r o  e a c h  s y m b o l  o f  ! ( t  x l o ) .
lh is vould l€ad to the incorrect  conclusion that  tho conjugare prodLrct  is  ?

r r u s i t l v e .  r h e  r e a s o n  i s  r h a E  l 6 0 l  4 s , j ' ' ) = r , j " .  4 s j ' ' ) - r , 1 " .  v h e r e  r -  a n d  R
, l . n o t e  L e f t  a n d  r i g h t  c i r c u l a r l y  p o l a r i z e d  r e s p ' . r  i v F l y  T h e  c o r r e c t  w a y  o f
t p p l y i n g  ? ' a n d  P  t o  e l e c t r o d y n a m i c  f l e l d  c r o s s  p r ( x t , , . r s  i s  g i v e n  e l s € w h e r e  [ 6 0

F i n a 1 1 y ,  r h e  v e c t o r i ä ]  L i e  a L g e b r a  o f  t y p .  f o r r r :

, .omple les  the  cyc l i caL  r :eLat ions  be tveen the  rh r . .  magnet ic  and th ree  e lec t r i c
,  omponents  o f  the  e lec t romagnet ic  p lane av .  in  va . , ro  ln  th ree  d i f l€ns iona l
, r t ) a c e ,  t y p e  f o u r  i s  s u p e r f l u o u s ,  f o r  e x a n p l e  i r ( ' )  i i  p a r a l l e t  t o  t ( ' ) ,  b u t  i n
) . l i n k o r s k i  s p a c e - t i n € ,  t y p €  f o u r  i s  p ä r t  o f  t l r c  c o m p L c t c  c o m m u t a t o r  a l g e b r a  o f
l  l cc t r i c  and nagnet ic  f ie lds  de f ined in  the  Lor .n rz  t ro t rp .

I t  i s  s e e n  t h a t  i n  t h r e e  d i n e n s i o n a l  s p i . e ,  I  f i c l d s ,  a n d  c r o s s  p r o d u c t s

, , 1  I  f l e l d s ,  c a n  b e  p u t  i n  m a t r i x  f o r m ,  b u t  i n d i v i d u a l  a  f i e l d s  c a n n o t ,
. , ,gges t ing  tha t  th ree  d inens iona l  spa .e  i : j  no t  .ompl  e te ly  adequate  fo r  a

, l f s c r : i p t i o n  o f  e L e c t r o r D a g n e t i s m ,  a n d  t h a t  c l c c l  r i c  a n d  m a g n e t i c  f i e l d s  a r e  f u l 1 y
, , ) v a r i a n t  f o u r - v e c t o r s  w l t h  a  t i n e - 1 i k e  a s  w e l l  a s  t h r e e  s p a c e - l i k e  c o m p o n e n t s .
l D  t h e  n e x t  s e c t i o n ,  t h i s  l i n e  o f  r e a s o n i n g  i s  ( l c v e l o p c d ,  m a g n e t i c  f i e l d s  a r €
r r l ä t e d  t o  r o t a t i o n  g e n e r a t o r s  i n  s p a c e  t i m . ,  ä n d  e l e c t r i c  f i e l d s  t o  b o o s t

T h e  o n l y  w a l i d  L i e  a l g e b r a  i s  t h a t  o f  E q s .  ( 7 ) ,  d e f i n i n g  a ( ' ) .
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5. Electric and itagnetic Ficld Four-Vectors in Space Tine

T r a d i t i o n a l  e l e c t r o d y n a n i c s ,  b o t h  i n  i t s  . l a s s i c a 1  a n d  q u a n r u n  f o r m s ,  i s
s a t i s f i e d  a i t h  a  r e p r e s e n t a t i o n  o f  e l e c t r i c  a n d  m a g n e t i c  f i e l d s  i n  E u c L i d e a n
s p a c e .  T h e  p o t e n t i a l  f o u r - v € c t o r ,  h o v e v e r ,  i s  d e t i n c d  i n  M i n k o w s k i  s p a c € - t i m e ,
and e lec t r i c  and nagnet ic  i ie ld  vec tors  der ived  rhere  f ro rn  by  rak ing  the  four -
cur l  o f  ep  to  g ive  the  ve l I  known e lec t ronragnet ic  four - tensor  -Fp , ,  shrch  rs  by
def in i t  ion  t ra .e less  and an t isymnet r ic .  We have seen in  Sec .  4  tha t  rhe
e l e c t r o m a g n e t i c  f i e l d  e n t € r s  S a u g e  t h c o r y  i n  a  f u l l y  r e l a t i v i s t i c  d e s c r i p r i o n
based on  n ,  and a ! , .  In  the  in t r :oduc t ion  however ,  we have argued fo r  the
e x i s t e n c e  o f  E !  a n d  B ! ,  e L e c t r i c  a n d  m a g n e t i c  f i e l d  f o u r - v e c t o r s  v h i c h  a r e  f u l 1 y
c o v a r i a n t  i n  M i n k o w s k i  s p a c e - t i m e .  T h .  p r i m a r y  r e a s o n  f o r  t h i s  v a s  t h a t  r h e
Lorentz  invar : ian ts  ErEr  and.  Bpr  p rodu.ed  a  sar is facrory  descr ip r ion  o f  rhe
Planck  rad ia t ion  lav ,  in  tha t  on ly  the  t ransverse  space l i ke  components
c o n t r i b u t e  t o  e l e c t r o m a g n e t i c  e n e r S y  d e n s i t y .  l n  v i e w  o f  t h e  L i e  a l g e b r a
deve loped in  th is  a r t i c le ,  and in  v ie r  o f  th€  exper imenra l  ev idence rev iewed

h e r e i n ,  t h e r e  i s  n o  d o u b t  t h a t  t h e r e  e x j s r s  a  l o n g i t u d i n a l  s o l u t i o n  r r ' )  o f
M a x w € l 1 ' s  e q u a t i o n s  i n  v a c u o ,  a  s o l u t i o n  w h i c h  i s  t i € d  i n e x t r i c a b l y  ( S e c .  4 )  t o
the  we l l  accepted  t ransverse  so lu t ions  o I  the  same equat ions .  Long i rud lna l

f i € l d s  s u c h  a s  a { r )  a n d  r a ( t  a r e  a l s o  c o n s i s t e n t  r i t h  f i n i t €  p h o t o n  m a s s ,  a n d

we hav€ demonst ra t€d  one s imp le  method o l  ob ta in ing  A{ r )  f ron  the  Proca equat ion .
A c c e p t a  c e  o f  f i n i t e  p h o t o n  m a s s ,  w h i c h  i s . o n s i s t e n t  l 3 2 l  n i t h  a  b r o a d  r a n g e  o f
€xper imenta l  da ta  f rom many d i f fe re i i !  sourccs ,  teads ,  as  se  have seen,  to  the
abandoment  o f  the  Cou lonb gauge.  Sec t ion  I  has  sho\ rn  thar  f in i re  phoron nass
i s  c o n s i s r e n t  w i t h  t h e  D i r a c  g ä u g e  i n  a  l l m i t i n 8  f o r m .

Th€ Proca equat lon  is  a  rave  equar ion  w i lh  a  phys ica l l y  mean ing fLr l ,  fu l l y
c o v a r i a n t ,  f o u r  p o t € n t i a l  , c r  a c t i n g  a s  e i g e n t l r ! ' c t i o  .  T h i s  i s  c o n s i s r e n t  v r ' i t h
rh€  fäc t  tha t  e lec t romag,net ism enters  contemporary  Sau|e  tbeor :y  rh rough Ä"
s c a l e d  b y  t h e . h a r g e  o n  t h €  e l e c t r o n ,  e  ( s . . .  J ) .  T h c  E o t m - A h a r o n o v  e f f e c t
( - i n t r o d u c r i o n )  s h o w s  € x p e r i m e n r a l r y  [ 3 4 ]  a n d  t h e o r e r i . a l  l y  [ 2 3 ]  t h a t  Ä p  i s
p h y s i c a L l y  m e a n i n g f u l ,  a n d  i s  n o t  j u s t  a  m a t h . ' n a t i c a l  s u b s i d i a r y  c o n d i t i o n  o f
f l r s t  o r d e r  d i f f e r e n ! i a 1  e q u a t i o n s ,  t h e  M a x u e l l  . q 1 1 ä l  i o l l s  j n  v a . L r o .  T h e s e
f a c t o r s  l e a d  u s  t o  e x p e c t ,  t h e r e f o r e ,  t h a t  t h .  w c t  I  k n o v n  f o u r -  r € n s o r  F r ,  o f
e l e c t r o m a g n e t i  s m  i s  a l s o  f u l l y  c o v a r i a n t ,  i . e .  r i r a f  i / l  r r r -  - - ' j x r e e r  c o n p n e n t s
a r e  p h y s i c a l l y  n e a i i n g f u l .  I t  i s  v e ] ]  k n o w n  t h a l  t h e  o l l  d i a g o n a l  e l e n e n t s  o f
t h e  t e n s o r  I e ,  a r e  p h y s i c a l l y  n e a n i n g f u l  e l e c t r i .  r n d  n n S n € t i c  f i e l d s  i n  v a c u o .
l n  S . l .  u n i t  s .
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v A  ^  
d r  ( r .

L ' , . e  t r r  f r o n  E q .  ( / )  i s  i n d e p € n d e n t  o f  I  i m ( .

r  , , . t i c a l  p u r p o s e s  i d e n t i c a l  i n  t h e  P r o c a  a n d  M ; r x v {  l  1  ( t . s (  r i p l  i  o n s  o f  e l e c t r o d y -

, r j c s ,  i t  m u s t  b e  o b t a i n a b l e  f r : o m  a  t i m e  i n . l ( f 1 r n i ! , r l  : i o l i r t i o n  o f  E q .  ( 1 2 5 b ) .

, ' r  a l l  p r a c t i c a l  p u r p o s e s ,  t h e  M a x s € 1 1 i a n

a  =  V r r ,

r= vo : i

94"
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(r2L>

(  12sa )

(  l 25b )

l ( ) r i l t i  l  u d  i n a L ,  a n d  f o r  a l I

( 1 2 6 a )

( r25b)

The long i tud ina l  f ie lds  A{ ' )  and j8 ( t  a rc  non zcro  i r i  genera l  in  th€  o f f -

L  r g o n a l  e l e m e n t s  o f  I ' p , .  t o  d i s c a r d  t h e m  a  p r i o r i  ( i . e .  w i t h o u t  a n a L y s i s ) .  a s
.  o f t e n  t h e  c u s t o m  i n  e l e c t r o d ) . n ä m i c s ,  i s  , , o r  . o . s i s t e n t  s i t h  r h e  f u l l y

' ' \ ' . r i . n t  n a t u r e  o f  t h e  f o  r - . , , r 1  o f  4 p  ,  a n d  o f  r r  i  t  s c l f .  f h e  B o h n - A h r r o n 6 v

r { c c t  s h o w s  t h a t  n p  l s  p h y s i c a l l y  m e a n i n g f t l l  .  U s i n t  F ] ( l .  ( 9 3 )  i t  c a n  b e  s e e n

r r r t  8 ( t )  i s  exper inenta l l y  obserwab l€  in  th€  inv . rs .  fa raday  e f fec t .  Syrunet ry

, , , , l y s i s  o f  E q s . ( 7 )  s h o n  t h a t  a r ' '  i s  w e l l  d e f i n e d  i n  t . r m s  o f  t h e  v e l l  k n o v t n

/ j 1 1 )  a n d  8 ( t )  a n d  i s  t h e r e f o r e  p h y s i c a l l y  m e a n i n 8 f u t .  I f  r r t )  i s  a s s u m e d  t o  b e

,  r o ,  t h e n  E q s .  ( 7 )  s h o w  t h a t  . 9 ( 1 )  a n d  A l , )  a r e  a l < . )  z . r o .  i . € , .  t h e  e l c c t r o n a g

,  r  i c  p l a n e  w a v e  v a n i s h e s  i n v a c u o  i f  B r ' )  i s z e r : o .  O n  t h .  o t h . r  h a n d i  t h e r e a l  t ( t '

,  n o t  c o n n e c t e d  t o  t r a n s v e r s e  s o l u t i o n s  o f  M a x w . l l ' s  { ( l , , a l  i o n : r  b e c a u s e  o f  f
i o l a t i o n  a s  a r g u e d  a l r e a d y .

T h e s e  f i n d r n g s  a r e  v e r i f i e d  b y  s o L v i r l g  t h o  P r o . r  c . l u a t l o n  ( 1 2 )  w r i t r e n

, r  i n  t h e  f o r m ,

ä -0  r t ^

! . /e  no te  tha t  th€  d ia8ona ls  van ish  by  de f in i t ion  o f  the  four -cur1 .

L , i  b e  u s e d  t o  f i n d  t i m e  i n d € p e n d e n t  A r l '  r n d  i l t t  { r o m  t h e  P r o c a  e q u a t i o n .

t L r a t i o n  ( 1 2 6 a )  s h o ! s  t h ä t  i f  t r t  i s  L i t r ! .  i , r l ( , p . r i d . n t .  t h e n  s o  i s  r t ' ' ,  i t s

i : ( : o r i  t t a n t  v e c t o r  p o t e n t i a l .  S o

( r 2 t  )

, ,  f ; q .  (  1 2 s b )  a n d

I  
o  c B G ,  c l t z )  F ' 1 i j

_  c t { I  o  c t ( 1 r  j s ' , ,
r r '  -  € o  

_ " r r z r  - 5 r l  o  r . r ,

r ! j r , )  r F ( , i  i E i r i  n  ]

(r23)
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t

i n  E q .  ( 1 2 6 b ) .  U s i n g  t h e  g a u g e  c o n d i t i o n  ( 2 ) ,  , e c e s s i . a r e d  b y  f i D i t e  p h o t o n

r r a s s .  0 o )  i s  t h e  n a g n i t u d e  o f  c r G )  a n d  m , , s t  b c  t i m .  i n d e p e n d e n r  i f  A r t )  i s  s o .

a , 3 '  j  v o 0 )

i n  E q .  ( 1 2 5 a ) .  I n  o r d € r  t o  o b L a i n  f r o m  [ q  ( 1 2 6 a )  a  a ( 3 )  i n  t h e  Z  a x j s ,  t h e
r e q u i r e d  s o L u ( i o n  t o  E q s .  ( 1 2 5 b )  a  d  ( l r l )  i s

r ( t ,  -  ! o (  x ! * y J , ) .  , '

w h e r . r , k z = x : + y 2  i s  a  c o n s t a n t .  T i r e r . l o f . ,

0 ( r )  :  . . l A ( : )  ; r , R ,  
v ,

r ( 1 )  =  F (o ) f  .  
1 :  -  ) au , k ,  

' , x <132)

( r  l3 )B t t ,  z  8 t i l k  -  l t  t  t . k

me Phobmagnelon and Quontum FieH Theory

( 1 2 8 )

(r29)

( 110 )

( r 3 r  )
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t h .  M a x w c l l  d e s c r i f t i o n .  E q r l a t i o n  ( 1 3 : l )  s l r c H s  t h a t  B \ r )  - B a  l n  t h e  I ' l a x w e L 1

, . r i p t i o n .  T h e  t i m c  l l k e  c o m p o n e . t  E ( 0 r  a D d  I l t '  I o n g i L u d i I ] a l  c o m p o n . r r  i E o '

I  t h .  I o r l r  v e c t o r  E F  t h e r e f o r e  v a n i s h  i n  t h c  M r \ w {  L l  d e s c r i p t i o n  T h e s e  t r o

D p o r r e n t s  a r e  n o n  z e r o  i n  g e n . r a l  i n  t h e  P r ( ) . : ,  d ( : i ( : r  i p t i o n ,  b u t  a r e  v e r y  s m ä 1 1

L  m a t n i t u d c  a n d  I o r  a l L  p r a c t i . a l  p u r p o s . s  u | o l ) s . r v a b l € ,  w i t h  c o n L e l l l p o r a r y

r , r , . i r a t u s .  L x p c r i m . : n t a l l - v ,  i t  i s  i o u n d  t h a l  l o r + t i l u d i , r n l  . o m p o n e n r s  s l l c h  a s

a ß )  - n d  a ß )  d o  n o t  c o n r r : i b u t c  L o  . l e c t r o m a g t r r  t  i (  . , r ( . g v  d . n s i t Y .  T h i s  i s

, r s i s t e n t  w i t h  r ( t  = o  i n  t h e  M a x w e l l  d e s c r i p t  i o r  l l  l i r s  b e e n  s h o { n  b y  F l v a n s

, l  f a r a h i  : ? / l  t h a t  i f  t h e . o n d i t i o  o f  A p p c n d i x  ( i  i : i  o l ) c y . d .  t h e  c l a s s i c a l

l . t f o o r a g n e t j c . n e r 8 , v  d e n s i t y  i s  u n . h a n g c d .  7 / r r 1  i , ,  i , r { . i : j e . / v  w l t a t  h a s  b e e n

:  \ 1 t f i  f r ö n  t / ) e  P r o . a  e q ü a r i o r ,  i . e .  i f  B t l t  i s  r . t ) l  .  I  l ) . r t  , t o '  i r - r s  r r ( )  r e a l  p a r t .

T h i s  i s  a l s o  c o n s i s t e n t  w i t h  t h c  d u a l  t r r n : r l o r n  o l  s p . . j r l  . e l a t i v i t y ,

. h  s t I r e s  t h a t  M a x r e l L ' s  e q t r a t i o n s  a r e  i n v n r i i i r l  r ( )  a o '  -  r E G ' / ,  .  T h ü s  i f

t l i )  i s  p ' r r e l - v ' '  r e a L .  a n d  a  s o l u t i o n  o f  l ' I a x w ( , l l ' r ;  , ' ( t r , ; ' l  i o n .  i l , r  ( 1 , , : , 1  i 3  a  p u r e t v

r  i j  i  r . r . v  . l . c t r i c  I i e l d .

T h e  f o u r  v e c t o r  d e s c r i p t i o n s  , 9 r  d n d  l . a  i r r  l t r | , 1 , , r r r  r r f  . ( , , r ' i i ; r . . i t  t i t h

I t  . a p e r i s e n t a l  f i n d i n g  t h a t  r i c i t h c r  a ( ' )  o r  r B o ) , , i r l r i l n r l (  r ( )  (  l ( ' . 1 ) o m a 8 _

r i .  . n . r g y  d e  s i t t .  T o  b e  . o n s i s t e n t  w i t h  l } l  1 , i {  r  r l ! , r  r ,  " )  i ,  , 1 , , r  - . ,  r , ,  i n

l r . . a  d e s . r i p r i o n ,  v €  d € s c r r b e  c n c r g y  d ! n s i l v  l l i i , ) ( r t l ,  l l ( t  ( l / ) .  l f a ( l i n f , .  a s

l ) a v e  s e e n .  t o  ! q s . ( 2 2 )  a n d  ( 2 1 ) .  I h e s e  j r n p l i "  l l L r l  l l r (  ß ! i t ' , i r u d . : i  ( ) l  t h e i r
. i , t ; i t u d i n a l  c o m p o n e n t s  o f  t r  a n d  , 9 r  n u s L  b ( :  f ( 1 , , : i l  r ( )  l 1 r  n r 8 n i r , , , l , ' ! : . r  r h . i t

i p e . t i v e  t i m e - L i k c  c o m p o  e i l l s  i f  t G )  a n d  l a r t r )  ( 1 , ,  r , , r  . ( ) | 1  r i b u t . i  t o  ( ' l ( ( r r ( )

, t . . l i c  e n c r g y  d c n s l r y  i n  v a . u o  I n  a p p e n d j r  l l  1  i  , i l , . ! I i  l r r a t  t h c  c . r r ( ( ' l ) t  o l

L ,  . i i d  B p  i n  v a c ' r o  i s  f o r n a L l y  c o n s i s t . n t  ! i t l i  l l r  1 , , ) r , r l  , i  t r ! I r s l o . m a l r o r r .  s o
'  ' l  l l o - r  ! L . t . L

B y  r e a L i z i n g  t h c  s i g n i f j . a n c e  o f  E ' 1 0 )  - t r r ( l  r r  I  . , ,  l i n r ( '  l j k .  c o n f o r r . r , l : r  o l

,  , i r l ( l  a r  i t  f o l l o w s  t h a t  E q s .  ( / )  i s  a n  c a p r ( : i . , 1 , , , i  ( , 1  r l , (  l . c t  t h a t  r h .  s f a { : . '

l , ( , a n d  t i m e - I i k e  c o m p o n . n t s  o f  p  a | d  E ' e  . r (  I  i ( 1 1  r i , | ( l l ! r  i r r e : Ü i . a b l y .  I ' o |

, .  h o w . v e r ,  b e c a u s e  t h e  l o n g i t u d i n a L  c o m p o r ( l r  l , i  / ,  r ( )  j h  r j 3 x w € L L ' s  d . . . r i l i t i o n

, L  ! e r y  s m a l l  i n  P r o c a ' s .  S e v e r a l  b a s i c a l l y  o t i ( , t 1 , i , , 1  ( , ) r t ! : ( . t 1 , ( I r ( : . s f o l L o { ,  s o m .
'  q h i c h  a r e  s u ß m a r i z e d ; r s  f o 1 l o w s .

I n  s p e c l a t  r e l a t i v i t v ,  t h .  c l a s s i { r a l  (  l  (  (  r  r  . u : , t t n '  I  i  .  ( n e r g y  d e n s r . t y  m u s t

be  { :xpr .ss .d  th ro l rgh  the  Lorentz  i  1Md r . , r r l  I i r ( i ( lL r (  l  r ,  l r r i !  : rn . l  rJ ! /Jp  ,  a l rd  no l

i u s t  t h r o u g h  L h e  s p , c r  l L k e  p a r l i ;  E  E  , \ \ \ l  a  a  i i  L s  ( , l r s t o m a r y  r n  r h {

P o y n t i n g  t h e o r e m .  A s  s h o v n  i n  t h .  i  r  L  l  r  ,  x  t  ,  ,  (  r  i  (  )  ,  ,  .  r l , i : i  l . a d s  t o  a  d c s . r i t

t i o n  o t  t h e  P l a n c k  r a d i a t i o n  l a w  w l r i t l ,  i , ,  , ( ) r i : i i : r t . r ) t  w i t h  t h - .  n o Y e l  L i (

a t g e b r a  o f  5 c c .  4 ,  w h i c h  i s  i n  L u r , i . ( ) , i r ; i : i l ( r r l  w r t h  l i n i t ( :  p h o t o n  m a s s  i r r l

t h e  P r o c a  e q r k t i o n .  T h e  e x i s t e n . {  . 1  / !  r i ' ! l  / r r  i s : i l s o  c o n s r s t e r r r  u r l l r

g r a n d  u n i f i e d  f j e l d  t h e o r y .  s u . h  r j i  s l r ( ! r  ! i r i , i J r  t h o s e  f r a n c  o r k  p l , o t o ' )

r € - s  m u s '  L  r , .  o . p  r - .  ,  d .  ,  .  ' 1 ,  ( , ,  l l , ' .  . ,

, )  T h e  e x i s t e n c c  o f  / ' ;  a r ) d  B p  i s  f , t r ) d : i 0 n ' J , r , i l l v  i n . ! r l s i s t e  t  i r i t h  t h e  a i o r r l o m f )

g a u g e .  i n  w h i . h  A  ! r  i s  z e r o ,  i m p l y i r ) E  l r o n  o u r  n o v e l  E q .  ( 1 2 9 )  t h a r  I , t ' r l

s h o u l d  b e  z e r o .  T h i s  i s  o b v i o u s l y  i ' , . o n : r i s t e n t  { i t h  t h c  f a c t  t h a t  n l r i r

I
I
!
j

S i . c e  { " : i l ' " n ' ,  E q s .  ( 1 3 2 )  a n d  ( l : J : l )  s i r o {  r h ; , r  i l  r h .  P r o c a  d c s c r i p r i o n  o f

e l e . t r o d l n a m i . s .  1 8 ( t l > l t ( r ) l  - i n  f r e e  s p a c e .  l r )  r , 1 a r s . l l ' : i  d . s ( : r i p r i o n ,  { - 0 ,  a n d

t h e  r c r l  t ( r )  v a n i s , h c s  b u t  a ( 3 )  r e m a i n s  I i n i r c .  l l i , .  l i ( . 1 ( l  a ( r '  i s  . i l v c r g e n t L e s s ,
s o l e n ( ) j d r l  r n c l  t i n c  i n d e p e n d e n t ,  a n d  i s  a  s o l , , l  j o I  o l  X n \ s c l l ' s  . q u a l i o  s  i n  f r e c
s p a c c  b . . a u s .  i t  i s  a  s o l u t i o n  o f  E q s .  ( 1 2 5 )  L r r l l . r  r h ( .  . o r ü i r  i o D s  ( 1 2 6 ) .

T h i . r  t i n . i j n S  i s  b a s e d  o n  t h e  g a u g e  . o r x l j r  l o n  ( ) ) .  r l ) l . r h  i s  a  c o n s e q u e n c e

o f  f i n i l .  t h o t o n  m a s s ,  s o  t h a t  e x p e r i m e n t a l  c v i ( i ( . r r . { .  l o r  a o ) l > l a ( : , 1  i s  c o n s i s t e n l
v i  t h  t i r i l .  I ) h o r o n  m a s s .

S j 8 n i t i . d i t l y ,  L h e  c x i s t e n c e  o f  a r t  i . ,  s ü p t o f r . d . x p e r i m e n t a l l y  i n  t h e
i n v e r s c  I . i r  a ( l i y  e f f e c t  a n d  i n  o '  h e r  c x p r  r r r n L r  |  . L  ,  \  I  d c n c e  s u r v e y e d  i n  t h i  s
a l t i c l e .  l ' r  . . n r r ' n s t ,  t h € r e  a p p e a r s  t o  b e  n o  e x t ) r  r i m r , I l a l  e v i d e n c e  f o r  r h e  r e a l

E ß ) .  I f  t h c  r e n l  s 1 3 )  v e r c  n o n - z e r o ,  c i r c L l l a r 1 y  p o l a r i z - . d  l a s e r  l i g h t  v o u l d
p o l a r i z e  m a t . r i a l s  s u c h  a s  s o l i d s  a n d  l i q u i d s ,  a n ( l  t h c r .  a p p e a r s  t o  b e  n o  t r a c e
of  such an  e f f - . . t  exper imentaL ly .  The on ly  we l  I  knovn erper lmenta l  ev idence fo r
e L e c r r - i c  p o l a r i z a t i o n  i s  o p t i c a l  r e c t i f i c a t i o ü ,  s h i c h  o c c u r s  i ü  a  L i n e ä r l y
p o 1 ä r i z e d  b e a m  a n d  o n l y  t n  c h i r a L  m a t e r i a l ,  a n d  i s  a  s m a l 1  s e c o n d  o r d e r  e f f e c t .

E g u a t i o n  ( 1 3 2 )  s h o v s  t h a t  E t o ) < E d  i n  t h e  P r o c a  d e s c r i p t i o n  a n d  t h a t  8 1 0 )  i s  z e r o



f
l @ The Photomagneton and Quantwn Field Theory

i s  t h c  s c a l a r  a m p l i t u d e  o f  t h e  e l e c r r r .  f i e l d  s r r e n g r b  ( v o l t  m - ' )  o f  l h e
e lec t romagnet ic  p lane rawe in  wacuo.  Th is  resu l t  re f lec ts  the  fac t  tha t
t h e  c o u l o m b  g a u g e  i s  i n c o n s i s t e n r  a L s o  l i r h  a  f u l l y  c o v a r i a n r  , a l ,  a n d

i n c o n s i s t e n t  w i t h  t h e  a p p e a r a n c e  o f  i r ( i )  j  8 ( ' )  !  E i 1 0 ) ,  a n d  a ( o )  i n  t h e
four - tensor  ap" .  The Cou lonb gauge must  there fore  be  abandoned i f  fu r ther
obscur i ty  i s  to  be  awo ided.

Äp is  fu l l y  cons is ten t  v , / i th  the  €x is tence o f  E ' r  and Bts ,  r rh ich  are  l inked
to  n !  th rough FF, ,  the  four : -cur l  o i  , tp .

In  o rder  tha t  E 'F  and Bts  be  cons is tcn t  w i th  the  geooet ry  o f  M inkovsk i
space t ime,  Lhe fo t low ing  re la t ions  l lus t  be  obeyed,

Sone Consequences of Finite Photon Mass in ...

i s  unchanged by  the  ex is tenc€ o f  fp  and / ] r .  because,  as  e  hav€ seen.  rh .

t i n e - l i k e  c o m p o n e n t s  o f  E { o )  a n d  B r 0 )  t : n t c r  i n t o  a p "  i n  s u c h  a  w d y  J s  r o
b e  c o n s i s t e n t  v i r h  i t s  t r a c e l e s s ,  a n t  i : i y i t r r e t  r i c  n a r u r e .  T h i s  i : i
e s s e n t i a l l y  a  t a u t o l o g y ,  b e c a u s e  I ' r ,  i s  b y  d c f i r t r i o r  a  f o u r  c u r t  o f
M i n k o v s k i  s p a c e  t i n e ,  a n d  m u s L  b e  t r a c e l e s s  t ( ) r  r h i s  r e a s o n .  T h e  M ä x v e j l
e q u a t l o n s  c o n s l s t e n t  w i t h  4  r " ( l  t s t s  i n  v a c ü o .

6 .  T h €  P r o c a  e q u a t i o n  i s  a L s o  c o n s i s r e n t  w i r h  / . !  , , r t  / J r ,  b e c a u s e  L h e s e  . a n
b e  d e r i v e d  f r o m  , 4 p ,  t h e  € i g e n f u n c t i o r r  i r )  s p a . e  r i m e  o i  r t , . :  p r o . a

e q u a t i o n .  T h e r e f o r e  t r  a n d  B r  a r e  c o n s i : r r . n t  u i l h  I i n i t e  p h o t o n  m a s s ,
i . e .  w i t h  n o n - z e r o  I  i n  t h e  P r o c a  e q u a t i o n ,  r l  r i ( .  n l s o  f u 1 l y  c o n s i s t e n t
\ r i t h  t h €  n o v e l  L i e  a l g e b r a  o f  S € c .  4 .  I .  r ) r r I  i . u l a r ,  t h e  l o n S i t r l d i n a l
equat lo rLs  ln  vacuo j

(  r / r0 )

l 6 l

3_

5 .

El i  =  cans tanL,  BrBr  -  coDstan t , ( 134 )

(  135 )

The f i rs t  o f  these lo l lows f rom rhe  fa . t  rha t  EpEp and aFBp are  e lecr ro -
magnet ic  energy  dens i ty  te rDs,  and are  ( :o ls l .an t  by  conserva t ion  o f  energy .
The second o f  these g€onet r i ca l  Laws mean tha t  the  causs  theorem in
d l f fe renr ia ]  fo rn  appears  in  Minkowsk i  spaco- t im€ as  the  equat ions ,

( 1 3 6  )

( r 3 7 )

S i n ( c  u l o )  a n d  E 1 0 )  a r €  u s u a l l y  i n d e p c n d c n t  0 1  t i m e  ( e  g .  i n  a  c o n s t a n t
i n t e n s i l y  b € a m ) ,  t h i s  n a k e s  n o  d i f f e r e n c e  l r )  t h .  u s u a l  i n  v a c u o  s i a t e n e n t s
i n  E u . l i d e a n  s p a c e  o f  t h e  C a u s s  t h e o r e m  i n  d i i f € . e n r i a l  f o r m ,

B < 3 t ,  B t a )  8 ,  ! ( . ) :  I , . ( o r t ,

a r e  i d e n t i f i e d  a s  l i n k i n g  t o g e t h e r  t h .  s p , , . (  l i k {  ( : } )  c o m p o n c n r  a n d  r l r ( ,
t i m e - l i k €  c o m p o n e n t  ( 0 ) .  T h i s  i s  c o n s i s r ( , n r  , i r h  r l i c  p l a n c k  r a d i a l  , o , ,  , i , w

( r 4 t )

9\

a n d  t h e  l o n g i t u d i n a l  c o n p o n e n r s  j r ( . )  ' , r ! i  a o )  , : a n n o t  c o n r r i b u t .  1 ( )
c l a s s i c a l  e L e c t r o m a g n e t i c  e n e r g y  d e n : i j t y  o l ) v i o u s l y ,  t h e y  c a n n o r  l ) ( .

o b s e r v e d  i n  t h i s  r a y ,  ä n d  t h i s  i s  a 1 s o . o l , , i , r ( , ) l  w i t h  t h e  f a c r  r h a r  A b '
c a n  b e  d e f i n e d  ( a n d  w a s  o r i g i n a l l y  i d e r t  i l  i ( . ( t  . ) 4  )  r h r o u g h  t h e  c o n . i u l t r t {

p r o d u c t  A ( 1 ,  x r { , ) ,  w h i c h  i s  t h e  v c c . o r i , r t  t , i r t  ( ) t  t h c  l i B h t  r n r € n 5 r r y
t e n s o r  [ 2 4  3 0 ] .  O n l y  t h e - : t r a c e  ( s c r i r l '  | , , r  I  )  o i  / , r  i s  o b s e r v a b l e  a : ;
l i g l , t  i n r a n s i r y  i n  w d r r s  r .

I n  c o n c l u s i o n  o f  t h i s  p a r t  o f  S e c .  5 ,  i l  s . ( n i : r  1 1 ( , , r  r h : r (  t h c  c x i s L e n c e  o f  1 . !
n i  a p  o a k e s  a  p r o f o u n d  d i f f e r e n c e  t o  c l a s 1 ; i . l l  (  l ( . t r o d y h a m i . s ,  a n d  t h e r c t o r c

,  q u a n t u m  e l e c t r o d y n a n i c s .  I n  p a r t i c u l a r .  t l , (  1 , , , 1 ) r r , , a l  u s c  o f  t h e  C o u t o n b  g . u a .
i n t e r n a l l y  i n c o n s i s t e n t ,  r h e r e  e x i s t s  a  w . l l  ( t ( . t j r t r d  t . i .  a t g e b r a  v h i c i r  p r o \ ' . s

' l L i s  p o i n t  b e y o n d  r e a s o n a b l e  d o u b t .  T h e  ' r ( ) t  i , ) t t  l l r r r  l o r i g i t u d j n a l  s o l u t i o n s  o l
L r w e l l ' s  e q u a t i o n s  a r e  u n p h y s i c a l  i s  p r o f o u r r l l y  n i : i 1 ( r ( l i r i g  a n d  i n c o n s i s t e n t  b o t h

t h  t h e o r y  a n d  v i t h  d a t a  s u c h  a s  t h o s e  j r o n  t l x  i D v . r s e  F a r a d a y  e f f e c t ,  l i g h l
L i t t s ,  o p t i c a L  N M R ,  r h e  o p t i c a l  I a r a d a y . f l ( . . 1  .  : , ' x l  p r o b a b l y  a l s o  w i t h  a  r a n t .

j  d a t a  f r : o m  o t h e r  s o u r c e s ,  s u c h  a s  C o m p l o n  s . i r r l r  r i n 8 .  f i n a 1 1 y ,  E p  a n d  ! r  a r e
. ,  l l  d e f i n e d  w i t h i n  r ; r v ,  t h e  f o u r  c u r L  o f  / , e .  l t l i . l ,  i s  r h e  . i g e n f u n c t i o n  o f  r h .

o .a  equat ion  fo r  f in i re  photon  mass .

Howcvcr ,  i f  fo r  some reason E(0)  and B10)  a re  chan8 ing  w i th  t i re ,  the
s ta teorenL o f  the  Gauss  theorem in  space t im!  b .comcs d i f fe ren t  f ron  thä t
in  Euc l  idean space.

The s ta rcment  ln  vacuo o f  the  Maxve l l  equat ions ,

v . t  -  0 ,  v  r  =  0 .

-  o ,  : 8  =  0 .

( r38)

(  r39)
a.t<,
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5-1  Representa t ion  o f  E"  and 4  in  the  l r ren lz  Croup and Re la t ion  To Rota t ion
and ßoost Generators in üinkosski Space tiDe

I r  has  been sho\ rn  tha t  l ' r  and  Ets  o f  lh .  cLass ica l  MaxwelL ian  f ie ld  a re
f o u r :  v e c t o r s  i n  s p a c e - t i m e ,  a n d  b c c a u s e  o f  r h e  . e l a t i o n s ,

(r42\

Some Conseqüences of Finite Photon Mass in ...

i (  b o o s t  a n d  r o t a t i o n  g e n e r a t o r s .  d e n o t e d  r e s p e c t i v e l y  i r  a n d  i r
' , | l e x ,  f o u r  b y  f o u r  m a t . i c e s  r h i c h  d e f l n c  r h .  s t r l r c t u r e  o f  t h e

I i o u g h  t h e  f o l l o v i n g  c o m n u t a t o r  a r g e b r a  [ ] 5  i r !  s r r c c  t i ü e ,

I ' j x ,  i , l  -  i i z ,  and cy . t j t :  ! , - - rnn t ra t i . ,ns

tk,, k,t = i,1..
tk, ,i,l = ift, '
IR, ,  3")  = o,  - - t t : .

'  ; , L s c b r a  w h i c h  c a n  b e  s u m m a r i z e d  b y  [ 1 5 j ,

I  n  . i ß J  . 7 \ z r  ? ' , ,  I
-  l ; , , ,  o  _ j i , )  r , r l'. l;r, ;::t -:, : ]

F t l ) l + F t 2 ) 2 + E t i t 2  =  E \ a , 1 ,  B \ ) \ )  - B  2 ) 2 + B t l \ 2  =  B t n ) 2

t h e y  a r e  f o u r  v c c t o r s  i ,  t i r e  . i i g l ) L  l i k e  . a n t l i t  i . n ,  i n  w h i c h  r h c  m a g n i r u d e  o f  t h .
s p a c c - L i k €  p a r t  o f  a  f o u r - v e c t o r  b ( i . o r t r , s  c i t u a l  r o  r h a t  o f  i r s  t i n e - l i k e
c o m p o n e n t .  T h e  l i B h t  l i k e  c o n d i t i o n  f o r  r h . ,  I o u r  v c c t o r  x p  ,  f o r  e x a n p l e ,
c o r f e s p o n d s  t o

x 2 + y 2 + t .  . , t ) ( 1 4 3 )
r , . ,u . ,  o .  f1  .  

' l  , i .  . r  , . -  . ,
I r;" - -roi - ,(.

(  r 45 )

r i i s  s u n n a r y  c a n  i n  t 1 l r n  b e  d i s p l a y e d  a s  a  t r a c € 1 . : r : ; .  r ' r r  i s v m n r ' l r  i c .  f o r r r  b y  f o u r
, r  r i x  o f  m a t r i c e s .

(1,4^)

f r o m  g h i . h  i r  c a n  b e  s e e n  t h a t  i t  c o r r _ e s p o n d s  r o  m o v e m e . r  a r  t h e  s p e e d  o f  1 l g h t
c .  l n  t h e  n a t h e n a t i . a l  l i m i t  o f  t h e  M a x w . l l i a n  1 i e 1 d ,  p h o r o n  n l ä s s  v a n i s h e s
i d e n t i c a l l y ,  a n d  t h c  e l € c t r o n a g n e t i c  p l . D .  w a ! .  i n  v a ( : u o  t r a v e l s  a t  t h e  s p e e d  o f
l i g h r ,  i d e n t i f i e d  w i t h  t h e  u n i v e r s a l  c o n s t e n r  . . .  ( , f  s p e c i a l  r c l a t i v i r y .  S i n c .
E r  a n d  B r  a r e  d e f i n e d  i n  E q .  ( 1 4 2 )  i n  t h i s  l i m i t .  i r  i s  n a t L r r ä l  t h a r  r h e y  a r c
i n  t h e  l i g h t - l j k e  c o n d i t i o n .  A 8 a i n ,  w .  s c (  l h a l  r h .  C o u l o m b  g a u g e  i s  i n c o n s i s
t e n t  \ r i t h  t h i s  r e p r e s - . n t a t i o n ,  b € c a u s e  r h .  I  i n L .  I  i k { :  p a r t s  o f  s r  ä n d  E t s  a r e  s e r
to  zero .  Thc  four -vec tors  E lp  and Bts  caDno l  b .  d . f ined  in  rhe  Cou lomb gauge,  and
n a n i f € s t  c o v a r i a n c e  i s  l o s t ,  m e a n i n g  t h a r  t h ( .  l ) n s j .  p s c u d o - E u c I i d € a n  g e o m e r r y  o {
t h e  p r o b l e n  i s  v i o l a t e d .  I n  a  r o u g h  a n a l o t v ,  r h j s  v o u l d  b e  e q r l i v a l e n t  t o  t r y i n g
t o  d e f i n .  a  t r i a n g l e  l r i t h  o n l y  t w o  s i d e s .  l . ( ) s s  o f  r n a D i f e s t  c o v a r i a n c e  i n  Ä e  i s
s n o t h c r  c o n s . q u € n c e  o f  t h e  C o u l o m b  g a u g e ,  . s  ( l i : , . , t s s ( ( l  i n  t h c  i n r r o d u c t i o n ,  a n d
c a n  b e  t . a . e d  t o  t h e  a r b i t r a r y  a s s e r t i o n  l h i l  p h o l o n  m r s s  i s  i d e n r i c a l l y  z e r o ,
a l L o v i n g  ( S e c .  l l )  p h y s i c a l l y  n e a n i n S l e s s  I . u 8 . .  I  r . . d o m .

B v  r e i n s l a t i n g  f i n i t e  p h o t o n  n a s s ,  u s i n S  r h ( ,  1 , r ( ) . r  u r v .  e . l ü a t i o n ,  t h i s  t y p e
o f  g a u 8 e  l r . e d o m  i s  L o s t ,  t h e  L o r e n t z  c o n d i t  i o  b ( c o m . s  . r  n r a r l ) . m a r i c a l  n e c e s s i t y ,
a n d  , "  i s  a  p h y s i . a L l y  m e a n i n g f u l ,  f u l l y  c o v a . i ; r n t  . j 8 ( . , , 1 , , I c r  i o n  i n  s p a c e  t i m e .
F o r  f i d i t .  I ) h o t o n  m a s s ,  h o v e v e r ,  s "  ä n d  / J .  a r (  l o  i o r r S . r  l i g h t  l i k e ,  b e c a L r s e
p h o t o D s ,  b . i n t j  m a s s i v e  p a r t i c l e s ,  f o  1 o n 8 e r  r , . L r ,  I  I  r l r .  , , 1 , \ . r \ e r  f r a m e  a r  t h c
s p e e d  . - .  

' l h (  
l a t t e r  i s  n o  l o n g e r  t h e  s p e e d  o i  l j t i r t ,  b u r  r e m a i n s  t h e  u n i v e r s a l

c o n s t a n t  . , f  t k .  t h c o r y  o f  s p e c i a l  r e l ä t i v i L y  ( r r  t o . z r s  i ) .  T h e  p h r a s e  ' , t i r e d

] i g h i " ,  u s c d  i l 2 l  b y  H u b b l e  a n d  T o l n a n ,  m e a n s  j l s r  r l , i s ,  i r  d o e s  n o t  i m p l y  t h a t c
i s  n o  L o n g e r  a  u  i v c r s a l  c o n s t a n t .  l t  i s  c s s c r i l  i r l  a l s o  r o  r e a l i z e  t h a t  f i n i t e
p h o i o n  m a s s  i n  t h e  P r o c a  e q u a r i o n  i n p l i e s  r i 8 o r . u s l )  t h a !  t h e  C o u l o m b  g a u g €  c a n
no longer  be  uscd.  The Lorentz  cond i r ion  - i s  a  d i r . . t  mathemat ica ]  consequence
o f  t h e  P r o c a  e o u a t i o ü .

W i t h  t h i s  p r e a m b l e ,  w e  p r o c c c d  r n  t h l s  s € . r i ^ r '  r o  e m p h a s i z e  t h e  p h y s i c a l
r e a l i t y  o f  t h e  f o u r  v e c t o r s  a l  a n d  B p  b y  d e t i n j n g  t h c m  i n  t e r m s  o f  t h e  w e l l
k n o u n  t 1 5 l  b o o s t  a n d  r : o t a t i o n  g e n e r a t o r s ,  r e s p e c t i v e l y ,  o f  M i n k o w s k i  s p a c e  r i m e .

T h e  s L r u c t u r e  o f  t h e  , n a t r i x  i n  E q .  ( 1 4 6 )  i : i  r ( l i . n r  i ( : a 1  v J i r h  t h a t  o f  r h e
' . t r o n a g n e t i c  f i e l d  t e n s o r  I ' " ,  i n  E q .  ( l 2 l ) .  s l 1 g t . : i t j n 8 ,  t h a t  t h € r e  i s  a
, ) | o r : r i o n a l i t y  b e t v e e n  t h e  t \ r o  n a t r i c e s .  E q , r i (  i o I  ( l l J )  h o w e v e r  d e s c r i b e s  a

L l r i x  o f  v € c t o r s  a n d  E q .  ( f 4 6 )  a  n a t r i x  o f  f o u r  b y  1 ( ) ü i  n E t r i c e s  i n  s p a c e - t i n e ,
l  i f  t h e r e  i s  a  p r o p o r t i o n a l i t y  b e t v e e n  l h (  l v o  i t  m e a r l s  t h a t  a  c o m p l e t e

r ,  , i (  r i p t i o n  o f  e l € c t r : i c  a n d  m a g n e t i c  f i c l ( i s  f ,  ( t , r i f c s  s p a c €  t i m € -  T h i s  i s

, ( . : i s e l y  t h e  r e q u i r e n e n t  f u l f i l l e d  b y  t h e  j o e r  \ , . . t o r : i  q ,  a n d  I l " ,  w h i c h  a r e ,
d e f i n i t i o n ,  p h y s i c a l l y  m e a n i n g f u l  i n  s p . ( : .  r  i m c .  I h a t  r h e r e  d o e s ,  i n d € e d ,

l : i t  a  p r o p o r t i o n a l i t y  i s  a L r e a d y  c l e a r  t h r o ü I i ,  0 1 , r  d e v e l o p D e n t  i n  S e c .  4 ,
. , ( l i n g  t o  E q s .  ( 1 1 2 )  i n  E u c l i d e a n  s p a c e .  I h c s .  f . l u a t i o n s  s h o w  L h a t  w h e n  t h e

, r , , i e t i c  f i e l d  v e c t o r s  a p p e a r i n g  i n  r ' t s "  a r (  r .  . x p r . s s e d  a s  r a n k  t w o  a n t i
' d 0 . t r i c  p o l a r  t e n s o r s ,  t h e y  b e c o m e  d i r f . L l y  p r o p o . t i o n a l  t o  t h e  r o t a t i o n

, , . r a t o r s  o f  o ( 3 )  I n  E q .  ( r l 2 ) ,  t h e s .  s . r (  . x p r € s s e d  i n  a  c i r c u l a r  b a s l s
r t , r o p r t a t e  t o  a  c o n s i d e i a t i o n  o f  t h e  c L a s s i . a l  M a x w { : l L i a n  f i e l d  i n  v a c u o .  T h e
,  i r s i r i o n  f r o m  E u c l i d e a n  s p a c e  t o  M i n k o w s k i  s p a . . , - t i n e  o . c u r s  f o r  t h e  r o L a t i o r

, L r r a t o r . s  t h r o u g h  t h e  f o u r  b y  f o u r  . o m p l e x  n a r r i ( : e s  d e f i n e d  i n  E q .  ( 1 1 3 ) .  T h e s e
,  r h e  r o t a t i o n  g e n € r a t o r s  i n  t h e  L o r e n t z  g r o u p  I 1 5 ] ,  a n d  o c c u r  i n  E q .  ( 1 4 6 )  a s

l 1  d i a g o n a l  e l e m e n t s ,  . 7 ( i ) ,  o f  t h e  n a r r i x  o f  n a t r i . e s ,  . ? . , .  W e  t r a v .  t h e r e f o r €

( r 4 6 )
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e s t a b l i s h e d  a n  i n e l u c t a b l e  c h a i n  o f  I o e i  c  w h i c h  r e l a t e s  t h e  v e c r o r : s  D ( r )  .
a p p e a r i n g  i n  E q .  ( L 2 l ) .  t o  t h e  f o u r  b y  f o u r  m a t r i c c s  o c c u r r i n g  i n  E q .  ( 1 4 6 ) .

T h i s  r c a s o n i n g  l e a d s  r o  r h e  r e s u l t  t h a r  t h e  t h r e e  b y  t h r e e  m a g n e t i c  f i e l d
m a t r i c e s  a p p e a r i n g  i n  E q  ( L L 2 )  o c c u r  i D  M i n k o \ l s k i  s p a c e  t i f l e  a s  f o u r  b v  f o u r
n a t r i c e s -  f o r  e x ä m p l c ,  t h e  f o u r  b y  f o u r  m a l r i x  d e f i n i n s  6 1 r )  i s ,

6 1 r r  =  j B  ( 0 r j o )  i / r r o '
i  o  o o
0  0  0 0
o  a )  0 0

l r |  t \ )  -  L t |  J t l  - i t , .  - r d  v  '  
r p t q u t , !  i o n s .

, '  a  c d r t e s i a n  b a s i s  f o r  s p a . e - l  i k e  c o m p o n e n t  s ,  t h c r . f o r c ,  L h c  c o n m u t a L o r  o f
, o t a t i o n  g e n e r a t o r s  i n  s p a c e  t i m e  c a n  b e  e x p r . s s e d  d i r e . t l y  i n  t e r m s  o f  t h e
,  o rnmuta tor  o f  boos t  Senera tors .

We conc lode tha t  t l l e  vec tor  c ross  prodr t . l  i t )  I loc l id .a t i  space o f  e lec t r i c
t  i c l d s ,  t h e  l e f t  h a n . l  s i d e  o f  E q .  ( 1 1 8 ) ,  c a D  b e  . x p r ' . . s s e d  i n  s p a c e - t i n e  a s  a
. \ ) tnu ta ta r  o f  boos t  genera tors  -

C a r e  n u s t  b e  t a k e n  t o  u s e  c o n s i s t e n t l y  e i t h e r  a . i r . u l a r  b a s i s ,  a s  i n  E q .
( l l i l ) ,  o r  a  c a r t e s i a n  b a s i s ,  a s  i n  E q -  ( 1 4 4 ) ,  o r h c r w i s . ,  w c  h a v c  s h o w n  t h a t  r h e
L  l e c t r i c  f i e l d  o f  a n  e l e c t r o m a g n e t i c  p l a n e  t ' a v c  i n  v r c u o  c a n  b c  . x p r e s s e d  a s  a
r ) o o s t  g e n e r a t o r  o f  t h e  L o r e n t z  g r o u p  i n  s p a . e - t i m e .  r l n l s . s t a b l i s h i n g  t h - p  n a t L r r e
, ) l  t h e  e l e c t r i c  f i e l d  a s  a  f u l l y  c o v a r i a n t  f o u r  v . . r o r  r ' L .  

' l h e  
b o o s t  g e n e r a t o r

, , t n  b e  e x p r e s s e d  i n  a  C a r : t e s i a n  b a s i s  a s  a  d i l l c r . t r r i n l  o p ( r a t . r  l l 5 l .
and th is  i s  spec t f i ca l l y  a  p roper ty  o l  sp . r .e  f ine  i ,  . t re  sane war  tha t  j t l )  i
E q .  ( 1 1 1 )  i s  a  p r o p e r c y  o f  s p : r c e  r i n e .  l h u s .  a l l  t h r e e  c o B p o n e n t s  A ( 1 ) ,  a o )  a n d
t G )  o f  t h e  o r i g i n a L  v e c r o r  . B  i n  E u c t i d e a n  s t a c c  c a n  b e  e x p r e s s e d  a s  c o m p o n e n r s
i n  s p a c e - t i m e ,  a n d  i t  f o 1 1 o t { s  t h a r  r h c  c o m p l e i e  r e p r e s e n r a t i o n  o f  r h e  n a g n e t i c
par t  o f  the  e lec t romagnet ic  p lane wave i i  vacuo must  be  a  four -vec tor  s . . .  thus
r e i n f o r c i n g  o u r  e a r L i e r  r e a s o n i n g .  T h i s  c o D c t u s i o n  r c , a s s e r r s  t h a t  i n  l p e c i a l
r e l a t i v i t y ,  i r  i s  n o t  p o s s i b L e  r o  i s o l a t .  I u c l i d e a n  s p a c e  f r o n  t i n € .  T h e  s p a c e -
t j m e  r o l a t i o n  g e n e r a t o r s  

" 7 ,  
c a n  a l s o  b . . x p r e s s e d  l t 5 l  ( i n  a  c a r t e s i a n  b a s i s )  a s

d i f  f  e r e n t i a l  o p € r a r o r s ,

( 141 )

iii;li
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(14e)

.  ( 1 5 r )

( t 5 ? )

. i " -  \y&-z* ) ,  : , -  ; l " j r ,P) ,  a - - ;1x$ r l r ) .

R" iF* -x* ) ,  t ,= ; l t ! " -v j ,1 ,  i .  t l ,  ! , . '  i ,  1 .
( 1 5 0 )

' l ( , f i n i t i o n s  v h i c h  i n t r i n s i c a l l y  i n v o l v e  s p a . e  . r  r  i n ( .  r r ( t  r l l o s e  o r i t i i  l l 5  i : l
I  l ) c  L o r e n t z  t r a n s f o r n a t i o n .  B o o s t  g e n e r a t o r s  . i r r  r l s o  b !  d e s c r i b c d  i l  , I  a s
, l i m e n s i o n l e s s ,  c o m p l e x ,  f o u r  b y  f o u r  m a t r i c e s ,  w h i r h ,  i n  r  ( i . r t e s i a n  . p a . e  l i k .

0  0 0 l l
o  o  o  o l
o  o o o l '  

K v =

- , o o n l

(  148)

v h i c h ,  v i r h i n  a  f a c t o r  i ,  a r e  t h e  a n g [ l r r  D o D . n t u m  o p e r a t o r s  o f  q u a n t u m
n e c h a n l c s .  Q u a n t i z e d  m a g n e t i c  f i e l d s  a r e  t h e r . t o r c  p r o p o r t i o n a l  r o  a n g u l a r
m o m e n t u  o p € r a t o r s ,  w h i c h  g e n e r a t e  r o t a r i o n s .  l h u s  r e v e a t i n g  r h e  f u n d a D e n t a l
n a t u r e  o r  m a g n e t i s m .

l r ' l c  m u s t  n o i ,  e s t a b l i s h  ä  s i n i l a r  l i n k  b ( , t r e e , ,  t t r c  c t e c t r i c  p a r t  o f  r h €
eLcc t roDaSne l ic  p lane nave in  vacuo and the  t ro r )s i  r , . . in . ra1or  t ,  o f  rhe  Lorentz

8 r o u p ,  i n  o r d e r  t o  r e i n f o l c e  o u r  e a r l i e r  a r t L r m . n l  i r i  t r v o r  o f  E p ,  t h e  e l e c r r i c
f i e l d  f o r l r  v . c t o r .  F r o n  E q .  ( 1 1 8 )  o f  S e . _  4  i r  j s . t . a r  r h a r  c r ; s s  p r o d u c r s  o f
e l e c t r i c  f i e l ( t s  c a n  b e  e x p r e s s e d  j n  t e r m s  o f . o r t r n , , l . L o r s  o f  m a g n e r i c  f i e t d s ,  t h e
l a t t e r  h a v i n S  b e e n  r e - e x p r e s s e d  m a t h e m a t i c a t j y  a s  n h l  r j c e s .  T h e  c o m n u r a r o r s  o n
t h €  r i S h t  h a n d  s i d e  o f  E q .  ( 1 1 8 )  c a n  b e  w r i r  I  |  ,  L r ,  r t , . e  r i r 0 e  t h r o u g h  r o r a r i o n
g e n e r a t o r s  e x t r e s s e d  e i t h e r  a s  f o u r  b y  f o u r  m a  i r : e s  o r  d i f f e r e n r i a L  o p e r a r o r s .
I t  f o l l o w s  t h e r e f o r e  t h a t  t h e  v e c r o r  p r o d u c r s  o 1  . t c . r r j .  f i e l d s  o n  r h e  l e f r  h a n d
s i d e  o f  E q .  ( l l 8 )  c a n  a l s o  b e  e x p r e s s e d  i n  s p a . e  r i  r e .  U s i n g  t h e  f i r s t  r w o
c o n m u t a t o r s  o f  E q .  ( r 4 4 ) ,  w e  o b r a i n  t h e  r e s u l t  ,

l l i € , s e  n a t r i c e s  a r i s e  t f 5 l  f r o n  c o n s i d e . a t i o n s  o l  , ,  l ! ) o : i r  l i ) r e n t z  t . a n s f o r m a t i o i
,  o n n e c t i n g  t r o  i n e r t i a l  f r a m e s  m o v i n g  w i t h  i  r r . l , r l  i v .  s p e e d  v

T h e  e l e c L r i c  f i e l d s  d e f i n e d  i n  U q .  ( l l 6 )  : r r (  r o l a r  v . c t o r s  i n  t i u c l i d c a n
' i f a c e .  U s i n g  t h e  a b o v e  r e s u l t s ,  t h e y  c a n  r r o v  l ) ( , . x t ) r { . s . d  i n  s p a c e  t i m e  i n  t e r n : ;
, , 1  b o o s t  g e n e r a t o r s ,  r e c o g n i z i n g  t h a t

l x J  =  E  - | k , ,  R , l - .  i . i , .

. e .  t h a t  t h e  c r o s s  p r o d u c t  o f  t r o  C a r r e ! ; i a n ,  t ) o l a r ,  u n i t  v e c t o r s ,  I  a n d  J .  i n
. . u c l i d e a n  s p a c e ,  t o  g i v e  t h e  ä x i a l  u n i t  v e c t o r :  , t  i n  t h i s  s p a c e ,  i s  e q u i v a L e n t

ro  the  commuta t io r i  o f  thc  boos t  genera tors  i x  and ?v  in  space t ime ro  g ive  rha

' t a t r o n  g e n e r a r o r  r i ,  I f  t h e  c i r c ü ] a r  b a s i s  t h c  u n i t  p o l a r  v e c t o r s  o f  l ] q .
s , ) )  b e c o m e  t h p  b o o s r  g p n p r d r o r s .
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( x p l a j n  t h e  o r i g i n  o f  t h i s  o b s c u r i r y ,  b . c a u s .  j t  i l l u s t r a t e s  t h e  f u n d a m e n t a l
. t i f f i c u l t i € s  a s s o c i a t e d  w i t h  t h e  c o n c e p t  ( ) t  . ( . r ( )  I ) h o r o n  m a s s .

I n  a  C a r l e s i a n  b a s i s  t h e  g e n e r a l o r  o f  s p a . r (  r j m e  t r a n s l a t i o n  i s

|  0  0  0  i l  I 0  0  o  i  l

6 r L  = i i r r ,  r  o  o o 1  
e \ 1 . -  i 1 t , t  t l o o o  t ]

{2 a. o o o \/21 0 0 0 0 I
l  r - r o o l  L - i r o  o l

f i n a l l y  a t l o v i n g  t h e  e ] € c t r : i c  f i e l d s  t o  b c  c x p r e s s e d  i n  s p a c e  t i m e  a s
g e n e r a t o r s  i n  t h e  c i r c u l a r  b a s i s  n u l t i p l j e d  b y  a p p r o p r i a r e  p h a s e s  a n d
a n p l  j  r u d e s .

i i ' r = r . € 1 r ) e r o ,  i N \  E r - 6 3 t e  1 + t

l E l t t ,  E t , t )  =  t : j 1 e o t  .  6 c t 1 =  , o c . r 1 d ) . i 1 , r  =  i a o c E 6

( r 5 7 )

i n d  t h c r e f o r e  h a s  t h e  s a m .  d i ß e n s i o n s  a s  . r a p  ( s , . .  3 ) .  I n  r h .  p r c s . r c .  o f
(  l e . t r o m a g n e t i c  r a d l a t i o n ,  t h e r e f o r e ,  l , r  i s  p r o p o r l  i o n a l  t o  Ä r .  T h e  f i r s t
r ' a s - i m i f  i n v a r i a n t  o f  t h e  P o i n c a r ö  g r o u p ,  t h e  D r s s  i ! i v r r i r n L ,  - i s  d . I i n e d  a s

L n d  t h e  s e c o n d  C a s i n i r  i D v a r i a n t ,  t h e  s p i n  i n v  i r i l l  .  r s

r l . r e  , { F  i s  t h e  l , a u L - i  L u b a n s k y  p s e u d o  v e c r o r  L l 5  , t . 1 j r F d  t h r o u g h

( r  5 9 )

w,  -  
! ' , ' , " i " ,  t '

(  1 6 0 )

( r 6 l )

( r 5 3 )

( 1 5 4 )

( 1 s 5 )

( 1 s 8 )

We conc lude t l i s  par t  o f  Sec .  t  by  reco 'n iz iDB tha t  the  e lec t r i c  and
naEnet lc  conponenLs o f  the  e le . t raoagner i .  r r l l re  wave in  vacuo are  propor t iona l
- respec t ive ly  to  boos t  and ro ta t ian  epner . t l  o rs  in  l t i r j<orsk i  space- t ine .  The
naEnet ic  t ie lds  there fore  fa rn  a  L ie  a l t . ,b ra . , f  the  L .o ren tz  Broup.

5 .2 .  The Po incar6  c roup,  E lec t r i c  and üagnet ic  F ie lds  as  Pauf i  Lubansky  vec tors

lJe  have seen tha t  the  four  componenrs  o f  r i  and  Bs  are  presenr  in  rhe  we l l
k n o m  e L e c t r o m a g n e t i c  f i e l d  t e n s o r  r r v ,  I  h r o u t h  w h i c h  e L e c t r o D a g n e t i s m  i s
d e s c r i b e d  i n  g a u g e  t h e o r y  ( S e c .  3 ) ,  r h €  n o v e l  : r s p . c L  o f  o u r  t r e a t n e n r  i n  t h i s

c o n t e x t  b e i n g  t h e  d e m o n s t r a t i o n  t h a t  t h c  r i m .  I i k e  c o m p o n e n t  B { 0 )  i s  n o r  z e r o .
Th is  deve lopm€nt  suggests  tha t  s ince  , .u ,  i s  the  tour  cur l  o f  Ä , ,  and s ince  the
ind iv iduä l  conponents  o f  t t s  and aF are  re la ted  ro  j r td iv idua l  compon.nrs  o f  4 ,
there  n igh t  be  ä  re la t ion  be tween each o f  r , . ,  and  Rr  and I 'qv  Th is  sec t ion
dewelops  Lh is  ne thod w i th in  the  contex t  o f  the  i  hhonn) t i ( . r ro t l s  Lore  tz  g ro t lp ,  o r
P o l r c a r €  g r o u p  I r 5 ]  o f  s p e c i a l  r e l a ! i v i t y .  T h e  P o i n . a r a  t r o u p  i s  f o r m e d  f r o m  t h e
Lorentz  g roup by  ad jo in ing  the  gener :a to r  o t  t ra ' rsLar  ions  in  space r i rn€ ,  a
g e n e r a L o r  i n t r o d u c e d  b y  W i g n e r  [ 6 7 ]  i n  1 9 3 9 .

( r 56 )

Systems invar iänL under the Poincar6 group I r5 l  ar .  character lzed by mass and
spin,  vhich def ine the t \ , ro Casimir  inwar iants of  t l re group.  For f in i te nass,
spin is  chäräcter ized by a rotat ion group symmetry sU(2) in three,  physical ly
meaningful ,  space l ike dlmensions.  For zero rnass.  th is is  no longer possib le,
leading to obscur i ty  in the interpretat ion of  the hypother ical  ' .nassless" photon.
ßefor€ embarking on the nain theme of  th is sub-sect ion,  i t  is  instruct iv€ ro

{ h c r e  € p " e .  i  s  t h e  f r r l l y  a n t i s y n m e t r i c  u n i  r  r  (  , , i : ( i r  i r i  l  o u r  d i m e n s i o n s  ( v i d .
n f r a ) .  Q u a n t i t i e s  i n v a r i a n t  u n d e r  t h e  n o s t  8 ( , r (  r , , l  t \ | (  . f  L o r e n t z  t r a n s f o r m r

l i o n  a r e  t h e r e f o r e  c h a r a c t e r i z e d  b y  m a s s  a r r l  : . t , i r i .  i r x i  b y  t h e i r  r e s p € " r i v "
r r ) v a r i a n t s .  N o  o t h e r  k i n e n a t i c  q u a n t i t y  i s , r { ( ( 1 , ( 1  ( ) r l i i . r  r h a n  m a s s  a n d  s p r l

F o r  a  m a s s i v e  p a r t i c l e  i n  i t s  r e s t  l r r m , .  1 , , '  , . r i m p l e  t h e  m a s s i v e  p h o t o n .
rhc  energy-nomenturn  four  vec tor :  i s  de f in .d  bv

- a

' , . ,  t h a t  t h e  f i r s t  C a s l n i r  i n v a r i a n t  b v  ( t . 1  i , , i r  i , ,  D r . . o r r i o n a l  t o  n a s s .  T h c
r ' : , u l i  L l r b a n s k y  p s e u d o - v e c t o r  , r ' p  i n  t h c  r . s t  l r i m ( ,  i : i  o r r h o g o n a l  t o  p !  a n d  i s
l l ) . r e f o r e  s p a c e  l i k € .  T h e  s u b a r o u p  o l  r i , , .  1 , , ) i r i . r r c  g r o u p  t h a t  l c a v e s  p !

' ! , r i a n t .  r h p l  r r l F L r ^ . . U .  , '  / , r p ä d i r p n s  o n ä  . t F , .

L ' , d  i s  i d e n L i f i e d  t 1 5 l  a s  S I r ( 2 )  I h . r . 1 . r . .  l . o r . n t z  t r a n s f o r m a t i o n  o f  a n y
r , r r t i c L e  w i t h  r e s t  m a s s  r e q u i r e s  a  r e t i . s ( n r r r  j ( , n  o l  S U ( 2 )  i n  a l l  t h r e e  s p . c e
l i k e  d i n e n s i o n s .  S i n c e  , 4 e  i s  p r o p o r t i o D a l  l o  l h o  r o t a t i o n  g e n e r a t o r  t h r o u g h  { r ,
1 1 , .  s a m e  c o n c l u s i o n  m u s t  h o l d  f o r  , a p  I o r  I  m a : ; s i v e  p h o t o n ,  i . e .  f o r  A t s  w l r h . ,
, r o n - z e r o  t i n e - L i k e  c o n p o n e n t .  R e p r e s e n t a t  i  o n i J  o f  t h .  L o r e n r z  g r o u p  a r €  g i v e n  b y
r . p r e s e n t a t i o n s  o f  S U ( 2 ) ,  t h e  r o t a t i o n  g r o u p ,  I o r  a  t i n e , l i k e  f o u r , v e . r o r  s u c h
, s  t h a t  r € p r e s e n t i n g  t h e  m a s s i v €  p h o t o n  i n  i t s  r e s t  f r a m e .  T h i s  i s  l Ä c
r i l r r . J a a e n t a l  e x p l a n a t i a n  f a r  s p r n  r n  s p c c r r l  r c i ä r r v i r y .  H e n c e .  t h e  n a s s i v e
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photon  acqu i r .es  by  Lorentz  t rans format ion  the  fundamenta l  k lnemat ic  p roper ty

known as  sp in ,  and sp in  i s  an  in€v i tab te  consequence o f  the  nos t  genera l  t ype  o f

L o r e n t z  t r : a n s f o r m a t i o n .  W e  n o r e  r h a r  s f i n  d e f i n e d  i n  t h l s  1 ' a y ,  t h r o u g h

r p p r e s a n t d i  i o n s  ^ '  c U , 2  i <  i n e v j , a b l y  I  n r , F d  w i  L  m . s s .

I f  i t  i s  nov  asse. ted  tha t  nass  is  zero  in  the  res t  f rame.  the  fundamenta l

k i n e n a t i c  s t r u c l u r e  j u s t  d e s c r i b e d  i s  d e s t r o y e d  . o m p l e t e l y  [ 1 5 ] .  R e p r e s e n t a t i o n s

o f  t h e  S U ( 2 )  r o t a t i o n  g r o u p  i n  t h r e e  s p a c € ' L i k e  d i m e n s i o n s  c ä n  n o  l o n g € r  b e  u s e d .

T h e  L i e  a l a e b r a  o f  S U ( 2 )  i s  c o n t r a d i c l e d ,  a r ) d  t h e  1 i t t l e  g r o u p  i s  c h a n g e d  t o  t h e

p h y s i c a l l y  o b s c u r €  E ( 2 ) ,  i , / h i c h  i s  t h e  g r o L r p  o f  r o t a t i o n s  a n d  t r a n s l a t i o n s  i D  a

p l a n e ,  i  e  r n  o n L y  t s o  o u t  o f  t h e  t h r . e  s p a c e  l i k e  d i m e n s i o n s .  T h i s  l e a d s  t o

the  hab i tua l  conc lus ion ,  based on  z€ro  photor r  res t  mass ,  tha t  the  photon  has  on ly

two he l i c i t ies ,  and on ly  t r i ,o  ou t  o f  the  th ree  poss ib le  sp in  e ig€nva lues  fo r  a

b o s o n ,  i . e .  1  a n d  - 1 .  I f  t h e  p h o t o n  i s  c o n s i d e r e d  t o  h a v e  f i n i t e  r e s t  m a s s ,

however  sna l t  in  numer ica l  magn i tude,  th€  e igenva lues  o f  sp in  b€come 1 ,  0 ,  and
- 1 ,  a n d  t h e  l o n g i t u d i n a l  c o m p o n e n t  i s  r e s t o r e d .

I n  t h e  t h e o r y  o f  s p e c i a l  r : e l a t i v i t y ,  t h e r e f o r e ,  z € r o  p h o t o n

one space d imens ion ,  resu l t ing  in  phys ica l  obs .ur i t y .  Ev ident ly ,  exper imenta l

d a t a  a r e  a c q u i r e d  i n  t h r € e  s p a c e  l i k e  d i m e n s i o n s ,  n o t  t v o ,  a n d  z e r o  p h o t o n  n a s s

is  ther€ fore  fundanenta l l y  incon:ec t .  A  s in i la r  conc lus ion  is  a r r i ved  a t  fo r  th€

neut r ino ,  and i t  i s  no  longer  asser ted  in  the  l i te ra tu re  tha t  the  neut r ino  is

m a s s l e s s .  I n  s p e c i a L  r e l a t i v i t y ,  a  m a s s l e s s  n e u t r i n o  r € s u l t s  i n  t h e  L o s s  o f  a

s p a c e  d i n e n s i o n ,  i . e .  i s  a  c o n c e p t  \ . r h i c h  i s  S e o m e t r i c a L l y  i n c o r r e c t .

R e t u r n i n g  t o  t h e  t h e n e  o f  t h i s  s u b - s e c t i o n ,  i t  f o t l o w s  f r o m  t h i s  l i n e  o f

a r :gument  tha t  fundanenta ]  spec ia l  re la t i v i r  v  req l l i res  e l .ec t rodynamics .  bo th

c lass ica l  and quant lzed ,  to  be  mod i f ied  to  inc . rpora te  Iong i tud ina l  as  ve l l  as

t ransverse  po1är iza t ions  in  the  e lec t romat ie t i c  p lane wave in  vacuo.  I le  have

s e e n  i n  S e c .  4  t h a t  t h e  M a x w e l l  e q u ä t i o n s ,  w h i c h  a r e  c o n s i s t e n t  v i t h  s p e c i a l

r e l a t l v i t y ,  a n d  o r i g i n a l l y  l e d  t o  t h e  c o n c e l l s  u n d e r p i n n i n g  s p e c i a L  . e 1 ä E i v i t y ,

gu ide  us  towards  the  acceptance o f  phys ica l l v  mean ing fuL  long i tud ina l  po tar iza-

t i o n .  T h i s  i s  a l g e b r a i c a l l y  e v i d e n t  t h r o u g h  n o v e l  l ? 4 - : l 0 l  c y c l i c a l  r e l a t i o n s

s u c h  a s  ( 7 ) .  l n  o n e  s e n s e ,  t h e r e f o r e ,  t h e  M a x ' e l l  e q u a t i o n s  p o i n t  t o \ r a r d s  t h e

e x i s t e n c e  o f  f i n i t e  p h o t o n  n a s s .  a l t h o u g h  s u c h  a  c o n c c p t  i s  n o t  e x p l i c i r  i n  t h e

equat ions  themse lves .  F in i te  nb  is  foünd i r  rh .  l ' ro .ä  equat ion .  o f  l rh ich  the

d ' A l e m b e r t  e q u a t - i o n  i s  a  l i m i t i n g  f o r m ,  d e f i . n e d  b y  / r i - 0 .  T h c  n o v e l  l , i e  a l g e b r a

d e v e l o p e d  i n  S e c .  4 ,  a n d  e x e m p l i f i e d  i n  E q -  ( 7 ) ,  s h o { s  t h a t  i n  t h i s  l i m i r ,  t h e r e

r e n a i n  v e l l  d e f i n e d ,  p h y s i c a l l y  m e a n i n g f u l  ,  l o n g i t u d i n a L  f i e l d s  w h i c h  a r e

i n e x t r i c a b l y  r e l a t e d  t o  t h e  t r a n s v e r s e  f i e l d s  r r o r m a l l y  u s e d  i n  e L e c t r o d y n a m l c s .

A c c e p t i n g  t h i s ,  i t  b e c o n e s  i n n n e d i ä t e l y  n e c € s s a r t "  t o  e \ p l a i n  w h y  P l a n c k ' s

r a d i a t i o n  1 ä v  i s  u n a f f e c t e d  b y  l o n A i t u d i n a L  p o L a r i z a t i o n s .  a n d  t h i s  l e a d s ,  a s  I , r €

haw€ seen,  to  the  es tab l i s lnent  o f  Eru  and ,u  as  phys ica l l y  m€an ing fu l  four

v p c r o r s  o l  r l , ,  _ h  o r y  o t  s o c . i a l  r F l d - i v i l y

t t  i s  we l l  knoen tha t  under  Loren tz  l rans format ion ,  e lec t r i c  and nagnet ic

f ie lds  regarded as  th ree-vec tors  in  späce,  behave in  such a  way thar  the  e lec t r i c

f ie ld  acq i i i res  a  magnet ic  component  and v ice  versa .  Th is  resu l t  i s  based

essent ia lLy  on  the  s t ruc tu re  o f  the  four -cur l  o f  Ap.  the  tensor  r 'p ! .  For

e x a n p l e ,  t h e  s i n p l e  ( b o o s t )  L o r e n t z  t r a n s f o r m a t i o D  o f  a n  e l e c t r i c  f i e l d  f r o n

f r a n e  ( X ,  Y ,  Z ,  i c t )  t o  f r a n e  ( X / .  Y ,  Z / .  i c t / )  r e s u l t s  i n
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(162)

w h . r e  r .  i s  t h e  v e l o c i t y  i n  t h e  Z  a x i s  o f  t h e  p r i m . d  F r a n € ,  v i t h  r e s p € c t  t o  t h e
l i r s t  f r a m e -  r t e  o b t a i n  t h e  r e 1 1  k n o r ' n  r e s u l t  o f  c l a s s i c a l  e l e c t r o d y n a m i c s
p r o p o s e d  b y  E i n s t e i n  i n  1 9 0 5  i n  h i s  f i r : s t  p a p e r  o n  s p e c i a l  r e l a t i v r r y .  L l e  h a v e
,sser ted ,  ho l rever  ,  tha t  there  ex i  s t  t r : "  and 8"  ,  rnd  thcre fore  the  Lorentz
t rans format ion  in  vac t ro  o f  these nov€ l  four -vec tors  müst  no t  con t rad ic t  the  we l l
! , . : r i f i e d  e q u a t i o n s  ( 1 6 2 ) .  T h a t  t h e r e  i s  n o  c o n t r a d i c r i o n  i s  d e m o n s t r a t e d  t h r o u s h
' h e  j r t e L m e d i d ,  y  o f  l h e  r e l . r  r o r  s ,

cBv= Ex .  cB,  EY,

u h i c h  c o m e  l r o m  t h e  M a x v e l l  e q u a t i o n s  i n  v a c u o .  f r . ß  ( l 6 l )  i r )  ( 1 6 2 )

E ' " - 1 e , ,  E ! = l E y .  E / z = 8 , ,  .  , t '  
: + ,

{ :1j.

r , -  
E x  v E ,  

,  
F ,  

" F , , ,  E )  |  .

[ .  : j ) '  ( '  :1) '

( 1 6 3 )

(  16/ '  )

t r i t h  a  s i m i l a r  r e s u l t  f o r  t h c  m a g n e t i c  f i e l d s  l . ; , l r , r l  i o n  ( 1 6 4 )  i s  t h .  r . s u l l  o f

,  L o r e n t z  b o o s t  t r a n s f o r m a t i o n  a p p l i e d  t o  t h .  : : p r . (  l i k o  . o m p o n e n t s  o f  4  i n  a
L l n r t e s i a n  b a s i s  i n  v a c u o .  O u r  t h e o r y  g o e s  L , r l l , , , f  r h : , n  l h j s ,  h o r e v e r ,  b e . : r 1 r s . ,

r  c o n s i d € r s  t h e  a r n p l l t u d €  f . r 0 )  t o  b e  t h e  t i m .  l i k .  . ( ) m t o n € n t  o f  ! ) r .  T h c  b o o s t
l . o r e n t z  t r a n s f o r n a t i o n s  o f  t r  a n d  a e  a ) : e  t i r . r , . l ( ) r .  { , r l ) r e s s i b l e  a s ,

( 1 6 5 )

( 1 6 6 )

, !  l o r  a n y  l e g - i t i m a t e  f o u r - v e c t o r .  T h e r e l o r e  t h .  l . o r e n t z  t r a n s f o r m a t i o n  o f  t h .
,  L e c t r i c  a n d  m a g n e t i c  p a r t s  o f  L h e  € l e c t r o m r A u c t i c  p l a n e  v a v e  i n  v a c u o  c l n  l ) .
,  x p r € s s e d  c o n s i s t e n t l y  e i t h e r  a s  e q u a t i o n  o 1  t h c  t y p c  ( 1 6 2 ) ,  v h e r e  t h e  C a r t c s i a n
' ( ) f l p o n e n t s  l n  t h e  p r i n e d  f r a m e  o f  t h e  e l e . t r i .  f i e l d  b e c o m e  m i x t u r e s  o f  e L e c t r i .
L n d  n a g n e t i c  f i e l d s  i n  t h e  o r i g i n a l  ( o b s e r v e r )  f r a m e i  o r  i n  t h e  f o r m  ( 1 6 4 ) ,  v h i c h
i i  en t i re ly  equ iva len t  bu t  expressed in  te .ns  o f  e l€ . t r i c  conponents  on ly  Th€

n r ,  b F r v e e n  r h p s e  i u o  r a p r e s e n t d r r o n s .  E q .  l 6 l \ .  r s  d  d i r F . t  c o n s a q u e n . e  o l  r h e
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l " laxwe lL  equat ions  Ln  vacuo expressed in  th - .  f rame o f  the  exper iDenrä ]  observer
( the  unpr imed f rame o f  re fe rence) .  In  th is  deveLopment  rüe  hawe res t r i c ted

c o n s i d e r a t i o n .  a s  e l s e w h e r e  : i n  t h i s  a r t i c l . ,  t o  t h e  v a c u u r n  s t a t e ,  v h e n  n a t e r i a l

i s  p r e s e n ! ,  h o w e v c , r .  r h e r e  i s  s t i L l  n o  c o n t r a d i c t i o n  b e r w e e n  s p e c i a L  r e L a r i v i t y  u h i c h  h a s  t h e  p r o p e r t y

a n d  t h e  r e p r e s e n t a t i o n  o f  e l e c t r i c  a n d  m a g n . : t i c  c o r p o n e n t s  o f  l i g h t  a s  f o u r -

vec tors .  Care  must  be  taken,  however ,  to  use  l . laxwe l l ian  (o r  o th€r )  l ink inA

e q u a t i o n s  s t r c h  a s  ( 1 6 3 )  c o n s i s t e n r l y :  a )  i n  t h e  s a m e  f r a m e  o f  r e f e r e n c e  f o r

m a g n € t i c  a n d  e L e c t r i c  c o n p o n e n t s ;  b )  i n  t h e  s a n e  b a s i s ,  e - 9 .  C a r t e s i a n  o r

A vork i  ng  re la t ion  be tveen Ep,  a ts  and Ap must  be  es tab l i shed now in  te tns

o f  t h €  f o u r - c u r l  o f  I .
l h e r e  m ü s t  b .  a  r . l . r  i o .  b e t w e e n  E ! _  a t s  a n d  r ; , .  l t  i s  a l s o  a p p a r € n t  f r : o m

the fo rego ing  tha t  Pr  i s  d imens iona] ly  tho  same as  eÄr t  and tha t  the  .?p"  mät r ix

has  th€  sane anr isymnet r ic  s t ruc tu re  as  1" ,  the  four -cur l  o {  ,4p .  From these

observa t lons ,  there  is  ev ident ly  a  Pau l i  l -ubansky  vec tor  i rh ich  can be  de f ined by

a n a l o g y  w i t h  t h a t  o f  , { p  i n  E q .  ( 1 6 0 ) ,  b u 1  . n e  r h i . h  j s  m a d e  u p  o f  a  p r o d u c t  o f

, ' F  w i t h  a  t r a n s l a t i o n  g e n e r a t o r  i n  s p a . e  t i D e ,

' l h i s  g e n e r a t o r  c a n  b e  c o n s i d e r e d  a s  a  d e l t a  f u n c t j o n  i n  r h c  l i g h r  l i k e  c o n d i t i o n

. o r r e s p o n d i n g  t o  a  r n ä s s L e s s  p a r r : i c L e  m o v i n g  a t  . - ,  . o r s i d . , r e d  a s  t h e  s p e e d  o f

l 8 h E .  i .  t h e  Z  s t a . e  l l k e  d i m e n s i o n .  T h i s  . o r . ( p r  i s  c o n s j s t e n t  v i t h  t h e

L  l a s s i c a l  M a x v e l l i a n  l i m i t  m o - 0 .  b u t  i s  o f  c o u r s .  r n . o l s i s t { : i , t  r i t h  r i g o r o u s l y

, , o n ' z e r o  p h o t o n  m a s s .  I n  r h e  p r e s e n c e  o f  e L e ( : l r o r ; L 1 l ( l i : ; m ,  l h e  u n i t  g e n e r a t o r

6 r  b e c o n r e s  a s s o c i a t e d  r , r i t h  a  u n i t  f o u r  v e c t o r  . o r r . s f o n ( l i D 8  t o  l h e  q u a n t i t y  e , 4 p .

l s i n g  ( 1 6 / ) ,  w e  a r e  L e d  t o  t h e  f o l l o v i n g  d e f i n i l  i o r s ,

ö r  . - -  { o

6 F  6 F  =  0

e"r*  = 
r l  

e""o" r"o ö" ,

. a c B ,  =  
; e $ r " F , r t " .

r [ . re the electr ic  and magneLic foür vectors r , r  i i rn i  / ] r  Are def incd by

t - r = t L '  , t  , E t ' , - , E o t ,  \ . t ! '  t '  , 1 , "  i B ' a  t , ( t  t 2 t

( 1 / l )

(  1 7 1 )  a r e  l a b e L  l e dL n d  s o  o n .  T h e  e L e m e n t s  o f  a t '  i n  t h e  d e i i r i l j o r s  ( l / 0 )  a n d
,  x p ]  i c i t l y  a s

t7l

( 1 6 8 )

( 1 6 e )

w", -  
)e, ,n, .  

r "oc"

( l  / o )

( l 7 r )

( r t4 )

can be  ver i f  ied

( r 5 7 )

T h e  c o n c e p r  o l  s p a c e  r i m c  t r a n s L a t i o n  i s  m j s s i n t  f r o m  t h c  l , l a x w € 1 1  e q u a t i o n s ,

\ r h i c h  a r e  r € l a t i o n s  b e t w € e n  s p a c e  l i k e  e l e { : l  r i . :  a n d  m a g n e t i c  f i e l d s  c o n v e n t i o n a L

1 y  i d e n t i f i e d  v i t h  t h e  o f f - d i a 8 o n a l  e l e m e n l s  o t  t h e  f o u r  c u r l  o f  Ä p  T h e  l a t t e r

h a s  f o u r  c o n p o n c n t  s  i n  s p a c e - r i m e ,  h o w e v e r  l h c  f o u r  c u r L  o f  e t s ,  t h e  m a t r r x  F r v ,

has  compone l r ts  \ , . ,h ich  can be  expressed as  boos t  a r t r1  ro ta t ion  genera tors  o f  Lhe

L o r e n t z  g r o u p ,  b u t  t h e r e  i s  n o  d i r € . t  r e f e r e n c e  v i t h i n  f ! "  t o  s p a c e - t i m e

l r a n s l a t i o n .  T h e  M a x w e L l  e q u a t i o n s  ( 1 3 9 )  l h . r f J o r i  d o  n o t  e x p l i c i t L y  r c f c r  t o

the  space t ime t rans la t ion  genera lo r  Pp.  l love ! . r ,  we have seen tha t  eÄ!

c o n t r i b u t . s  t o  t h e  t r : a n s l a t i o n  g € n e r a t o r  r n  r l L .  p r e s € f c ' ,  o f . l c c r r . m a g n e t i s n ,  s o

t h ä t  t h e  d / A l e n r b e r t  e q u a t i o n  e f f e c t i v e l y  c o n s i ( l . r s  a  q u a n t i t y .  Ä , .  w i r h  L h e  s a n e

d i m e n s i o n s  a s  p r l e ,  a n d  a l l o w s  f o r  t h e  f a . l  t l ) a l  l h c  o r i g i n  o f  a  f i , m e  o f

re fe rence in  späce t ime nay  t ransLate .  The g .ncra tor  r ' , ,  a : r  we have

i n t r o d u . e d  b v  I ' J i g n e r :  i n  1 9 3 9  [ 6 / ]  a n d  c o u l d  n o r  t h . r - . 1 o r c  h a v c  b e e n  c o n s i d € r e d

b y  E i n s t c i n  1 n  h i s  1 9 0 5  d . m o n s t r a t i o n  o f  t h c  c o v a r i a r . c  o {  l l : t r w e 1 1 ' s  e q u a t i o n s .

T h i s  m e a n s  t h a t  t h e  d e s . r i p t j o n  o f  e l e c t r i .  a n d  m a t t r e t i c  c o m p o n e n t s  o f  t h €

e l€c t ronagnet ic  p lane wav€ in  vacuo in  te rns  o f  tho  spacc  L ike  E and I  vec tors

i s  n o t  f u l l y  c o n s i s t e n t  o i t h  t h e  s t r u c r u r e  o l  l h .  t ' ( ) j , r ( : 1 1 6  g r o u p ,  a L s o  k n o w n  a s

th€  inhoüoSeneous Lorentz  g roup.

A  f u l l )  c o n s i s r e n t  d e s c r i p t i o n  r e q u i r e s  t h a t  l h c  f o u r - v e c t o r : s  s u  a n d  a !

b e  e x p r e s s e . l  e x p l j c j t l y  i n  t e r m s  o f  t h e  t r a n s l a i  i o d  S e n e r a t o r  P " ,  v h i c h  a d j o i n s

t h e  L o r € n t z  g r o u p  t o  f o r m  t h e  P o i n c a r €  g r o u p  [ 1 5 ] .  T h .  f o l l o w i n g  a p p e a r s  t o  b €

a  s a t i s f a c r o r y  m e t h o d  o f  a c h i e v i n g  t h i s  a i m .  l o l L o w i n g  a  r e c e n t  p a p e r  b y  t h e

p r € s e n t  a u t h o r  [ 6 8 ] ,  t h e  n o t a t i o n  i s  s l i g h r l y  d i f f e r . n L  f r o n  t h e  f o r e g o i n g ,  a n d

t h e  d i f f e r e n c e s  a r e  h i g h L i e h t e d .

l , l e  f i r s t  d e f i n e  t h e  u n i r  r r a n s J a t i o i  r e n e r a t o r .

I t r  r h e s e  e q u a t i o n s ,  r e c a l l  t h a t  i f  € 0 , , r = 1 ,  i l s  o l I l r  n o n  z e r o  e l e n r e n t s  ä r !  + l

i r  - 1 ,  a c c o r d i n g  a s  t o  a h e t h e r :  € o , , 3  c a n  b e  g e r r , r n t ( ( l  b y  a .  c v e n  o r  o d d  n u m b e r  o I
. i L r b s c r i p t  p a i r  p e r m u t a t i o n s .  T h u s ,  f o r  e x a n p l r ' .

F r / \ ,  p = 4 , 7 , 2 ,  t 1  -

t t  t : r  t l  t 0
2 7  2 2  2 1  2 0
I  :12 : l : l  :10
0 r  0 2  0 - l  o 0

; i t h  t h e s e  d e f i n i t i o n s ,  a n d  u s l n g  t h e  l i n k i n g  e q u a t i o n s  ( 1 6 3 ) ,  i t
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w i t h  t e n s o r  a l g e b r a  [ 6 8 ]  t h a t  t h e  r € L a t i o n s  ( r 7 0 )  a n d  ( r 7 l )  d o  i n d e e d  g i v e
e l e c t r i c  a n d  n a g n e t i c  i o u r  v e c t o r s ;  E q . ( 1 7 2 ) ,  w i t h  t h e  r e q u i r e d  p r o p e r t i e s

( 17s )

Some Consequences of Fhite Photon Mass in .-.

( 1 7 5 b ) .  F o r  e x a m p t e ,

t73

( 1 8 0 )

(  1 8 r  )

for  the longi tudinal  conponents.  The t ransverse conponents are the usual
t ransverse solut ions (85) and (86) of  th( i  r .1axrel1 equat ions in vacuo. Albel t
v i th a s l ight  change of  notat ion,  i t  has been shovn that  Eir  and Eu are indeed
s i n p l y  r e l a t e d  t o  t h e  w e l l  k n o ! ' n  f o u r - c l r f  / . r , .  o f  r F .  a s  e K p e c t e d .  o n c e  m o r e ,
th is re in lorces the interpretat ion of  t ,  and B,  as physical ly  meaningful  four
v e c t o r s  i n  M i n k o v s k i  s p a c e - t i n e .

Equat ion (171) covar iant ly  def incs B,  as a Paul l  Lubansky pseudo vector ,
ä n d  E q .  ( 1 7 0 )  d e f i n e s  s r  a s  ä  P a u l i  L u b a o s k y  v e c t o r .  E q u a t i o n  ( 1 7 1 )  i s  d u a l
w i t h  E q .  ( 1 7 0 ) ,  b e c a u s e  u n d e r  t h e  r e ] 1  k n o m  d u a l  t r a n s f o r m a t i o n  { 1 5 1  o f  s p e c i a l

( 1 7 6 )

E r E r =  E \ 1 ) 2  +  F l 2 l 2  +  E t t ) 2  -  F \ n l 2

=  E { 0 ) , ( 6  ( 1 r  . 6 1 l , e , i r + 6 ( , ) . e { , , e  ! / ö , ä , r ) . 6 c )  1 )
( 1 / e )

-  - (  l l -  i J )  l r -  i ! )  e ) , o  +  |  ! .  i  J ) .  ( 1  +  i  J )  e  1 t a )

=  o .

T h i s  i s  t h e  r e s u l t  q u o t e d  a t  t h e  b e g i n n i n g  o f  t h i s  ( l ( . v , . l o p m e D t  a s  E q .  ( 1 4 2 ) ,  a
. e s u l t  w h i c h  s h o w s  l h a t  a e  a n d  a t s  a r : €  i n  a  l i g h r  l i k (  . o , i ( t i t  i ( , n .  [ q u a t l o n  ( ] / 9 )
m u s t  n o t  b e  m i s c o n s t r u e d  t o  n e a n  r h a t  r h e  i a r ( . r ) s i l v  o I  l i t h t  i s  z c r o .  I n
E u c l i d e ä n  s p a c e ,  t h e  c u s t o m a r y  r e p r : e s € n t a r  i o l  o l  l i t  (  I  / t l )  i s  ! . a -  o  i n  r h e
c i r c u l a r  b a s i s  v h o s e  L i e  a l g e b r a  i s  E q .  ( 1 0 4 )  r . r r l  w t r i c h  j s  ! s t < l  r o  d c f i n e  a
t h r ö u g h  E q .  ( 8 6 a )  a n d  ( 8 6 b ) .  T h e  o b s e r v a b l i . .  I  i m ( ,  a v . r - a g e d  . t . . t r o m a 8 . e t i c
. n e r g y  d e n s i r y  d e f i n e s  t l i e  s c a l a r  i n t e n s i t y  o t  t i | h l  j n  w a t r s  n  r ,

t ( r  =  a ( o ) i ,  a { r )  ,  a ( o r t ,

F  - i

B p 6 r  =  0 ,  ! ' p 6 p  =  0 .

E r E r  =  Q ,  B r B v = A ,  6 r ö r - 0 ,

r h e  i ,  P ,  a n d  i  s y m e t r i e s  o f  a p  a n d  %  a s  d e f i n e d  i n  E q s .  ( 1 7 0 )  a n d  ( 1 7 1 )  a r e

c o n s i s t e n t  v i t h  t h o s e  o f  , . " e  a n d  ö , ,  b e a r i n S  i n  n i n d  t h a t  t h e  l a t t e r  i s  a  u n i t

space t ine  t rans la t ion  genera tor .  l l e  denote  Br  a  pseudo-vec tor  be .a1 lse  i t s

s p a c € - t i k e  c o n p o n e n t s  f o r n  a  s p a c e  l i k e  p s . u d o  v c . ) r o r ,  a n d  s i n i L a r l y ,  t h e  s p a c e -

l i ke  components  o f  E .p  fo rn  a  v€c tor .  Both  l t r  and ap  are  or thogonaL to  6p  in

( r t t  )

r ,  e ^ . E i  =  j . , - , ; ' ;

l l e r e  ' ' ;  i s  t h e  c o m p l e x  c o n i u g a t €  o f  r p  i n  v r . , r , ,  l o  t t  c o n s i s t e n t ,

\ = G n ) ,  E ( , )  ,  ! ( . ) ,  _ ; r 1 o ) ) ,

4e;  -  
\ l l  1 t t  -  i1 t  .  t t .  i l *  ( r . i J )  t i  i J ) J  2 . E ( o t 2 .  ( 1 8 2 )

Since ! 'p  and ts r  a re  de f ined covar ian t ly ,  rhc  t im.  I  i kc  componcnts  E ts  and Br  a re
b o t h  e x p l i c i t l y  a n d  i m p l i c i t l y  s t a t e d  t o  b e  p h y s i . a l l y  ! x , a . i n g l ü l  i n  s p a c e - t i n e .

The prodr rc ts  r r rÄ !  and arB!  a re  sp in  Cas imi r  invar ian ts  o f  the  Po incar6  group,

w h i l e  ö P ö r  i s  a  0 r a s s  C a s i m i r  i n v a r i a n t .  B { : c a u s .  6 !  h a s  b e e n  d e f i n e d  i n  t h e

L i g h t  l i k c  c o r n l i t i o n ,  c o r r e s p o n d i n g  t o  t h e  M a x w c l l i a n  f i c l d ,  i t  f o L l o w s  t h a t

( 1 7 8 )

' l h i s  
r e s u l t  s h o r . r s  t h a t  ! ' F r i  i s  c o v a r i ä n r t v < t ( : j ( . r i l l . ( l  t ) . . a u s e  i r  i s  a . o n s l a n t  i n

I l i n k o v , / s k i  s p a c e  t i n e .  T h e  b € ä m  i n t e n s i t y  i : r  i  s . , r l r r  ( l , r a n t i r y  w h i c h  d o e s  n o t
. h a n g e  v i t h  f r a n e  o f  r e f e r e n c e ,  i . . .  i s  i , , ! : , r  i i d r r  r o  f r a D e  ( o r  L o r . n r z )

l r a n s f o r m ä t i o n .  N o i e  t h a t  a l r h o u g h  ! . r p '  i s  ( 1 ,  l j r r . ( i  i r j  E . l .  ( l 8 L )  a s  t h e . o m t ) t c x
. o n j u g a t e  o f  t r ,  t h e  s i g n  o f  t h e  t i n .  l i k r  . o i r t x ) I . I l  .  ; s 1 D r  ,  d o e s  n o t  c h a n 8 . .

b e c a u s e  t h €  o p e r a t i o n  ! i ,  -  e ;  t a k e s  p t : , ( : , ,  i L I  f i x . d  t r a m e  o f  r e f e r € n c €  ( X ,  y ,

l ,  i c t )  i n  l , l i n k o v s k i  s p a c e - t i m e .  F i n a t l y ,  i t  t a ( r )  i s  a s s u m e d

i n v a r i a n t  u n d e r .  , p - E ; .  T h u s  i ! { 3 )  - n d  / r - ( 0 r  d o  l o r  c o n r r i b u t e  r o  r o ,  a n d  t h i s
i s  c o n s i s t e n t  r i t h  t h e  P l a n c k  r a d i a t i o n  l a a

W e  h a v e  s e e n  i n  S e c .  4  t h a t  ä  v c l l  d € f i n e d  L i e  a l e e b r a  l e a d s  r o  r h .
i n e s c a p a b l e  c o n c l u s i o n  t h a r  r h e r e  e x i s t  p h y s j c : r l t y  m e a n i n g f u l  l o n g i r u d i n a t  f j e t . l

i . e .  t h e  q u a n t i z e d  N a x v e l l i a n  f i € l d  p r o d u . e s  m a s s l e s s  p h o t o n s  v i t h  h e l i c i t y  + l

and -1 .  These sLarements  a re  o f  course  nod i f i cd  fundanenta l l v  in  the  Proca

f ie1d.  Fron  Eqs.  (1 i ' , ' )  and  (178)  t "  and B"  a re  bo lh  o r thogona l  and propor t iona l

t o  6 ,  i n  s p a c e - l i n e .  T h e  p r o p o r t i o n a l i t y  c o n s t a n t  i n  t h e  n a s s l e s s  l i m i t  i s  t h e

h e t  i c i t v .
B y  w a y  o f  i l l u s t r a r i o n .  i t  m a y  b €  w e r i f i e d  e x p l i c i t l y  t h a t  t h e  c o n d i t i o n s

(178a)  and ( r78b)  a re  sar is f ied  by  the  c i rcu la r ly  po la r ized  t ransverse  components

o f  E q .  ( 8 6 )  i n  c o m b i n a t i o n  \ r i t h  t h e  l o n g i t u d i n a l  c o m p o n e n t s  o f  E q s .  ( 1 7 5 a )  a n d
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so lu t ions  o f  MaxweL l ' s  e . tua t ions  in  wacuo.  In  th is  sec t ion  ve  häve prov ided

s u p p o r t  l o r  t h .  . x i s t e n . e  o f  r h e  n o v e l  f o u r  v e c t o r s  s r  a n d  B p ,  w h o s e  p r o p e r t i e s

h a v e  b e e .  b r i e f l y  o u t l i n e d .  T h i s  f o u r - v e c t o r  r e p r e s e n t a t l o n  h a s  t h e  i n p o r t a n t
proper t ies  o f  be ing  cons is ten t  \ . r lLh  the  PLanck  rad ia t ion  la r ,  r i th  rhe  Lorentz
t r a n s f o r m a t i o n  o f  s p e c i a l  r € l a t i v i t y ,  w i t h  t h e  l . l a x w e l 1  e q u a t i o n s .  a n d  w i t h  t h e

four  c t l r l  o f  e |  the  w€ l t  knom e lec t romagnet ic  f ie ld  tensor  F ! ,  E lec t r i c  and
nagnet ic  f ie ld  components  o f  the  e lec t romagnet ic  p lane wave ln  vacuo have been
e x p r e s s e d  i n  t e r n s  o f  b o o s t  a n d  r o t a t i o n  g e n e r a t o r s ,  r e s p e c t i v e l y ,  o f  s p a c e - t i m e .
A fu l l y  covar ian t  des . r ip t ion  o f  E ts  and , ts  has  b .en  proposed $ i th in  rhe  Po in .a r6
g r o u p .

6. Quntization: lte Four-vector lI as conjügate llooentum rr

I t  i s  shomr  in  th is  sec t ion  tha t  the  rove l  fo r l r  vecror  , ' r  can  be  ident i f ied

\ r i th  the  \ , /e11 knotn  con jugate  mon€ntum ap [ l5 l  o f  the  eLec t ronagnet i .  f ie ld  in

Some Consequences of Finite Photon Mass in ... 175

( r 8 7 )

i  ' r r  =  ( n r ,  j r l o , ) ,

t €  h a v e  [ 1 5  ]

aJr f  äAu d\  \  . .4 . }J

- l  än" I  {  dx,  Jx,  J e" '  ' t  ^ ts ( lqo)

"( at; l

N h e r €  g N  i s  r h . '  M i n k o w s k i  m e t r i c  t ( , u : , ( ) r ,  u l , i , l )  v r r r i s h c s  I o r  g  r  ! .  l i i r

$  =  !  =  O ,  t h e n  9 o o  -  1 ,  a n d

m a k i n g  i t  d i f f i c u l t  t o  q u a n t i z e  t h e  e l e c t r o m a l l r . l  j c  f i c l d .  T h e  r e a s o n  f o r  t h i s

d i f f i c u l t y  i s  t h a t  Ä ( 0 )  c o n m u l e s  r r i t h  i t s  c . , n j r 1 l i , , l ( . r n o n r . n t u m  c o n p o n e n t  r ( ' )  i f  t h e

L a t t e r  v a n i s h e s .  T h u s  Ä t o )  b e c o n e s  a  c  n u m l ) r r  l l l  a n d  l o s € s  m e a n i n g  a s  a n
- ! ' "  i c  p .  i  , l a r r  ' ,  d  L o s s  o t  m J r , r l , s l  , . . r i . r r €  i n

proper ly  a  phys ica l l y  mean ing fu l  four  ve . to r ,  1 ) ,  {  ius .  i t  i s  the  con jugate

. a n o n i c a l  m o m e n t u  o f  Ä p .  T h e  n o v e l  L a A r a n t i a r  ( 1 8 / ' )  r . : ; r o r c s  n e a n i n g  t o  t p ,

( r 8 8 )

/ a !  \
' l  

d*- l

," j.,,"-" ffsu,,4 a -'!

0 _

I t  r e p l a c e s  t h e  h a b i t u a L  t 1 5 l  F e y n n a n  g a u g e  f i x i n g  i e r r  ,  i . € -
t h e o r y  o f  e l e c t r o m a g n e t i c  f i e l d  q u a n t i z a t i o n  i n  t h e  L o r e n L z
key advantage of  producing the sel f  consis lent  r :esu1t ,

-  q ^  
' :  

. a t ' o  .

v h i c h  i s  E q .  ( r 2 9 b ) .  T h i s  i s  d e n o n s t r a t e d  1 a t e r ,
the conwent ional  theory,  descr ibed for  exampl e by

( r83)

(  r 84 )

( r8s )

j { 44 laxeF ,  i n  t he
gauge, and has the

, , r d  i s  f u l 1 y  c o v a r i a n t  a n d  f u l l y  c o n s i s t c n r  w i l  l ,  I  l , (  l  I !  o r y  o I  s p e c i a l

r € l a t i v i t y .

l r  i s  i m p o r t a n t  t o  n o t e  t h a t  E q .  ( 1 8 7 )  i l r r  r ( ( 1 , , , , . , ;  ( l i l l i . 1 ' l l y  i n t o  r h e

q u a n t i z a t i o n  o f  t h e  c l s s s i c a l  ] l ä x l v e t l i a n  f j e l d ,  , v { r  w i r l r  r l r (  1 , : , ,  , ) l  l l r !  L o r e n t z

g a u g € .  W e  a b a n d o n  t h e  C o u l o m b  g a u g e  b e c a u s e  o 1  r h ,  r { ) ! '  I  l . i { ' r l l t ( l ) r .  o l  S . c .  4 .

I t  i s  d e n o n s t r a t e d  a t  t h i s  s t a g e  t h a r  I n l  ( l i l 4 )  i s . o n s i s r , ! r r  u i l l l  t h e

d ' A l e m b € r t  e q u a t i o n ,  a  d e n o n s t r a t i o n  t h a t  u s . , : i  l h (  l l l r l ( ' r  l - a l t r r r r t i ,  ( , l r , , t  i ( ) r i  o f

(  l n 9 )

i s  a  nov€ l  Lagrang ian  w i th  an  appropr ia te  F€ynman gaugc f i x ing  tc rm l r5 l .  Th is

is  the  second te rm on the  r lgh t  hand s ide  o f  Eq.  (184)  and has  the  requ i red
d i m e n s i o n s ,  s y m n e t r y  a n d  s c a l a r  c h a r a c t e r .  T h i s  t e r m  i s  a l s o  c o v a r i a n t ,  a n d

invar iän t  to  g :uge t rans forBat ion  o f  the  second k ind  (Sec .  3 )  because o f  the

L o r e n t z  c o n d i  t  i  o n .

ax.

" l  a" ' " )  l
:t: , .,^l

w l r i c h  i s  E q  .  (  1 8 6  ) T h e  s p a c e  l i k e  p a r t  o i  r p  i s

'  (  l 9 r  )

g i ven  f r om Eq .  ( 190 )  by(  r 86 )

and renoves  a  shor tcoming o f

R y d e r  l 1 5 l  ,  a n d  w h i c h  r e s u l t s
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( r93)
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[ \  &, t)  ,  n, (.r / .  .)  ]  -  is,"6, \x - *r) ,

t 't7

( 1 e 6 )

. . i r r : .  
r ) ,  i , t ' - t ,  L ) l  e " ' t  r  x ' t ( 1 9 7 )

I t  i s  a l s o  c l e a r  t h a t

l 4 t x ,  t ) , 4 - 1 , r ,  r )  l = 1 6 l ( . r ,  . ,  i : , \ ' t .  t )  o .

( r 9 2 )

T h e r e  i s  t h e r € f o r e  a  s i n p l e  p r o p o r t l o n a l i t y  b e t v e e n  L h e  n a n i f e s t t y  c o v a r i a n t
four . -vec tors  r r  and a !  ,  p rov ing  tha t  the  I  a l  te r  i s  in te rpre tab le  as  rhe
c o n j u g a t e  c a n o n i c a l  m o m e n t u n  o f  , A p .  T h i s  r e s u l t  h a s  b c e n  a r r i v e d  a t  r h r o u g h  a n
appropr ia te  cho ice  o f  gauge f i x ing  te rm in  rhc  l -agrana ian  o f  the  Eu l . r  Lagrange
e q u a t i o n  o f  m o t i o n .  T h i s  c h o i c e  e f f e c r i v e l y  a d d s  z c r o  t o  t h e  o r i g i n a l  L a g r a n g i a n
becaus.  v te  a re  pork ing  v i th in  the  Lorenrz  gauge,  and us inA rhe  Lorentz  cond i t ion
( 1 8 5 ) .  T h i s  l i n k  b e t v e e n  4  a n d  Ä e  l s  a  d i r e c t  r e s u l t  o f  t b e  f u o d ä m e n t a l  t i u t e r -
Lagrange equat ion  ( r89)  g iv€n  th is  gaute  f i x ing  Lerm,  and is  another  way o f
showing tha t  sF  ls  a  phys icaL ly  mean i  g lu l  four -vec tor  i f  a ,  i s  such a  vecror .
T h i s  i m p l i e s  t h a t  t h e  s ( : ä 1 a r  p o t e n t i a l  O ,  d e f i n e d  b y

o ,  F t o ,  s o  9 ! o - 0 ,  a n d

.  ' rg" e!,ur aA-  
" '  - t  a i .  ,  

- a , ,  
J x  

t r  ' aF

147;J

n  r , r  =  i $

i n  t h e  u s u a l  v a y ,  b u t  n o v  r ,  i s  f d l l I  c o v a r i a D t ,  h a v i n g  b e e n  i d e n t i f i e d  t h r o u g h
I l q .  ( 1 8 3 )  v i t h  E ' ! .  T h e  b a s i c  f i e l d  c o m u t a t o r  i s  r h . r . f o r e  r h e  f u l l y  c o w a r i a n t

( r 9 8 )

s " . h  a s  E q .

c a n n o t  b e  s e t  t o  z e r o ,  a s  i s  t h e  c u s t o m a r v  t f o . e d u r c  l 1 5 l  T h e  u s u a l  F e y n m a n

g a u g e  f i x i n g  t e r n  , t  l 0 A r /  A x r f  i s  c h o s e n  s o  t h a r  r r , r = 0 ,  b u t  i f  ! ' ( 0 )  i s  n o n - z e r o ,

then nrur  i s  non-zero  As  ve  häwe seen,  th .  us .  o f  the  fo11r  vec tors  E ts  and ap
s a r i s f i € s  t h e  P l a n c k  r a d i a t i o n  l a v  g i v e n  t h .  n o v e l  t , j c  a L t € b r a  o f  S e c .  4 .

T h e  d ' A l e m b e r t  e q u a t i o n  i s  r e c o v e r e d  l r o m  E q s .  ( l i l 9 )  a r d  ( 1 9 0 )  b y  t l s i n g

= *(3* 3*i) ,x.("."3i1:;) ., ( 194 )

d  / a '  \
;e[ät j  ="^"  '  ( res)

a n d  s o  t h e  I - A g f r n g i a n  ( 1 8 4 )  i s  c o n s i s t e n r  v i t h  r h !  d , ^ l . m b e r t  . q u a r l o n  r n  v a c u o .
The ex is tence o f  Er  (and Bs)  there fore  docs  nor  .on t rad ic r  th is  fundamentaL

Quant iza t ion  o f  th€  Maxve l l ian  f ie ld  in  rhe  Lorentz  garge becomes a  se l f -
c o n s i s t e n t  p r o c e d u r e  v i t h  E q s .  ( 1 8 8 ) ,  ( 1 9 1  )  a n d  ( r 9 2 ) .  T h €  , ' p o s i t i o n - n o m e n t u r n . '

e q u a l  t i n e  c o n m u t a t o r  i s  w r i t t e n  a s  [ 1 5 ]

a (  d J ,
a".lr4,)

\ \  a 4 /

' l h i s  c o n m u t a t o r  m u s t  b e  c a r e f u l l y  d i s t i n g u i s h e ( l  I r . ( n r  : r  . o r n r D L r l r l o r
(  1 5 5 ) ,  w h i c h  c o m n u t e s  6 ( ' ) ,  d € f i n e d  a s  a  b o o s l  8 . n ( . r ' , r l  o r  ,  u i r  l r  N , ' r  ,
. o n j u g a t c  o f  t h i s  b o o s t  g e n e r a t o r .  I n  E q .  ( l e l l ) ,  4  , . l , t  r S ,  i r .

T h e r e  i s  a  c r i t i c a l l y  i n p o r t ä n t  d i f f e r e n c e ,  t l r ( r . l o r , , ,  b . l r ( . . r ,  r l , . , n . r h o d

t , r o p o s e d  h e r e  a n d  t h e  t r a d i t i o n a l  n e t h o d  J l ) l  i r '  u l , i . h  t r r r )  ( a r r i  l h u s  n l o r  )
v e r i s h .  I n  t h e  t r a d i t i o n a l  m e r h o d ,  t h e  e x i s r . l . ,  ( , 1  / . 1  i s  l o r  r e . o t n i 7 , { 1 .  b , , t
t h e  s p a c e - l i k e  n j  i s  a t  t h e  s a m e  t i n e  i d e n t i i i ( . ( l  , i r h  t h .  s p a c c  1 i k .  r . r ,  I h c
r r a d i t i o n a i  m e t h o d . e c o g n i z e s ,  t h e r e f o r e ,  t l u r  r l r ( r (  r t r r : : l  b .  a  f o u r  v e (  t ( ) r  r e ,
. , [ d  t h a t  t h e  s p a c e - l i k e  p a r t  o f  r p  i s  d i r { ( r l y  I ) r o f o r r i o n a l  1 o  l 1 , .  b 1 1 l

l ) c r v a r s e l y  s e t s  i t s  t i m e - l i k e  c o m p o n e n r ,  a i , , , .  1 , , 7 , r , ) ,  a , r l  i ! !  r h i s  w a y  d . s r r o y : l

n a n i f € s t  c o v a r i a n c e .  C l e a r l y ,  r h e  t i m e  I  i k .  r ) r r r  o l  r |  i . e .  r ! r , i )  ,  s l , ( n , l d

r , roper ty  have the  sane un i ts  as  i t s  space -  I  i  k (  (  ( ) r l ! , , r  n l  .  and  there for  c  shou l  d
l x  p r o p o r t i o n a l  t o  e l e c t r i c  f i e l d  s t r e n t t h  r m t , l  i l \ ( l f  i n  v o l r  m , .  U e  p r o p o s c

l h a t  t r p  m u s t  b e  p r o p o r t i o n a l  t o  f p ,  v h o s e  t i n t r .  l i k ,  p a r l  .  r ' o r  ,  i s  n o n  z e r o  i n

| e n e r a l  a n d  p r o p o r t i o n a l  t o  r r 0 )  ( E q .  ( l 9 l ) ) .  - t l r i , r  
1 . . d : ;  r o  a  b a s i c  c o m m u r a t o r ,

t .  ( r 9 7 ) ,  w h i c h  i s  f u l l y  c o n s l s t e n t  w i t h  1 l l , ( 1 , ^ l , r l l . r r  e q u a t i o n ,  a n d  w i r h  t h .
r i r l e r - L a g r a n g e  e q u a ! i o n  o f  m o t i o n  o f  t h c  f , J . x w (  l l i ,  r  1 i e l d .  T h e  f o u r  v . : c r o r  4
l ) r . o m e s  t h e  c a n o n i c a l  m o m e n t u n  o f  r p ,  h ( ) r l ,  l ! ' i D t  l u l l y ,  i . e .  m a n i f e s t t v ,
,  o v a r i a n t  i n  t h e  t h e o r y  o f  s p e c i a l  r e l a r i v i l v  t l , i  l ( n , r  v c c r o r  a t s  i s  r c l a l . d
r ( )  t ] r  b y  t h e  d u a l  t r a n s f o r m s  o f  s p € c l a l  r c l i r r  j v i r y .

E r -  t c \ ,  . B r -  t  t l ,

" l ) i c h  
l e a v e s  l , l a x s e l l ' s  e q u a t i o n s  i n v a r i r  i  i n  v a . u o .

( 1 9 9 )

(Note that  sr  -  jcap do.s
, ,o t  mean / /Ep is  equaL to  i cB! ,  bn t  thar  E !  i : r  r . ,p laced by  r ' cEu in  rhe  Maxw. l l
' , l u a t i o n s ,  v h i c h  a r e  t h e n  u n c h a n g e d . ) ' t h i s  i s  ( l j s c u s s e d  i n  m o r e  d e r a i l  j n  S c . .
L  By  de f in ing  tp  as  be ing  propor t iona l  ro  the  con i r rga te  monenrun ßu,  o f  A ! .
l l  i s  cLear  Lhät  s r  must  behave under  l -o ren tz  t rans forna t ion  in  the  same uay  as
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ßp,  wh ich  is  in  tu rn  de f ined th rough Ap by  th .  Eu l . r  LagranAe eqr rä t iön  o f  the

M a x v e l l i a n  f i e l d .  T h e  L a S r a n g i a n  o f  t h i s  e q u a t i o n  c o n t a i n s  l h e  f o u t - t e n s o r  r ; , ,

t h u s  e s t a b l i s h i n g  a  l i n k  b e t v e e n  E " ,  e ! ,  a n d  a r , .

The use o f  E ;  has  the  major  ädwantage o f  re ta jn ing  the  Lorer l t z  cond i t ion

as  a  mean ing fu l  opera tor  iden t i t y ,  because dAr /äxs  is  no  long€r  €qua l  to  r (0 )

a s  i n  t h e  t r a d i t i o n a L  m e t h o d  [ 1 5 ] ,  w h r c h  d . p c n d s  o n  t h e  t r a d i t i o n a l  F € y n m a n  g a u g e

f ix ins  te rm ; la \ /axr f  .  I f  \  i s  reco811 i2er1  as  a  four 'vec tor ,  there fore ,  the

Lorent  z  co t ld  l t  io t l  tn  laDAer  co t f  l  i c t  s  v  i .  th  t  he  bas  i . :  . \üu to ta t  i ' ön  re laL  ions  ,  (196 )
a n d  ( 1 9 8 ) ,  o f  t h e  q u a n t i z e d  t t a t u e l l i a n  f i e l d .  a ) d  q L L a n t l z a L l o n  b e c o n e s  a  s e l t -

.o rs ls .e r ra  p rac  edure .

T h e  w e l t  k n o m  C u p t ä  B l e u l e r  c o n d i t i o n  o f  r e l a t i v i s t i c  q u a n t u n  f i e l d  t h e o r y

r h e n  e m e r g e s  d i r e c t l v  f r o m  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  q u a n t i z e d  o p e r a l o r

cor respond ing  to  the  Lorentz  cond i t ion  eva lua ted  be tween e igens ta tes  { r>  o f  the

o u a n t i z e d  f i e l d .

Some CorLtequeroes o.f Finite Photon Mass in ...

T h i s  r e s u l t  i m p l i e s  t h e  o p e r a t o r  i d e n t i t y

u4J' '  rr, ..

w b e r e  Ä J "  c o n r  a i n s  o n l y  a n n i h i l a t i o n  o p e r a t  o r : r  I  5  T h e  o p c r a t o r  Ä j  c o n t a i n s

o n L y  c r e a t j o n  o p e r a t o r s ,  a n d  c a n  n e v e r  a c t  o n  a n  e i s . n s t a L e  t l , >  t o  p r o c l u c e  z e r o ,

i . e .  ä r i  )  m u s t  c r e a t e  a  q u a n t L r n  s r , t e  d i f f . r ( : , , r  t r . n j  z e r o  b v  d e f i n i t i o n  T h €

d ' A l e m b e r t  c q u a t i o n  ( 1 9 5 )  c a n  b e  s o l v e d  a n d  u s e d  i n  l ] q .  ( 2 0 1 )  a s  j n  t h e  s t a n d a r d

t h € o r y  l l 5  l e a d i n g  t o  t h e  c o n d i t i o n ,

= Jq"l.qll*'
I dx" dx, I

'.*1- l*'' .

ä  1 0 )  l r l ' )  -  ä  1 r ,  l ' ! > .

< ü l ä  ( 0 ) ' ä ( 0 ' l v >  =  < t t , l ä 0 ) ' ä  ! l v )

\ o w ,  i t  m a y  b e  s h o m  I f 5 ]  t h a t  t h e  t o t a l  e n e r i t y  o l  a  c o l l e . t i o n  ^ f  p h o t o n s  i s

l ] i v e n  b y  t h e  H a m i l  t o n i a n

, - I n#inr"l1(ä,r) (k) ä1r) (k) a'", ru., a,", *; )J,

E i o r  = { F 6 ( d ) '  6 1 r )  = { . ä ' r ) '  a \  t ' t ' , t ' t ) ,  / r ' r r  ( , ä r i ) ( 205 )

L - - -  z  l 2 i o l :  .  l 2 l o r o l '
" t e t '  t "  

[ ä ]  
'  ( ,  

I  
' ;  

j '  a n d  w h ' r '  v  i ;  r .  q r r r l r r l z t t 1  i o n  v o r u m e  r / 0

I  s i n g  t h € s e  r e l a t i o n s .  E q .  ( 2 0 2 )  b e c o m e : ;

(2o4 )

, ; ( )  r h a t  t h e  c o n L r i b u t i o n s  o f  t h e  l o n g i t u d i n a l  r n d  r  i d ( ,  l i k e  p h o t o n s  c a n c e l ,
l . e v i n E  a n l y  t h o s e  a f  t h e  r r a n s v e r s c  s t a t e s .

T h i s  p r o c e d u r e  i s  c o n s i s t e n t  ! r i t h  a n d  , q , , i v r l , n r  r o  r h f  d e f i n i t i o n  o f
(  l a s s i c a l  e l e c t r o n a g n e t i c  e n e r g y  d e n s i t y  i n  t e r m s  o j  l  l , ,  (  ( ) \ ' a r  i r r l  p r o d u c t s  e r s r
, i [ d  E r B ! ,  i n  w h i c h  t h e  l o n g i t u d i n a L  a n d  L i r e  l i k ,  ( o n l ! ) r , , r l s  ( : , , , . ( . 1  .  l e a v i n g
i o . L r i b u t i o n s  o n l y  f r o n  t h e  t r a n s v e r s e  c o m p o i . n t s .  

' l l i j i ,  
i , ,  i ( ) r : i i : j t f r i t .  i n  t u r n ,

! i t h  t h €  P l a n c k  r a d i a t i o n  1 a w ,  a n d  w i t h  t h c  f a . r  r l r . r r  l . , r V t i r , x l l r : , 1  l r h ( ) l o , r : i  h a l e

r o  e f f e c t i v e  P l a n c k  e n e r g y  ( s e e  i n r r o d u c r i o n ) .  l h i : ;  i : ,  l , , r r l I  r D o r ,  ,  . o . : ; i s t e n t
u i t h  t h e  t . i e  a 1 g € b r a  o f  E q .  ( 7 )  a n d  S e c . 4 ,  u h i . h  i l , o w s  r h a r  r h (  l o n l i i r u d i n a l

J i c L d s  A ( 3 )  a n d  i A ( 3 )  a r e  i n d e p e n d e n t  o f  f r e q u c n c y .  I r  l r . o t r t r , s  . v , . r , : 1 . , , r ( , r  l l , a r  a r ' )

, , n d  i l ( ! )  a r e  p h y s i c a l l y  m e a n i n g f u l  f i e l d s  i n  v i ( 1 1 i i
T h e  t r a d i t i o n a l  a p p r o a c h ,  o n  t h e  o t h . r  h ; r , ( 1 ,  l r i l s  l o  r c , ( ) l t n i 1 .  i l x .

( i i s t e n c e  o f  t h e  n o v e L  L i e  a l g e b r a  o f  S e c . 4 .  a n ( l  i i ( . ( , r ) ( , . r l v . o n . 1 r t r l . s r l ) l r h i r
L o n g i t u d i n a l  p h o t o n  s t a t e s  a r e  n o r  p h y s i c a l l y  ß . , r ) r r L I t l , r l  .  T h .  . x i s r ( . r ! ,  o l

l E ( ' '  ( a n d  o f  A ( t ) )  i s  n o t  r e c o . e , n i z e d ,  a n d  t h ,  I  i j k .  l i k i  . ( ) o t ) o r * . r r  o i  1 !  i : j  : ; ( , 1
r o  z e r o  b y  a  g a 1 l A e  I i x i r i g  t e r n .  T h e  c r i t i c a l  l , r i l , r ,  , ' 1  l l r e  t r d ( l i t i o n a l  a p t ) r ( ) . r . 1 )
i s  t h e  f a i L u r e  t o  i e c o g n i z e  t h e  L i e  a l g e b r a i .  r ' (  l r r r , ) r i  b (  r w . . n  l o n g i l u d i r r r l  : r r l

Max l re l l  ian  f ieLds  .
T h e s e  p o i n t s  a r e  e t n p h a s i z e d ,  f i n a l l v .  r l , r , r 1 [ ] ,  l l r (  w e l l  k n o v n  r . ] a r  i o l s

b . r v e e n  t h e  e l e c t r i c  a n d  D a g n e t i c  c o n p o n e . r : i  ( ) l  l l r  r . 1 r r r ! ( , l 1 i a n  - . l e c t r o m a 8 r . r j .
l i e l d  a n d  a n n i h i l a t i o n  o p e r a t o r s .  I n  S  i  u n i r : ;  ! 6 ' r l .

<t ,r,l{" +941'r,, (  20o )

( 2 0 r )

( 2O2)

v h e r e  ä " r  ' t r ( l  ' 1 1 ! )  a r e  l o n g i t u d i n a L  a n d  t i m e  l i k .  p l ! ) l ( , I r  a i n i h i L a t i o n  o p e r a t o r s

I n  o u r  a p p r o a c h ,  r h i s  c o n d i t i o n  i s  d . r i v . ( l  I  r o m  t h e  L o r e n t z  o p e r a t o r

c o n d i t i o ü  { 2 0 0 ) .  w h i . h  i s  n o v  f u l l y  c o n s i s t e n t  w i l h  l h c  f u n d a m e n t a L  c o n n u t a t o r s

( 1 9 6 )  a n d  ( 1 9 8 )  o f  t h e  q u a n L i z e d  M a x v e l l i a n  f i . l d .  o , r i  t h e o r y  i s  m a n i f e s t l y

c o v a r i a n t .  a n d  f u l l y  c o n s i s t e n t  t i t h  s p e c i a l  r e l a r i v i t y .  T h i s  l m p l i e s  t h a t  6 ( o )

a n d  ä t r )  m u s t  b e  p h y s i c a l l y  n e a n i n A f u l  p i r o t o t  o p e r a r o r s .  I t  f o l l o w s  f r o m  E q .

( 2 0 2 )  t h a t

t l o l U >  = E r r ) l { , > ,  l l i  l { , ,  1 1 1 ' r  { , ) ,
(206 )

: i  d  E q .  ( 2 0 3 )  b e c o m e s
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< { , l t ( 0 ) ' r q ( 0 ) l V >  =  ( t , l i ß ) ' i ( r ) l t > ,  < V l r 1 ! r ' 6 ' u ) l S >  =  < { , 1 6 1 r r ' € ' r ) l t > .

Equations (206) and (201) a.re the qüantiz€d counterparts of the

Some Corsequetces o.f Finire Pholon Moss in ...

<2Ol )

(208)

l ,  v e l o p m e n t  l 1 5 l .  T h e r e f o r e  n r ,  ä n d  r h e r e f o r e  r t s ,  i s  a  f o u r  w e c r o r  v h o s e
L( .ments  can be  re la ted  ro  e l  ehents  o f  rhc  four - tensor  , rv  .  The la t te r  i s

i , . l a t e d  t o  t h e  w e l l - k n o r n  e l e . r r o n a g n e r i c  f o u r  r € n s o r  F . F ,  t h r o u g h  E q .  ( 2 1 0 ) _
The Lorentz  t rans format ion  o f  n rv  i s  the  same as  thä t  o f  FF,  p tus  rhe  nove l

' ' .  n - ; ; . " .  T t  i s  u F l l  k n o m  r h . t .  i n  d  . s  r - \ i . , "  L , " s i -

E l o t 2  =  E l ! 1 2 ,

\ . r h i c h  e m e . g "  f r o m  r h e  L i F  s l g p b r d  o f  E q

tha t  ! . (0 )  i s  the  t ime l i ke  component  o f

o f  B p .

E ( o \  E = E ( t ) ,  B l o  t  A ( r r

( 7 )  ä n d  S e c .  4 .  T h e s e  r e t a t i o n s  i m p l y

rp and B1o) is  the t ime l ike conponent

(  2 r1)

:; i ;l e=r ,(, :r),
0 0 - i y p  y l

(2r2)

( 213 )

(209 )

6-1 Lorentz TransforMtion of The Four Vector l|,

In  the  fo reAo ing  we hav€ fo11ow€d the  t rad i t iona l  no ta t ion  fo r  t tu ,  and

t h e r e f o r e  f o r  ! i , .  F r o m  E q .  ( 1 9 0 ) .  h o u e v e r .  i r  r s  c l e a r  t h a l  t t p ,  i s  i n  g e n e r a l

a  four  tensor ,  and can be  s inp ly  re la ted  to  the  weL l  knoL 'n  e1€c t romagnet ic  four

l -  a A , \'_  = - l '_ .  n""  a, ," ,  J 
.

. l , o w i n g  t h a t  t h e  t r : a n s f o r n a t i o n  o f  e L e c t r i c  c o m p o n e n t : j  ( , t  r i .  p r o d u c e s  a  m j x r u r e
I  c l € c t r i c  a n d  m a g n e t i c  c o m p o n e n t s  a s  i n  E i n s t l : i n ' s  o !  i t l i n a l  p a p c r  o f  1 9 0 5 ,  a
,  s u L t  v r h o s e  s p a c e - l i k e  p a r t  i s  s u n m a r i z e d  i n  E q .  ( l ( ) l )  F r o n  E q .  ( 2 1 0 )  t h i s
,  s e e n  t o  b e  c o n s i s r e n t  w l t h  t h e  e x i s t e n c e  o t  r , .  r t n d  t h . r c f o r €  o f  , . r i .  I o
, D p L e t e  t h €  ä n a l y s i s  i t  i s  n e c e s s a r y  t o  c o n s i d e r  t l , .  L o r . n t z  r r a n s f o r n r a t  i o n  o f

'  a n  i l i' r r l  n o v e L  t e r m  9 p ! : L ,  a  p r o d u c t  o f  t h e  m . l r i .  r ( l : j o r  9 r !  a n d  r h €  q u a n t i t y

' , " ,  
,  d e f i n i n g  t l , e  n o n - z e r o  L i n e - 1 i k e  c o m p o n . r t  r 1  , ) r -  r - ' , ) .  B y  d e f i n i r i o n .

, , r e n t z  t r a n s f o r m a t i o n  i s  t h e  r o r a t i o n  l n  f o u r  s t a . ( .  r h . r e f o r e  e a c h  q u a D t i t y
L , s t  b e  t r : a n s f o r n e d  c o n s j s r e n r l y ,  o r  c o v a r i n n l  l y  

. t . h ( .  
r e t r i c  g p , ,  b e i n g  a

! . s o r .  t r a n s f o r m s  i n  r h e  s a m e  w a y  a s  I ' F , .

The t rans format ion  o f  rhe  te rm AAa)  /axr t  i s  r . .ompl ishe .1  by  Lrs j  ng  rh€
' , , , i s f o r r n a t i o n  o f  t h e  L o r e n t z  c o n d i t i o n .  i l  i s  u { , l l  k n o w n  t h a r

aAt (2r4)

( 21  0 )

T h e  n o t a r i o n  d e s c r i b e d ,  f o r  e x a m p l e ,  b y  R y d e r  L l 5 l ,  i s ,  h o w e v e r ,  i n  t e r o s  o f  a

four  vec tor  as  se  have seen.  Se l f  cons is tencv  o f  no ta t ioo  and mean ing  mrs t

t h € r e f o r . :  b c  o b t a j n e d  a s  f o L l o v s .  S c a l a r ,  t i m e  l i k e ,  e l e m e n t s  o f  t h €  t e n s o r  i t r v

a r e  o b t a i n e d  b y  s e t t i n g  p  = !  = o ;  a n d  v e c t o r  ( s p a c e ' l  i k e )  € l e m e n t s  b y  s e t t i n g

u = U ,  ! = 0 -  l . l c  t h e r e f o r e  r r r i t e , aul-a-- ,

The t ine- l i kc  e lement  i s  thereby  l inked to  the  t r :ace  o f  r " "  and the  space- l i ke

e l e r n e n t  t o  t h e  o f f - d i a g o n a l s .  S i n c e  a " "  i s  d i r e c t L y  r e l a t e d  t o , ' ! "  ( E q .  ( 2 r 0 ) ) ,

fhe  same conc lus ion  ho lds  fo r  Fe" .  Th is  i s  co ts is .e t .  w i th  oür  nove l  ana iys is

o f  FF,  in  S€c .  5 ,  vher€  the  d iagonä l  e lements  were  shom to  be  re la ted  to  the

r i m e - 1 i k e  e l o )  a n d  4 1 0 ) .  S i n c e  r ( 0 )  i s  t i n e - 1 i k c ,  r ,  i s  s p a c e - l i k e ,  l h e y  a r e

components  o f  the  four -ve . .o r  f t r ,  sh ich  is  th€  usua l  , ! |  o f  the  t rad i t iona l

o^-ff i  r '^ '-311::,

' , m  t h e  d e f i n i t i o n s ,  E q .  ( 1 2 9 )  o f  a r 0 )  a n d  B , o )

( 2 r s )

us ing  the  fac t  tha t  i l r t
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änd B( t )  a lways  r rave l  a r

I t  fo l  l  oas  l -ha t

t h e  s p e € d  o f  l i g h t  i n  t h e  l l a x l r e l l i a n  f i e l d ,

Bi - Bz, El = 8,.

v  ^ ,  v '  a t , -j^:.,^,^, ?i'1,

B r t )  s  o  r ,  E ' ,  I  - = "  I ' s . t .
\  r ) ,  l
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( luan t iza t ion  Of  The Proca F ie ld

l h . . c o r r . e . t  m e t h o d  o f  q u a n t i z a t i o n  o f  t h e  P r o c a  f i e l d  l i a s  b e e n  b r i e f L y
I  j T e d  i n  t h e  i n t r o d u c t i o n ,  f o L L o r i n g  a n  a r ( i c l .  b y  V i g i e r  [ ] 2 1 .  T h €  P r o c a

, i L , ) r i  o f  1 9 : 1 0  j s  a  l r a v e  e q u a t i o n  i n  M i n k o r s k i  s p ^ ( : e  t i m e ,  a n d  i s  i h e r e f o r e  a n
i o a  o l  r h e  s , h r d d i ' , 9 . r  ' v o ,  r ,  L  . h  . q p  i \  r p g d r d p o  d s  -

r L L , , . t i o n .  l n  v i e l r  o f  t h e  a b o v e  d e v e l o p m e n t  t o r  ( h .  l 4 a x v . t l i a n  f i e l d ,  a n d  i n
,  , 1  t h e  e v i d e n c e  r e v i e w e d  i n  t h e  i n t r o d u c t i o n  i o r  ' i n j t e  p h o t o n  m a s s ,  t h e

t , r  o f  s t s  n u s t  b €  i n t r o d u c e d  i n  s u c h  a  \ r a y  t h a l  i t  i s  c o n s i s t e n t  v i t h  t h e
,  I  i e l d .  T h e  L a g r a n g i a n ,

( 2 l L l

( ? t t l

(  2 1 8 t r  )

T h e  s t a n d a r d  d e v e L o p m e n t  J 1 5 l  o f  t ] t r ,  { ( n , r - \ ' . . c r o r :  r p  i 1 5 l i m p l i c i t l y  r e d u < ( , "
t h e  f o u r  L e r s o r  r ! r "  t o  a  f o u r  v e c t o r .  I n  t h i s  r e s p e ( : r  t h e  s t a n d a r d  t r e a t m . ' ! l

l r 5 l  i s  a g a i n  c o n f u s i n S  a n d  i n c o m p l e t e  l h e  . . n l 1 1 s i o n  i s  c o m p o u n d e d  b y  r 1 , , .
h a b i t u a l  u s e  o l  r e d u c e d ,  ( n o n - S . L )  u n j t s ,  j I  s h i . h  . r - n - 1 ,  a n d  t h e  p e r n i t t i v i r !
l n  v a c u o ,  € 0 ,  d o € s  n o t  a p p e a r .

T h e  e y i s l e n c e  o f  n e  ( a n d  b y  i m p l i . a r  i o n  r r e )  h a s  t h - . r e f o r e  b e e n  s h o n r  r , ,
b e  c o n s i s t e n t  w i t h  t h e  E u l e r - L a g r a n g e  e ( l , r r r  j o n  o I  m o r i o n ,  t h e  d ' A l e m b c r r
e q u a t i o n ,  l h e  l . o r e n t z  t r a n s f o r m a t i o n ,  a n d  t h !  t o l r  . ü r 1  o f  , 4 r ,  t h e  t o u r  r e n s r , t
r ; , .  Q l , ä n t  i : r a t i o n  o f  t h e  M a x v e l . l i a n  l i e L d  L r s i I S  r r  b . . o m e s  m a n i f e s t l y  c o v a r i s r r
a n d . o n s i s l e n t ,  L h e  L o r e n t z  c o n d i t i o n  b e c o m e s  a  s o l l , d . , f i n e d  o p e r a t o r  c o n d i t L , ) ' ,
f r o D  w h i . h  f o l l o w s  t h e  c u p t a  B l e u l e r  c o n d i t i o n  T h e s e  p r o . e d r r r e s  a r e  c o n s i s t . n r
\ . t l t h  t h .  l . i e  a L g e b r a  o f  S e c .  4 ,  a n d  v i t h  t h o  P l a t r r k  r a d i a t i o n  L a v .

O n  r h .  o t h e r  h a n d ,  t h e  h a b i t u a l  p r o c e d u r (  1 5  f r i l : r  r o  r e . o g n i z e  t h e  1 , 1 , ,

a l g e b r a  o t  S . . .  4 ,  i n c o r r e c t l y  a s s e r t s  t h a r  r . r l r )  i -  n o n - p h y s i . a L ,  s o  t h a t  l l ! .
t i m e ' l i k (  . o o f o n e n t  o f  r h €  f o u r - v e c t o r  E p  v i n i s h ( s .  l h i s  d c s r r o y s  m a n i f . s r
c o v a r i a l c ( . .  m e a n s  t h a t  t h e  t i m e - l i k e  c o n p o n e n t  o f  ; t r  . : ä n n o t  b e  d e f i n e d  a s  r l
o p e r a t o r ,  n r c a n s  t h a t  t h e  H i i b e r t  s p a c e  o l  t l ! ) 1 o n  p a r t i c l e  s t a t € s  h a s  , , , 1
i n d e f i n i t e  m . t r i c .  a n d  l e a d s  t o  n e g a t i v e  e x p e c r a t j o n  v a l u e s  f o r  t h e  l l a m i l t o n i r i

[ 1 5 1 .  T h .  k . y  1 a i ] u r e  o f  t h e  h a b i t u ä ]  t h e o r y ,  a n d  0 1  . o n v e n t j o n a l  e l e c t r o d y n ä n
i c s  i n  g e n e r a l  ,  i s  i t s  f a i l u r e  t o  r e c o g n i z e  t h e  L i e  a l g e b r a  o f  S e c .  4 .

(2r9 )

, , , . ( s  t h e  r e q u i r e d  r e s u l t ,  t h e  o n L y  d i f f e r e n . .  l ) (  i n i , ,  t h (  p r t : ; e n c e  o f  t h e
, , ,  r n a s s  t e r m .  T h e  c o n v e n t i o n a l  t r e a t n e n t  o l  r h ( .  l , r ' o . r  t i . l d  l l 5 l  i n  a n

r ' . ) m a g n e t i c  c o n t e x t  i s  c l e a r l y  i n c o n s i s t e n t .  b ( . a L r : j r '  i t  r . l i e s  o r t  i  m r : i s  t e r n l
r ,  l , l g r a n g i a n ,  b u t  a t  t h e  < a m e  t i m e  a s s e r t s  t h a t  r l t r .  m a s s  o f  t h .  p h o t o n  i s

, r  l . a l l y  z e r o .  N e v e r t h e l e s s .  t h e  c o n v e n t i o n ^ 1  t r . r r t r t r , n r  ( l o . s  e m p h . : ; i z .  r h a t
. , s s i v e  p a r t i c l e s ,  q u a n t i z a c i o n  o f  t h e  P r o c a  l i e l d  j s : i . 1 f  . o n s i s t e i t .  f r ( ) m

r  r l a t m e n t  b y  V i g i e r  I 3 2 l  t h i s  i s  o b v i o u s l y  ( 1 , , .  r o  r h .  I r c t  t h a t  r h c  P r o c a
, ! i o n  i s  a  S c h r ö d j n g € r  t y p e  e q u a t i o n .  I t  s h o u l d  l x ,  d o r . : d ,  h o w € v e r ,  t h ä t  t h e

L ,  ^ . 1 1  v i e !  . r g a i n  a s s e r r s  t h a t  t h e  t i n F  1 i k ,  r r : i r r  o l  ß r  i s  i d . n r  i . a l l v
e v e n  i n  t h e  P r o c a  f i e l d .  T h i s  i s  f ü , x t a n ! f r : , l l r  i n c o n s i s t e n r .  i r  l l ! .

r r o n a g n e t i c  f i e 1 d ,  \ ^ r i t h  t h e  L i e  a l g e b r a  o l  s ( (  / , .  r l , i . h  a s s u n e s . e n l r ä l
,  I  i n c e  i n  e l e c t r o d v n a m i c s ,  c L ä s s i c a l  a n d  q , ü i l l  , r m

l ) i scuss ion :  Survey  o f  Exper iDenta l  Ev idence lo r  Br "

l l  h a s  b e e n  s h o m  t h e o . e t i . a [ l y  t h a t  t h ( . r .  ,  \ i s l  L t ) r ] g i r u d i r i a l  s o l u t i o n s  o f
'  r ,  l l ' s  € q u a t i o n s  i .  v a c u o ,  d e n o t e d  a r ' )  a r r l  r l r " .  u l , i . l ,  A r e  p h ä s €  i n d e p e n

, .  . n d  w h i c h  a r e  r e l a t e d  t o  r h e  u s u a l  l f u l s v i r s r  s . l u l  i o n s  b y  c l o s € d ,  i . e
, , . , 1  .  a l g e b r a i c  r € l a r i o n <  d e v e l o p e d  i n  r h i s  r r r i , . l i .  T h e  e x p e r i m e n t a t L y

,  r ! ( d  a n d  c o n f i . m e d  i n v € r s e  F a r a d a y  e l { ( . !  i : ;  { , v i d r n . e  f o r  a ( 3 ) ,  a n d  o t h e r
' I  u p r i c  e f f e c t s  s u c h  a s  L i g h t  s h i f t s .  o t , r  i ( . n l  N l " 1 R ,  . r r l  r h e  o p t i c a l  F a r a d a y

, 1  c a n  b e  e x p l a i n e d  i n  t e r m s  o f  a ( 3 )  I i  l } , ' , e r a l .  t l , e  w e l l  k n o v n  c o n j u g ä t e

i , , ,  t  o f  n o n l i n e a r  o p t i c s  j s  d i r e c t l y  p r o | ( ) r l  i ( ) l : r l  1 o  a ( t  t h r o u g h  L h e  s c a l a r

a n d  t h e r e f o r e  l o )  c a n  b e  € x p r € s s e d  i n  l { , r r r : i  ( ) l  r l , .  w e l l  k n o l ' n  t h i r d  S t o k e s
, x r . t e r .  s r ,  o f  c i r c u l a r l y  p o l a r i z e d  c l . . t r o m . r 8 n e r  i .  r a d i a t i o n  i n  v a c u o ,

l -  -
a  " p  " p

( 2 l n b )

(22O)
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I t  fo l lovs that  wel l  kno\^.o opt ical  pheno'nena, usual ly  descr ibed in terms of  sI
c ä n  a l s o  b e  d e s c r i b e d  i n  t e r m s  o f  a ( 3 ' ,  p r o v i n g  o n c e  a g a i n  t h e  l a t t e r ' s  p h y s i c a l
s igni f icance.  Thüs,  sr  can be replaced i rherever i t  occurs in opt ics,  or ,  for
e)ranple,  RayLeiAh refr ingent scat ter ing theory,  by i ts  equivalent  in vacuo,

( 2 2 r \

a ( ' )  a n d  t h e  ä p p r o p r i a t e  m o l e c u l a r  p r o p c r t i e s .  l o r  o n e  D h o t o n .  t h e
r )servab l  e  r r  I ,  p rov idcs  an  exper inenra l  f leasu l .  o f  the  r ransmi r ted  e tementary  A(3 '

, r  e a c h  f r e . l u e n c y .  A l  r h o u g h  A ( f  i s  i t s e t f  i r d e p e n d e n t  o f  t h a r  f r e q u e n c y .  r h e
, , t e r a c t i n g  n o l e c u l a r  p r o p e r r y  t e n s o r  i s  n o r .  S . , m i  . j l r s s i c a L  p e r t u r b a t i o n  r h e o r y

. r v o s ,  f o r  l i n e a r  o p t i c a l  a c t i v i t y :

Ci ' : #  =  ranh (op . . 1 r { l , r  ( s )  ) ,

Some Consequerces oJ Finite Phoroi Mass in

(225)

r h e r e  p ,  i s  t h e  p e r m e a b i l i t y  i n  v a c u o ,  o  r h .  a n S u l a r  i  r c q u e n c y  o f  t h e  b e a m ,  I
r l t r '  s a n p l e  p a t h  l e n g t h ,  a n d  t i l  i s  a  c o m b i n a t i o n  o f  m o l . c r l L a r  p r o p e r r y  r - a n s o r s
, , 1 ) i c h  n a y  b e  e l e c t r i c  o r  m a g n e r i c  i n  n a t u r € .  F o l  n o n t i n e a r  o p r i . a l  a c t i v i r y ,  E q .

l l 5 ) ,  a s  f i r s t  s h o l { T l  b y  K i e l i c h  [ 7 4 ] ,  c o n L a i n s  a d d f t i o n a t  r e r m s .  T h e r e f o r e .
r . r y  t i n e  n a t u r a l  o p t i c a l  a c t i v i t y  i s  o b s e r v ( < l  w i r h  l p  / , ,  ä s  i n  c i r c u l a r

L i . h r o i s r 0 ,  t h e  f i e l d  a ( ' )  h a s  b e e n  m e a s u r e d .  I .  t h .  p r o . a  f o r m a l i s n  t h i s  i s
, ' . v i tab ly  assoc ia ted  v r i th  f in i re  phoron mass  ,  anc l  the  Maxwet  I  ian  counterpar t  i s

,  p r a c L i c a l l y  i n d i s t i n g u i s h a b L c  l i m i t i n g  f o r m  w l F r €  p l L o t o n  m a s s  g o e s  t o  z e r o .
T h e s e  c o n c l u s i o n s  f o L t o w  d i r e c t l y  f r o m  r h c  r c l a r i o n  b e r w e c n  A ( t ,  a n d  r h e

, , r j u g a t e  p r o d u c t ,  ( e x p r € s s i b l e ,  f o r  e x a n p L e .  a s  t j ( i  ( 7 a ) ) ,  a n d  t h e  l a t r e r , s  w e t t
, , , )wn re la t ion  !o  the  rh i rd  S tokes  paramet . , r  . s ,  (  1 ' l  (hc  quant ized  f ie td  the
, r t e r  b e c o m e s  t h e  v e l l  k n o ü n  t h i r d  S r o k e s  o p e r a t ( ) r . )  N o r e  t h a t  . e . .  i s  _ i n t r i n s i
i l l y  f r e q u e n c y  i n d e p e n d e n t  b y  d e f i n i r i o n ,  L , , r  r . , r  s r r t l  L r  u s j  t o  a e s c r i b c
r r q u e n c y  d e p e n d e n t  p h e n o m e n a  s u c h  a s  c i r c u l d r  d i . l ) r o j : r n ,  a s  i n  E q .  ( 2 D ) .  L
L  o i t a r  c o n c l u s i o n  f o l l o v s  f o r  a { 3 )  ,  t h e  r . a s ( , !  b c  i n B  t h a t  t h e  f r . q u € n . y

L ,  r )endence o f  the  specr raL  phenonenon is  ro  b .  Io l l rk t  in  (hc  motecuLar  p roper ty
, ,  r ) s o r ,  i n  \ , r h i c h  i t  a p p e a r s  t h r o u g h  p e r t u r b a r  i o l  l t r ( . o r v .  T h i s  i s  a  n e a  w a y  o f

, , re rpre t ing  the  ueL l  known and we l l  neasured ph . lun i .uon o f  c i rcu tär  d ichro ism,
' (1 .  more  generaL ly ,  any  phenomenon tha t  d . t ) . r ! t s  o l  s .  a rd  Lhere fore  on  E( r r .
l , . o u e h  a l g e b r a i c  r e l a t i o n s  s u c h  a s  E q .  (  / . , , .  r t , i . .  i r r c l u d c s  r h e  t r a d i r i o n a l
) l e r p r e t a t i o n ,  d e s c r i b a b l €  i n  a  C a r t e s i a n  b . s i s  t ) v

q  =  l c , 8 r o r i a ' 3 ) i  =  r l ] , a o ) . a ( 3 ,

the inrensi t ies of  r ight  and lef t
m a t e r i a l ,  w i t h ,

(222)

coinponents transmitted by

s t =
so

;
tK i e l i c h  [ 7 2 ]  h a s  s h o m  t h a t  i n  m a t e r i a l  n e d i a ,  a s  o p p o s e d  t o  f r e e  s p a c e ,  l i n e a r

and non l inear  op t ica l  ac t i v i t y  depend on .e |  and in  the  Ray le igh  theory  [73 ]  o f
na tura l  op t ica l  ac t i v i t y  in  ch i ra l  m€d ia ,  i t  i s  r re l l  knovrn  tha t  vha tev€r  th€
nature  o f  the  severa l  mo lecu la r  p r :operLy  tensors  par t i c ipa t ing  in  the  poLar iza
r ion  and magneL iza t ion  o f  th€  na ter ia l ,  the  observab le  o f  c i rcu la r  d ichro ism has
pseudosca lar  symnet ry  and is  p ropor t iona l  to  the  th i rd  S tokes  parameter .  For
d i f fe ren t  enant ioners  fo r  a  g iven sense o f  c i rcu la r  po la r iza t ion ,  o r  fo r  one
enant iomer  fo r  d i f fe r€n t  sense o f  t ransverse  c i rcu la r  po la r iza t ion ,

' r "a '

v,,here IF and a,. are

s t r :uc tu ra l l y  ch i ra l

fo r  the  t ransmi t ted  to ta l  bean in tens i ty .  Ther€ fore

,  , ( l ) , ! ß )  I o  I ,-  
Ban  r , ; t . '

(223)

(224)

s h i c h  s h o p s  t h a t  c i r c u l a f  d i c h r o i s m  c a n  b e  d e s c r i b e d  i n  t € r m s  o f  a r , '  a t  a l l

e l e c r r o o r a g n e t i c  f r e q u e n c i e s ,  (  r R  -  - r r  )  b e i n g  p r o p o r L i o n a l  r o  8 ( 3 )  . 8 o )  .
For  a l l  p rac t ica l  purposes  there for€ ,  t l )e  sane conc lus ion  ho ids  in  the

Proca f ie ld ,  because t ( t  in  the  l , Iaxve l l ian  and Proca f le lds  a re  ind is t in -

A u i s h a b l e  p r a c t i c a l l y .  I n  t h i s  s e n s e ,  t h e r e f o r e ,  c i r c u t a r  d i c h r o i s D ,  a n d  a l l
phenomena dep€ndent  on  .9 r ,  a re  cons is ten t  v i th  f in i te  phoron rDass ,  and are
mani fes ta t ions  o f  the  photon 's  long i tud ina l  naAnec ic  f ie ld .

Th€ observab le  ip - I ,  i s  there fore  a  spec t ra l  consequence o f  Ehe in te rac

t  on  o f  A13)  o r  j t {3 )  v i th  s t ruc tu ra l l y  ch i ra l  na ter ia l ,  be ing  propor t iona l  to

lhe  rea l  qüant i t y  ! (3 t  8 (3)  ä f te r  i t  emerges  f rom the  ch i ra l  rna ter ia l  th rough
vh ich  the  bean has  passed,  i .e .  a f te r  in te rac t ion  has  occur red  be tveen the  f lüx

, l  e x t e n d s  i t s  m e a n i n g  t o  1 o ü g i t u d i n a l  I  i c l ( l s ,  
" h i . h  

. ä n  b c  a s s o c i a t e d  v i L h
' , i , i t e  p h o t o n  n a s s .  T h e r e  a r e  s e v e r . t  l ) r . r i .  o p t j . a l  p h e n o n e n a  w h i c h  a r c
r ,  , i . r ibed customari ly  in terms of  thc Stok€rs I )araJn.r  cr  ,9r  .  for  exampte the
L  v e l o p m e n t  o f  e l l i p t i c i t y  i n  a n  i n i r i a t l y  c i r c u l a r t y  p o l a r i z e d  l i g h t  b e a o _  I n
r r r  e l e c t r i c  K e r r  e f f e c t  t 7 5 1  ,  b e a m  e L l i p t i . i r y  ( t )  i s  e x p r e s s e d  i n  r e r r s  o f  s , ,
, , ( t  i s  i n d u c e d  w i t h  a n  e ] € c t r i c  f i e l d  i n  a  p r o b e  l a s e r .  T h e  d e s c r i p r i o n  o f  t t i i s
r , ( .nonenon is rher€fore,

sr (226)
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I , i l l o w  d i r e . 1 l y .  A l l  f o u r  S t o k e s  p a r ä m e i e r s  ( o r  o p e r a r o r s  o f  r h e  q u a n t j z e d

, l , l )  c / ' ,  b e  . r D r e s s F { i  i n  r e r m s  o f  s t r  a "  u c l l  n s  i n  t e r m s  o f  t h e  t r a . l i t i o r ) a 1
c o m p o n e n l s .  1 l  g r a d u a t l y  b e . o m c s  ( : l r a '  t h e r e f e o r e  t h a t  t h e  s u b . l e c t

, 1  o p r i c s  i n  g e n e r a l  i s  e ' r r i . h e d  b y  L h e  r c a l  i z a l  i o ü  t h a l  a ( !  i s  r L o n  z e L u  i n
. . , , ( : t r o ,  a n d  t b a t  ( h e r e  a r e  m a n y  n e w  i n t e r p r e t a l  i o l s  t ) o s s j b l e .

I n  n o n l i n e a r . r l ) ( i c s  [ 2 8 ]  t h e  I i B h t  b e a m  i : j  u s e d  r o  i n d u c e  p h e n o m e n a  i n
r . r l e r i a l  m e d i a  ( e  g .  m o l e . u l a r  m a t r e r )  i  p h e n o m c r h  u l r i ( . l i  ( 1 . | c n d  n o n l  i n e a r l y  o n  t h e
, l ( . c 1  r i c  a n d  r n a g n . : t  i c  c o m p o n e n t s  o f  t h e  i n t e h s .  l r : i . r  l x r n .  A  l a r a e  n u n b e r  o f

L r . l i  p h e n o n e n a  a i e  k n o s n  1 2 8 1 .  b o t h  i n  t h e  c l a s s i . a l  a r r t  , l r r r n r L r m  { i . 1 d  f o r n a L i s D s
1  r a g n e t o  ä n d  e l e c t r o - o p t i c s  I n  p r i n c i p l e ,  a l l  . ; , r  l x .  r , . i n r e r t ) r e t e d  i n  t e r m s

' 1  L o n g i t u d i n a L  f i e l d s  a i  i n  t h i s  s e n s €  a L l  a r (  . ( ) r : ; i s r . r ) r  w l l h  f i u i t .  p h o t o n
. r i s s .  f o r  a L l  p r a . t i . a 1  p u r p o s e s  t h e  P r o c a  a r i d  M ä s w (  l l i r r i  I o r n r a l  i s m s  g i v e  r h e

, , m e  r e s u l l s  i n  n o n l i n e a r  o p t i c s  o f  t h i s  t y p e .  l r k i r i l l  i n r ( )  ( ( , ' , s i d e . a t i o n  [ 3 2 1
i , , N e v e r ,  a s t r o p h y s i c a l  a n d  c o s m o l o g i c a l  e v i d e r . ( .  l o r  l i r i 1 .  p h o t o n  m a s s ,  a - l l
. i b o r a t o r y  p h e n o m e n a  m ü s t  b e  j l l L e r p r e t e d  c o n s i s r . r r l v i  i . .  i 1  ( v i d c l c e  j s  f o u n d

I  , , r  I i n i t e  m , ,  f r o m  c o s m o l  o g y ,  t h e n  a l l  l a b o f a l  , ) r y  p h , , n o n r . ! r  n u s l  a 1  s o  b e
i , : r . r j b e d  i n  t e r m s  o f  I i n i t e  m ! .  T h e  n o v e l  l o r i t i r u d i ' , r l  l i f l d s  o I  l l i i s  a r r i c L e

, , . ( ) v i d e  a  c o n v e n i e n t  a e a n s  o f  d o j n g  s o  t h r o u g h  l h .  M n x u ,  l l i : u r  l i m i l  o l  r l , e  P r o c a

r  i . . 1 d  a ' ,  .
A  c o m p f . i L e n s i \ e  a n d  r l g a r ^ , r s l y  s y s l e m a l i c  s . h i , q  l ( , r  n o l i l  i , x , a )  o p l i . s  i s

! i , i l a b 1 e  I 2 t l l  i  L h e  v o r k  o f  K i e l i c h  a n ( l  . o  u { ) r k ( r s  l h i s  r : ;  o r  . o r r s c

i  , r m u l a t e d  i n  t r a d i t i o n a l  t e r D s ,  i n  w h i c h  A 6 )  , r r l t  r E { r )  - ü ( .  r o t  u s e ( l  s | e . i l  i
r l l _ v ,  b u t  t h e  w h o l e  o f  t h i s  b e  r e  w , ) r h f ( l  j , ,  

I ) r i r ( . i p L e  i n  t . r n s . 1  l l r !
. r i S , i t u d i n a l  l i e l d s ,  u h j l e  a L  t h e  s a m e  t i m .  r r r , r i r r r l t  t l r r  i n i r i c a t . ,  t . n s o . i a l

. | r r c t u r e  o f  L i l e  o r i g i n a l  w o r k  t 2 8 1 .  A n  e \ a n , t i l {  o l  l , o u  r i , i s  m a v  b e  d o n e  i : ;  r l r r

L  p l a c e m e n t  o f  t h e  n o n l i n e a r  c o n j ü g a t e  p . o d r 1 (  I  a 1 1 )  r  r i ? )  l ) y  i ! o L - 8 t 3 , .  T h l s  l s

, i r € .  L h a n  a  m e r e  r e  e x p r e s s i o n  o f  L h e  w e l l  k | . u r r  r r ' )  !  e ( 2 )  .  l ) e (  ' r , 1 i e  a ( : )  .  l ) e i n t l

m a g . r t r c  f i . L d  i n r e r a c t s  i n  p r i n ( : i l , l .  u i r l ,  . ,  i t r a l t i i . l  i .  d i p o l e  m o m e n l
\  l e c t r o n i c  o r  n u c f c a r ) .  T h i s  i n t e r a . t i . h  , , . ,  1 1 r : i  i , i  r ( l d i l i o n  t o  t h a t  o f  t h .

r o d u c t  r F ! . r a ( 3 ) .  v h i c h  o i . o r l r s e  i s  t ( r ) t ! ( : ) .  w l r l i . L , i r  i s v r * r - - t r i .  e l e . t r o n i (

l i i l a r i z a b i l i t y .  l h i s  i s  o n e  e x a m p L e  o f  h o w  1 1 r { , r ( r s , , r i a l  I o r m a l i s n  o t  n o n l i r . , a r
' r , l i . s  [ 2 8 ]  m a y  b e  d e v e l o p e d .  l n  r e n s o |  r o r r r i o r  r h , .  ( o ' r i , , 8 d l e  p r o d u c t  i s  l h .

i  i l  i s y m m e t r i c  p a r t  o f  E i E ; ,  t h e  l i g h t  i r r r r : j i l !  r f r : , o r  l r l l l .  a D  i d c a  d e v c l o p f d
f : i t e m a t i c a l l y  b y  t h e  K i e l i c h  S c h o o L  a n d  m a ü v  o r l r r s  

- l h  
a u t i s y m n e i r i c  p a r l  ( ) l

,  h r  t e n s o r  i s  a n  a a i a l  v e c t o r .
W e  p r o c e e d  t o  s k e t c h  a  f € w  s u g g e s t  i o n : i  1 ( ) r  ( t ( v !  l ( , I r m ( r i t  b a s e d  o n  c l a s s i .

, p . r s  b y  K i e l i c h  e .  a 7 .

l n  a n  e ä r L y  w o r k ,  K i e l i c h  [ / 6 1  h r s  { ( i r s i i ] ! r ( . d  l r . . l u e n c y  a n d  s p a t i a l l v
, t i a b L e  e l e c t r i c  a n d  m a g n e t i c  p o l a r i z r t i ( , |  j r n i , , . . d  i r )  n o n l i n e a r  m e d j a  l J v

l ( c t r o n a g n e t i c  f i e L d s ,  u s i n g  B o r n  l , , l r , 1 { l  e l e . l r o ( t y J r a D i . s .  T h e  n € w  t e r m  ! r r )
. 1 , ( ) t r l d  b e  s y s t e n a t i . a l l y  i n c o r p o r a L . ' d  i n  L h i s  v o r k ,  a n d  n o v c l  n o r ü i n e a r  e f f e c l s

r J e d i c t € d .  N o n l i n e a r  p r o c e s s e s  r e s u l t  i n g  l r o m  n N L t i p o l e  i n t e r a c t i o n  b e l u e e n
i , l e c u l e s  a n d  e l e c t r o m a g n e t i c  f i € l d s  L / /  . a n  a l s o  t r e  c o n s i d e r e d  i n  t e r m s  o 1

s ' , '  a t  f i r s r  a r d  h i S h e r  . r d e r s ,  a  s t  r u c r u r e  l h a r  o u l d  b e  c o n s i s t e n t  v i r l r

r i d i t e  p h o t o n  m a s s .  F l x a m p l e s  i n c l u d e  s c a t t . r i n g  t h c o r y  b a s e d  o ü  t ( ' ,  l h e  r o l e

5 r  a r l i . a ( t

d (t) i r*. t;

( 2 2 t )

r h e r e  I  i s  r h .  e L l i p L i c i l y  d e v e l o p e d  i n  t h e  a n s m i t t e d  p r o b c  a s  a  r € s u l t  o f  t h e

a p p l i c a t i o n  o f  a n  e l e . t . i c  f i e l d  t o  a  s a D p L e .  T h i s  e f f e c t  i s  t h e r e f o r e

e x p e . i m € n t a 1  . ! L d . n c .  f o r  l r t ) .  P r o c e e d i n g  i n  t h i s  w a y ,  i t  b e c o m c s  c l e a r  t h a t

t h e r : e  a r e  n i a n y  d i f f e r e n r  a s p e c t s  o f  r r ä d l t r o n a l  l i n e r r  u p t i c s  t h a t  c a n  b e

r e i o r r r p r e r e d  r n  t e r m s  o f  a r r '  T h e  s c a l a r  n r a g ü j  t ü d e s  o f  a ( 3 '  a n d  i a ( ' )  a r e  a ( o r

a n d  E ' r 0 )  r e s p e c t i v e l y ,  a s s o c i a t e d  i n  r h e  t ^ u r - v c c t o r  r . p L . s r n r a r i o n s  a p  a n d  r ;

w i t h  t h e  t i r n e  l i k e  c o m p o n e n t s .  T h e  t i m e  l i k €  p o l a r i z a t i o n  a l o a y s  a p p e a r s  a s  a n

admix tu re  w i th  the  Iong i tud ina l  po la r iza t ion .  and bo th  a re  phys ica l l y  mean ing fu ]

b e c a u s e  t h e y  a r e  o b s e r v e d  i n  f u n d a m e n t a l  o p t j c a l  p h e n o m e n a .  E q u a t i o n  ( 2 2 5 )  f o r

e x a n p l e  s h o r s  t h a t  c i r c u l a r  d i c h r o i s D  i s  r . , I a t . d  t o  t h e  m o l e c u l a r  p r o p e r t y  t e n s o r

s u m . e p r : e s e n t e d  b y  e / r ,  w h i c h  i s  m a d e  u p  o f  r h e  R o s e n f e l d  t e n s o r  a n d  t h e  e l e c r r i c

q u a d r u p o l €  t e n s o r .  H o ' e v e r .  { / i  i s  a  m a t e r i a l  p r o p e r t y ,  w h i l €  b o t h  j a ( ! )  a n d

e  o t  f r e e  s n a . e - t i n e  w h i c h  i n L . r a c t  \ r i t h  m a t t e r ,  i n  r h e  s a m e

w a y  a s  s |  T h e  l a r t e r  c ä n  b e  d e f i n e d  w i t h o u t  a , , y  r e f e r e n c e  t o  m a t t e r ,  a n d  t h e

d e f i n i L i o n  o f  s r  i n  r e r : n s  o l  a o '  i s  u n a f f . : c t e d  b y  a n y  D a L e r i a l  p r o p e r t y  I n  E q .

( 2 2 5 ) ,  r e  h a v e  u s e d  L h e  r e s u L t  t h a t  a r  / r  i s  d i r e c t l y  p r o p o r t i o n a L  t o  t h e  S t o k e s

p a r a m e t e r  s r  i n  f r e e  s p a c e  t i n e ,  a n d  h a v e  r e p i a c e d  t h c  S t o k e s  p a r a m e t . r  L y  a  t e r m

p r o p o r t  i o n a L  t o  a ( 3 ) 2 .

R e a L i z i n g  t h c  l i n k  b e r l r e e n  . s r  a n d  a ( : )  s h o v s  t h a t  t h . r e  j s  i n  f a c t  c o p i o u s

e v i d c n c e  f o r  ! ( 3 ) ,  a n d  t h a t  a l l  o f  t h i s  e ! i ( 1 . n c .  i s  c o n s i s i e n t  a i t h  f l n i L c  p h o t o n

m a s s .  l h r o u S , h  a  ] . i e  a l A e b r a  s u c h  a s  t h a r  o l  I t q .  ( l ) ,  t h e  c u s t o m a r y  d e s c r i p t i o n

i s  s u p p l a n t . d  i n  r n r y s i c a l  o p t i c s  b y  a  f l o r r , . o m p l . t c  u n d . r s t a r ) d i n 8 ,  o n e  v h i c h  i s

f u L l ) '  c o n s i  s t e n t  ü i t h  s p e c i a l  r € l a t i v i t y  : r n d  o n .  w h i c h  d o e s  n o r  a r b L r r a r i l y

d i s c a r d  a r 3 ' .  f h i s  l e a d s  i n  t u r : n  t o  a n  a p f r . . i a t i o n  o f  t h f  r o l c  p l a y e d  b y  f i n i r e

M o r e  t e n e r a l i y ,  o r d i n a r y  o p t i c a l  a b s o r p t  i ( , n ,  . l e s . r  j b e d  c l r s t o n a r i l y  b y  t h e

B e e r  L r n b (  r l  L  a ! :

(228'

c a n  b e  i n f . r p r e t e d  a n e w  i n  t e r m s  o f  A ( t .  l l { r ( ,  r o  i s  t h e  i  c i d e n t  b e a m

i n t e i s i t y ,  r  t h .  t r a n s m i t t e d  b e a n  i n t e n s i t y ,  r r r l  ( /  t h .  s a m p l e  l e n g t h .  a  ( n )

i s  t h e  p o w . , r  a b s o r p r i o n  c o e f f i c i e n t  i n  n e p . r  ,  r ' ,  a  q u a n t i l y  s h i c h  c a n  b e

e i p r e s s e d  i n  t e r n s  o f  t h e  L o n g i t u d i n a L  f i e l d  i ! { r )  b e c a u s e  t h e  z e r o t h  S t o k e s

p a r a m e t e r  s o  i s  p r o p o r t i o n a l  t o  b e a D  i n t e n s i t t .  T l i e r e f o r e  s i n p L e  o p t i c a - l

a b s o r p t i o n  ( a t  a n y  f r e q u e n c y )  i s  a  p r o c c s s  v h i ( : ] i . a d  b e  i n t e r : p r e t e d  i n  t € r m s  o t

r ß ) ,  a n d  i s  L h e r . f o r e  c o n s i s t e n t  w i t h  f i n i t e  p h o t o n  m a s s .  f h e  t r a d i t i o n a l

i n t e r p r e t a r - i o n  r e m a i n s  v a l i d  a s  f a r  a s  i t  g o . s ,  b u l  i s  s u p p l e m e n t e d  b y  t h e  n e i ,

t y p e  o f  a l g e b r a  e x € n p l i f i e d  b y  E q .  ( 7 ) ,  a n  a l . p , e b r a  f . o m  w h i c h  t h e s e  c o n c l u s i o n s
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o f  t ( ' )  i n  n o n l i n e a r  o p t  i c a l  p r o c e s s e s  v h e r c  l i n e a r  s u p e r p o s i t i o n  i s  l o s t ;

i n v e s t i g a t i o n s  o f  t h e  p r o b a b i l i t y  o f  a  u  p h o t o n  p r o c e s s  u i t h  m a g n e t i c

t r a n s i t i o n s  i n v o l v i n g  a n  i n c o m i n g  B r ' )  f L u x  q u a n t u n .  I n  t h e  t h e o r y  [ 7 8 ]  o f

n o n l i n e a r  l i g h r  s c a t t e r i n g  f r o n  c o l t o i d a t  m e d i a  1 7 9 1 ,  a { 3 )  i s  e x P e c l e d  t o  p l a y

a  b a s i c  p a r t  i n  d e f i n i n g  t h e  p o l a r i z a t i o n  r a t i o ,  b . c a u s e  a { 3 '  i s  p r o P o r t i o n a l  t o

I ,  1 , .  I n  g e n e r a l  i n  R a y L e i g h  r : e f r i n g c n t  s c a t t e r i n g  t h e o r y ,  t h e  S t o k e s

parameters  can be  descr ibed in  te rms o f  a { t .  The ro le  o f  a r ' )  in  phenonena such

a s  t h e  ü a j o r a n a  e f f e c t  a n d  i n t e n s i t y  d e p € n d e n t  c i r c t l l a r  b i r e f r i n g e n c e  i s  a l s o

f u n d a m e n t a l  -  E L l i p s e  s e l f  r o t a t i o n  [ 8 0 ]  b y  a  . i r c u r a r l y  p o l a r i z e d  l a s e r  i s  a l s o

fundamenta l l y  d€pendent  oD rhe  long i tud ina l  A( ' ' .

T h e  s i m p l e  n e a s u r e m e n t  o f  b e a m  i n t e n s i t y  d o e s  n o t ,  h o w e v € r ,  a p p e a r  t o  a l l o e

the  de tec t ion  o f  long i tud ina l  photons ,  a t  l - .as t  in  a  d i r€c t  and s imp le  vay

Al though f in i te  phoron mass  imp l ies  th€  ex is tcnce o f  a  th i rd  degree o f  f reedom

f o r  t h e  p h o t o n ,  s u g g e s t i n g  a  5 0 %  i n c r e a s e  i n  t h e  s t o r e d  e n e r e y  i 6 l  o f  a  s y s t e m

o f  p h o t o n s ,  t h i s  c a n n o t  b e  o b s e r v e d  e x p e r i m e n t a l l y .  T h e  P l a n c k  r a d i a t i o n  l a w ,

f o r  e x a m p l e ,  i s  d e r i v e d  c u s t o m a r i l y  u s i n g  o n L y  t r a n s v e r s e  p o l a r i z a t i o n s ,  a n d  i s

f o u n d  L o  h o l d  p r e c i s e l y  i n  c o n p a r i s o n  w i t h  e x p - . r i m e n t a l  d a t a .  A a s s  a n d

Schröd inger  t35 l  were  anong the  f i rs t  to  exp la in  hov  the  P lanck  law caü remain

va l id  even fo r  f in i te  photon  nass  by  shov ing  tha l  the  approach to  equ i l ib r ium o f

long i tud ina l  photons  in  a  cav i ty  i s  very  s low,  and eDergy  s to r :ed  in  i ransverse

waves takes  a  t ime approx imate ly  s imiLar  to  the  age o f  the  un iver :se  to  be

p a r L i t i o n e d  e q u a L l y  a n o n g  t h r e e  d e g r e e s  o f  l r e e d o n .  f a r a h i  a n d  E v a n s  [ 2 7 ]  h a v e

sho l rn  rec€ntLy  tha t  long i t td ina l  e lec t r i .  and  magnet ic  so lu t ions  j ! (3 }  and A{ : '

i n  t h e  M a n \ , r e l l i a n  l i m i t  d o  n o t  c o n t r i b u t c  t o  r h e  e l e c t r o m a g n e t i c  e n e r g y  d € n s i t y

The i r  method was based on  the  s imp le  assunpt  ion  tha t  the  nos l  genera l  so lu t ion

of  l , laxv€L l ' s  equar ions  are  o f  the  fo rm.

Some Consequences of Finite Photon Mets in ...

l , ) s i n g  t h a t  6 c r  a n d  t h e  c o n j u S a r e  p r o d u c t  o p e r ; r r o r  t , |  ! t 1 , )  a r e  r i S o r o u s t y
o p o r t i o n a l  i n  q u a n t u m  f i e l d  t h e o r y .  B o r h  r r i .  ( i ! s . r j  b e d  b y  r h e  o p ! r a t o r

r , . r ;  ä y ä ; )  w h o s €  e x p e c t a t i  o n  v a l u e  b e t v e e n  q u ä , , 1 , ! n  s t  n l . s  o f  r h e  e 1  e c r r o r i ä E r x , l  -

t j e l d  i s  a l r a y s  a  c o n s r a n t ,  2 .  T h e  S t o k e s  o p e f a t o r  s . ,  i n  r h i s  n o t a r i o i  i s

E ' '  =  ! : ) \ ä x ä )  t , ä ; \ k .

s, = ?(ä,ä;-ä"r;).
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( 2 3 r  )

l ? t t >

l r  
r ( l ( ) ( . : i  n o t  d e p e n ( i  ( ) r  i l  r l

I t  w a s  s h o w r  L h a l  [ 2 7 ]  t h i s  r e s u l t  i s  c o n p a t i b l e  ! i l h  t h e  d u a l  l r a n s f o r m a t l o n s

( 1 9 9 ) ,  ä  d e m o n s t r a t i o n  t h a t  i s  v a l i d  f o r  e I e . t r - o n ; r t n e t i o  v a w e s  l n  f r e e  s P ä c e

r a t h € r  t h a n  f o r  t h e  c a v i t y  f i € 1 d s  c o n s i d e r e d  b y  ( r o l d h a b e r  a n d  N i e r o  [ 6 ] .  T h €

c o n c l u s i o n  b y  F a r a h i  a n d  E v a n s  [ 2 7 i  i s  c o t r s i s t e r l t  v i t h  t h e  r e p r e s e n t a l i o n  o l

e lecr romagnet ic  energy  dens i ty  in  te rms o f  p roduc ts  suc l i  as  s r tp  and BFBP in  f re€

s p a c e ,  p r o d u c t s  j n  w h i c h  l o n g i t u d i n a l  a n d  t i m e  l i k e . o ß P o n e n t s  c ä n c e l ;  a  r e s u l t

v h i c h  i s  a l s o  o b t a i n e d  f r o m  t h e  d ' A l e m b e r t  € q u a r l o n  a n d  g i v e n  a s  E q  ( 2 0 4 )  o f

l i n a 1 l y ,  i n  i t s  q u a n r i z e d  v e r s i o n ,  6 o )  c a n  b e  e x p r e s s e d  a s  l 2 7 l

(232'

,  6 1 r )  i s  d e f i n e d  i n  t e r n s  o f  ä x ä ;  ä r ä ; ,  w h i . h  , ) l ) ,  r . , r { : :  , ) n  ä r v  ' , r h l r { . r  s r r r (
r  r  t o  g i v e  t h €  c o n s t a n t  e x p e c t a t i  o n  v a l u e  o f  2 .  

' l l , (  
l r t  |  , . r  i  s  i r ! l i . l , { , r n t h e l  o l

, .  n L L n b e r  s t a t e  l r >  o f  t h e  p h o r o n s ,  a n d  S e n e r a t  i z , . : ,  l l i t  t l , j r ( t  s l , ) k ( . : ;  I ) n | r N , l r , r
,  o f  t h e  c t a s s i c a l  f i e l d .  T h i s  i s  a n o t h e r  u ä v  ( ) t  j i , , . j I i t  r t r i r  / i  , r  ( t o ( : i  I o r
, , , t r i b u t e  t o  e l e c t r o m a B n e t i c  e n e r g y  d e n s i t y ,  w h i . h  i : r  ( t ( . : r r r i l x { l  i ) y  r l !  r ,  r o , l t r
( 1 e r  S t o k e s  p a r a m e t e r j  s o  T h e  e x p e c t a t i o n  v a l r ! ,  , ) t  r l , { . { . I . 1 8 y  { ) r  I  l i r , ) r , ) n . j

<  ' !Ä  ->  =  / '  
"  

1 \ r " ,

i l  d e p e n d s  o n  r .  S i n c e  t h e  e x p e c t a t i o n  v a l ü e  ( ) l

, ' r o t  c o n t r i b u t e  t o  e l e c t r o m a g n e t i c  e n e r g y .
N e v e r t h e l e s s ,  6 1 r )  a c t s  a s  a  f i e l d  t h r o , r l t l , , , L r l  { t . . t r o n E g n . , r i s r n ,  a r ( t  i j ,

. r ) e . t € d  t o  p r o v i d e  u s e f u l  n e v  r e c h n i q u e s  s , , . l r  , , : ,  , i l ) t  i ( : a l  N I 4 R  a n d  ( ) l ) l  i ( . a l
j r r e t i c  r e s o n a n c e  i m a g i n g ,  i n  w h i c h  t h €  j  m , r 1 , , ( .  i . i  , ' i h r r ) c c d  b y  i ( r ,  

' t l , r : , {

,  (  hn i  ques  are  cur ren t l  y  u  der  dewel  opment  .

^, knovledgDents

D u r : i n g  t h e  c o u r s e  o f  p r e p a r a r i o n  o f  r h i s  r r . r  i . l i .  ! F n y  i n r e r e s t i n g  t e r t . r : ;
. , , (  r e c e i v e d  f r o m  P r o f .  D r .  S t a n i s l a v  K j e l i . l , .  ^ ( l a n  I , l i c k i e w i c z  U n i v e r s i t y .

. : ' , a ; ,  P o l a n d ;  P r o f .  . 1 .  P .  V i g i e r ,  U n i v e r s i l (  t , i f  n c  e r  r , l a r i e  C u r i e ,  I n s t i t l l l
, r f i  P o i n c a r € ,  P a r i s ;  a n d  P r o f .  J .  C .  H u a r i t ,  l J ' , i v , , r s i t y  o f  M i s s o u r i ,  C o l ü m b i a
! 1 ,  s e v e r a l  o r i g i n a l  a n d  v a l u a b l e  c o m m e . l s  u h i ( . h  h . l p e ( l  g r e a t t y  i n  s h a p l n E  r h e
\ l  .  M a n y  i n t € r e s t i n g  e  m a i l  c o n v e r . s a r i o i s  a r , ,  r . k r x ) s l e d g e d  w i r h  D r _  K e i t h  A

, r l e ,  C o r n e l l  U n i v € r s i r y ,  e s p e c i a l l y  i n  l o r m u l a r i h l i  t t , e  I u t l y  c o v a r i a D t  t o u r
, ,  t o r s  s e  a n d  B t s .  S e v e r a l  i n t € r e s t i n g  d i s c u s s i o n s  r r e  a c k n o w l e d g e d  w i l l ,

L ( l e n t s  a n d  s t a f f  a t  U n i v e r s i t y  o f  N o . t h  ( i a r o l  i n . ,  C h a r L o t t e ,  a n d  D r .  L a u r a  J
Lns  is  thanked fo r  i i l €  p repara t ion ,  equar  ion  fo r i ,a t  I  in t ,  and many hoLr rs  o l

. , r r e n t  w o r k .  T h i s  n o r k  r a s  s u p p o r t e d  a t  v a r i o u s  s r a g e s  b y  t h e  f o l l o v i n g j  r h . .
r j s s  N a t i o n a l  S c i e n c e  F o u n d a t i o n  a n d  U  i v e r s i t y  o f  Z u r i c h ,  S v , i t z e r l a n d ;  r h e

E "  =  E l r '  t )  *  E \ "  '

l e a d i r f t  t o  l h e  r e s u l t  t h a t  t h e  c o n t i n u i t y

in  va .uo  is  u r ( :hanged i f  (Append ix  c )

a o  =  D l r ,  L )  + B ß '

e q u a r  i o n  f o r  e l  r . t r o m a S n e t i c  r a d i a t i o n

(229>

<2')O)l ( r )  x ! ( r ,  t )  = E t " , a t r .  t ) .
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l 9 l

B r i t i s h  L . v e r h u l  n e  l r , r s t ,  t h e  C o r n e l l  T h € o r )  C . J ) t - ' r .  O p t i c a l  V e n t u r e s  I n c  ,  a r t l

t h e  U n i v e r s i  t v  o {  N o r l  h  ( i a }  o l  i  n a  a t  c h ä r l  o t t e

1 L r  l - .  d e  B ) i o g l i e ,  a ] . r r p t e s  R e t . l ü . s  1 9 9 ,  4 4 5  ( 1 9 . y t ) .

t 2 l  I -  d .  t s r ( ) l t l  i e .  L j b r a r y  o f  C o n l , r e s s  L i s l i n 8 s ,  T h c  N n t i o n a l  U I r j o n  C a t a l 0 8 .

P r .  _  l r l 5 a ,  I m p r i n t s ,  v o l  .  / /  ( X a n s . l l  l n f o r m a t i o n  P u b  L t d . ,  L o n d o n ,  1 9 7 0 ) ,
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(Canbr idge Univers i ty  Pr€ss,  Canbr idAe, 1982) .

[ 4 7 ]  Y .  R .  s h e n ,  I i ] e  P r i n c i p l e s  o f  N o D l i n e a r  O p t i c a  ( v i 1 e y - I n t e r s c i e n c e ,  N e w
Y o r k ,  1 9 8 4 ) .

[ 4 8 ]  S .  K i e l i c h ,  i n  I I .  D a v i e s ,  E d .  D i e l c c t r i c  a r ) d  R e l a t e d  t l a l e c o L a r  P r o c e s s e s ,
V o l .  1 ( C h e m i c a l  S o c i e L y ,  L o n d o n ,  1 9 7 2 ) .

[ 4 9 ]  S .  K i e l i c h ,  o l e c u l a r  N o n l i n e a r  o p . i c s  ( N a u k a ,  M o s c o v ,  1 9 8 1 ) ,  f o r  a
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refer :ences therein.
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' ' )  I  Lhe f i rs t  opt ical  NMR exper inent  has been reporred f ron Pr inceton
U n i v e r s i t y  b y  W .  S .  l . l a { r e n ,  S .  M a y r ,  D .  C o s w a n i ,  a n d  A .  P .  W e s t ,  J r . ,
S c l e n c e  2 5 5 ,  1 6 8 3  ( r 9 9 2 ) ;  t h e  e f f e c t  a a s  p r . o p o s e d  t h e o r e t i c a l l y  i n  M .  W .
E v a n s ,  J .  P h l s .  C h e a .  9 5 ,  2 2 5 6  ( 1 9 9 1 )  u s i n g  a  v e r y  s i m p l €  t h e o r y  b a s e d  o n
t h e  c o n j u g a t e  p r o d u c t  f o r  a t o n s  s i t h  s p i n .  I l  a p p e a r s  r h ä t  t r ' '  p l a y s  a n
a s  y e t  i n c o n p l e t e l y  u n d e r s t o o d  r o l e  i n  o N M R .  b e . a  s e  c i r . u l a r l y  p o l a r i z e d
l ight  shi f ts  Nl , lR f r€quencies.  The shi f ts  are smalL but  measurable.

' 1 )  1 4 .  w .  E v a n s ,  J .  ? ä I s .  C h e n . 9 5 , 2 2 5 6  ( 1 9 9 1  ) r  s e r  a l s o  l , l .  1 , 1 .  E v a n s ,  P n l s t c a
B  L l 6 ,  2 5 4  ( 1 9 9 2 ) ,  7 1 9 ,  I 5 l  ( 1 9 9 2 ) ;  I n t .  J .  t t o d .  P t t y s .  B  5 , 1 2 6 1  ( 1 9 9 1 ) ;
C h e n .  P h y s .  1 5 7 ,  1  ( 1 9 9 1 ) ;  J . l l o i .  S p e c t . 1 4 6 ,  ) l t J , 3 5 I  ( 1 9 9 1 ) ;  a n d  i n  L
P r i g o g i n e  a n d  S .  A .  R i c e ,  E d s . ,  A d v a n . e s  i ü  c f u n i . a l  P l l s i c s ,  V o 1 .  8 1
( I ' l i l e y  I n t e r s c i e n c e ,  N e v  Y o r k ,  1 9 9 2 ) .

L l  a  c l e a r  i n t r o d u c t i o n  t o  t h e  t h e o r y  o f  s h j e L d i n f ,  c o . f f i c i e n t s  i n  N l 4 R  i s
g i v e n  b y  A t k i n s ,  R e f .  3 7 .  S h i e t d i n g  c o e f f i . i e n r s  i , ,  o N l { R  a r e  a l s o  t r e a t e d
t h e o r e t i c a l l y  b y  1 . 1 .  U .  E v a n s ,  J .  P h y s .  C h c n  i n  p r e s s  ( 1 9 9 3 ) i  J .  I t o J  -
s t r u c t .  i n  p r e s s  ( r 9 9 3 ) ,  s h o w i n g  t h a t  p e r l r r r l ) . r  i o n  o f  r h . s e  c o e f f i c i e n i s
r e s u l t s  i n  a n  O N I R  s h l f t  m a n y  o r d e r s  o f  d r l t n i r , ( 1 .  s m a l l e r  r h a n  t h o s e
o b s e r v e d  i 5 9 1 ,  t h u s  i n d i c a t i n g  t h e  p r e s e n c e  o l  a r r )  .  I t  i s  c L e a r  h o l r e v e r ,
that  the in vacuo nagni tude of  A(t  does nol  r . . .1,  the nLr. I€us.  probably
d u e  t o  a n  i n t e r n a l  f i e l d  e f f e c t  a r i s i n g  f r o n  i n r . r a c t i o n  o f  a r t )  w i t h
ele. t r :ons surrounding lhe mrcleus.

' . '  c o n p r e h e n s l v e l y  r e v i e v e d  b y  R .  Z a r o d n y ,  R e f  / i l .  V , ) l  t l 5 ( l )  I n t e n s e  l i e h t
m o d i f i e s  t h e  n a g n e t i c  p r o p e r t i e s  o f  m a t t e r  i ' ,  i { . ! . r n l  d i f f € r e ü r  v a y s ,  t h e
f i r s t  n o n - l i n e a r  t h e o r i e s  w e r e  p r o p o s e d  b y  s .  ( i (  l i ( : h  a r x l  A .  P i e k a r a ,  Ä c r a
P l i y s .  P o l .  1 8 , 4 3 9  ( 1 9 5 9 ) .  T h e  i n v e r s e  ( l o r r , ) n  l l o , r r o n  c l f e c t ,  f o r  e x a m p l e
h a s  b e e n  p r o p o s e d  b y  S .  K i e l i c h ,  A c t a  P l ) y : ; .  t , o t  1 1  .  9 2 9 j  3 2 ,  4 0 5  ( 1 9 6 1 ) .
K i e l i c h  h a s  a l s o  p r o v i d e d  a  t h e o r y  o f  t h e  i M . r ' s , .  f a r a d a y  e f f e c t  i n  t h € s e
r e f e r e n c e s  a n d  i n  J .  C o l l o i d  I n t e r f a < e  " 5 ( . i  

- i O ,  
L  , 9  ( 1 9 6 9 )  -  K i e l i c h  h a s

a l s o  p r o p o s e d  a  t h e o r : y  o f  n o n l i n e a r  v a r i . , l  i o r  i r  l l , f  V e r d e t  c o n s t a n t  a n d
g a s e s  a n d  l i q u i d s  d u e  t o  i n t e n s e  l i g h r ,  a r ( l  i r l  r h e  p a s t  f e a  y e a r s  t h e
nonl lnear Faraday ef fect  near to and far  l rohr r , : ro ' , : in( :e has been observed
on many occasions,  as revie! 'ed by Zawodny.  l r .  r r l (  r  to the "opt ical  Faraday
e f f e c r "  a s  r o t a t i o n  o f  a n  a z i n u t h  o l  , r  t ) r  o b r  b { . ä m  d u e  t o  r I t  o f  a
c i r c u l a r l y  p o l a r i z e d  p u n p  b e a m .  T h e  i ü v (  t  s {  1 , , r . , ( l , r y e i t e c t i s n a g n e t i z a t i o n
d u e  t o  A € , .  I n  g e n e r a l  t h e r e  a r e  s e v e r a l  { l i l t e r . n l  r y p e s  o f  n o n l i n e a r
Faraday ef fect .  l^ t rerever these can be <lrscr  i l )ed by rhe wel l  recognized
conjugate product  a(1)  x ! (2)  ,  they carr  r ls()  l )1 ( l .s . r ib{ ' .1 by A(1) through the
g € n e r a l l y  a p p l i c a b l e  r e s u l t  ( 9 3 )  o f  t h e  r . y t  i i o r  r l , e  r l a x v e l l i a n  f i e l d ,  o r
i t s  e q u i v a l e n t  i n  t h e  P r o c a  f i e l d .  u h i . l t  i s  i d . l r r  i c a t  f o r  a l l  p r a c t i c a L

'  1  . I  F r e y ,  R .  I r e y ,  C .  F l y t z ä n n i s  a D d  R .  l r l b o u l e l  O p t .  C o n n u n .  8 4 ,  I 6
( r 9 9 r ) .

,  l { .  ! , / .  Evans,  J.  ,Yol  .  Struct .  in press (  t (J9 'J)
,  '  t h i s  i m p o r : t a n t  r : e s u l t  o f  t e n s o r  a n a l y s i s  i s . L e a r L y  d e s c r i b e d  b y  B a r r o n  i n

r e f .  [ 4 6 ]  a n d  i n  n u r u e r o u s  o t h e r  t e x r s .
'  R .  T a n a Ä  a n d  S .  K i e l i c h ,  J .  U o d .  O p t . 3 7 ,  L 9 l 5  ( 1 9 9 0 ) -

t 5 0 l
{ 5 1 1

S .  K i € 1 i c h ,  P r o B .  o p t .  2 0 ,  1 5 5  ( 1 9 8 1 ) .

the a symerry of  e lectr ic  and magnet ic f ie lds is  negal ive,  a br ief  but
c l e a r  d i s c u s s i o n  i s  g i v e n  b y  R y d e r  i n  R e f .  1 4 .

I s 2 ]  s e e  R e f s .  [ 3 8 ]  a n d  t 3 9 1 .  s e w e r a l  n o n t i n e a r  o p t i c a l  e f f e c t s  c a n  b e  e x p r e s s e d
i n  t e r m s  o f  t h e  c o n l u g ä t e  p r o d u c t ,  f o r  e x a r n p l e  o p t i c a l  r e c t i f i c a t i o n .  A n
up to date sumnary is  provided in Ref.  28.  The use of  the conjugate product
c a n  b e  t r a c e d  t o  t h e  l a t €  f i f t i e s ,  a n d  p e r h a p s  e a r l i e r .

[53]  for  exanple C. l , lagnidre,  Phys.  Rev.  40,  2431 (1989),  lh is paper reduces thc
theory of  the conjuga!e product  to i ts  essenc€, descr ibes the inverse
Faraday ef fect ,  and proposes inverse maAnetochira l  b i refr ingence.

[ 5 4 ]  S .  F e n e u i l r e ,  R e p .  P r o g .  P h y s .  t + O ,  1 2 \ /  ( I 9 1 1 ) .

{551 The inverse Far:aday ef fect  is  descr ibed by Shen in R€f-  47 and very br ief ly
b y  A t k i n s  i n  R e f .  3 7 .  S e e  a l s o  D .  0 .  H a n n a ,  M .  A .  Y u r a t i c h ,  a n d  D .  C o t t e r ,
Non Linear Opt ics of  Free Atans aDd l t . , le<xr les (Spl inger,  New York,  1979).

t56l  for  exanple the opt ical  Zeemän, rarad.ry,  and Cotton Mouton ef fects,  the
inverse Faraday ef fect ;  opt ical  NI ' IR and I iSR; opt ical ty  induced forward
b a c k r a r d  b i r e f r i n g e n c e ,  a n d  s o  o n ,  d e s c r i b e d  i n  d e t a i l  i n  R e f .  3 6 .  T h e s .
e x p e r i n e n t s  r o u l d  b e  c o n s i s t e n t  w i t h  d a t a  s u r v e y e d  i  R e f .  3 2 .

[57]  for  exaorple,  A.  F.  Xip,  FaDdanentals of  ElecLr ic i ty  and t ' taqDet isn (Mccrau

H i i  l  ,  N e v  Y o r k ,  1 9 6 2 ) ;  R -  M .  I ^ r h i t n e r ,  E l e c t r o n a q n e t l c s  ( P r e n t i c e  H a l l  ,
E n g l e r o o d  C l i f f s ,  1 9 6 2 . )  a n d  n u n e r o u s  o t h e r  t e x t s .

[ 5 8 ]  a  c o m p r e h e n s i v e  r e v i e v  o f  t h e  l i g h t  s h i f t  l i t e r a t u r e  u p  r o  1 9 7 1  i s  p r o v i d e d
b y  U .  H a p p e r ,  A e v .  t o d .  P h y s .  4 4 ,  1 6 9  ( 1 9 / 2 ) .  I n  t h i s  a r e a  t h e  c o n j u g a t e
p r o d u c r  i s  r e f e r r e d  t o  a s  a n  " e f f e c r i v €  m a g n e t i .  f i e l d " .  e . g .  B .  S .  t { a t h u r ,
H .  T a n g  a n d  ! i .  H a p p e r ,  P h y s .  R e v .  1 7 1 ,  l 1  ( 1 9 6 8 ) ,  w h o  d i s c u s s  l i g h t  i n d u c e d
Z e e m a n  s h i f t s  i n  t e r m s  o f  l h e  c o n j u g a t e  p r o d u c t ,  a n d  t h e r e f o r e  i n  l e r m s  o l

t h e  n o v e l  a I ' )  o f  t h i s  r e v i e w  a r t i c l e .  l l a l h u r  e t  a l .  i n t e r e s t i n g l y  n e n t i o n
t h a t  " . . .  t h e  Z e e n a n  l l g h t  s h i f t s  \ . r i l 1  a f f e c t  t h e  Z e e m a n  f r e q u e n c i e s  o f  t h e
a t o m  i n  e x a c t l y  t h e  s a m e  t a y  a s  a  s n a l l  m a g n e t i c  f i e l d . "  W e  a s s e r t  t h a i

th is is  t ( ' ,  of  the ter t -  They also recognize that  the 1i8ht  must  bo
c i r c u L a r l y  p o l a r i z e d  f o r  t h i s  t o  o c c u r .  l h e  f i r s t  o b s e r v a t l o n s  o f  l i 8 h r
shi f ts  appear to hav€ been nade at  Pr in.eton Univers i ty  by M- Ardi t i  and
T .  R .  c a r v e r ,  P h y s .  R e v .  1 2 4 ,  8 0 0  ( 1 9 6 1 ) ,  w i t h o u t  t h e  u s e  o f  l a s e r s .  M ' r . h
interes! ing work in th is area has been report€d f ron the Ecole Nornal
S u p e r i e u r  i n  P a r i s  b y  c o h e n - T a n n o u d j i  a n d . o  v o r k e r s ,  e . g .  J .  D u p o n t - R o c .
N .  P o l o n s k y ,  C .  C o h e n - T a n n o u d j i  a n d  A .  K a s t L e r .  P h y s .  L e t t  A  2 5 ,  8 l
(1967)t  C.  Cohen-Tannoudj i ,  J .  Dupont Roc and G. Grynberg,  Pno.ons Et 'd
Atons:  Introaluct ion Eo Quartun Electrodynanics (Witey,  New York,  1989)
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[69]  B.  l t .  Shore,  ?ne Theary of  Coherent  Atonic Exci tat ion.  vo1s.  l  and 2

(  W i 1 e y ,  N e r  Y o r k ,  1 9 9 0 ) .
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[ 7 1 ]  J .  D .  J a c k s o n ,  c l a s s t c a - l  E l e . t r o d y D a n i . s  (  i ] e y ,  N e v  y o r k ,  1 9 6 2 ) .
[ 7 2 ]  s .  K i e l i c h ,  P r o c .  P t l y s .  s a c . 9 0 , 8 4 1  ( 1 9 6 1 ) .
l T l j  L .  N a f i e  a n d  D .  C h e ,  i n  R e f .  2 8 .  V o l .  8 5 ( : J ) .
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[ 7 5 ]  1 1 .  l , l .  E v a n s ,  c -  J .  E v a n s ,  W .  T .  C o f f e y  a n d  P .  c r i g o t i n i ,  N o j e c u l a r  D y n a n i c s

( W i l e y  I n t e r s c i e n c e ,  N e r  Y o r k ,  1 9 8 2 ) .
[ 7 6 ]  s .  K l e l i c h ,  A c t a  P h y s .  P a l  .  2 9 , 8 1 5  ( 1 9 6 6 ) .
[ 7 7 ]  s .  K i e l i c h ,  P . a c .  P h y s .  s o c .  8 6 ,  / 0 9  ( 1 9 6 5 ) .
[ 7 8 ]  S .  K i e l i c h ,  J .  C o l l o i d  I n t .  S c i . 2 7 . 4 3 2  ( 1 9 6 8 ) ; 3 0 ,  1 5 9  ( r 9 6 9 ) .
[ 7 9 ]  S .  K i e l i c h  a n d  R .  Z a w o d ü y ,  o p t .  C o n n ü n .  t 5 , 2 6 1  ( 1 9 7 5 ) .
[ 8 0 ]  P .  D .  I l a k e r  a n d  R .  ! l .  T e r h u D e ,  P h y s .  R e v .  1 3 7 ,  A 8 0 l  ( 1 9 6 5 ) ;  C .  c .  W a n g ,

P h y s .  R e v .  I 5 2 ,  1 4 9  ( 1 9 6 6 )  t  F .  S h i m i z u .  J .  p l l y s .  S o c .  J a p a n  2 2 ,  1 O 7 O
(7967 )  .

Apperdix A. special Relatiwity and consistency of otation

Unfortunately,  the l i terature in specia l  re lar iv l ty  uses di f ferent  types
o f  n o t a t i o n ,  e x e D p l i f i e d  b y  t h a r  o f  R y d e r  [ r 5 ] ,  a n d  t h a t  o f  J a c k s o n  t 7 1 1 .  F o r
readers unfami l iar  s i th th is use of  notat ion,  rh is appendix br ief ly  skerches rh€
foundat ions of  specia l  r€ lat iv i ty ,  and explai r rs the notat ion used th loughout th is
ar l ic le-  To avoid anbigui ty and possib le confusion,  a compar ison is  provided of
di f ferent  notat ions vhenever necessary.

A c lear account of  the foundar ions of  specia l  re lat iv i ty  is  g iven by
J a c k s o n  [ / ] . 1 ,  c h a p t € r  1 1 ,  a n d  t h i s  i s  s u n m a r i z e d  h e r e .

] {axwet l  's  equat ions in wacüo ar€ invar ianr (Appendix B) to the Lorentz
transformat ion of  specia l  retat iv i ty .  Thj  s was shoL. l r  by Lorent  z in 1904.
Short ly  af t€rwards,  Polncar6 shored that  aL1 Lhe equat ions of  e lectrodynamics ar .
s i D i l a r L y  i n v a r i a n t .  T h e s e  r e s u l t s  w e r e  p . o v e n  i r d c p e n d e n t t y  b y  E i n s t e i n  1 n
1 9 0 5 ,  ä n d  s h o m  i n  t h e  t h e o r y  o f  s p e c i a l  r e l a t i v i r y  t .  b e  g e n e r a t l y  a p p l i c a b l e
i n  p t r y s i c s .  E i n s t e i n  b a s e d  h i s  t h e o r y  o n  r v o  g e r e r a L  p r i n c i p l e s ,  t h e  f l r s t
asserts thaL the lars of  physics rake rhe same form in a l1 Lorenrz f rames; rho
second asserts thät  the constant  c is  rhe same in a l l  Lorentz f ranes.  Th.
lat ter  is  the speed of  l ight  in the Max'e l l ian theory of  e lectrodlnanlcs,  our nor
in the Proca theoly (see introduct ion to the texr) .  The consranr c 1s
independent of  the mot ion of  the soulce.  The postulared constancy of  c a l to l {s
a connect ion [71]  to be nade betveen l , l inkoaski  space-t ime coordinares tn
di f ferent  f rames, customari ly  label led r  and , ( / ,  the lar ter  moving ar  y ! ] i rh
respecl  Lo the former a long the Z axis.

r  s p e c l a r  r e r a r l v r c y  r r  r s  c o n v e n i e n t  t o  u s e  p s € u d o , I j u c t i d e ä n  s p a c e - t i r .
räLher than Eucl idean space.  The pseudo-Eucl idean f rame of  reference 1s ' r l r ren
a s  ( X ,  Y ,  Z ,  i c t )  i n  t h e  n o t a t l o n  o f  L h i s  a r t i c l e ,  f o l t o v i n g  r h e  o r i A i n a l
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,  , t o s a l  b y  M i n k o w s k l ,  c i r c a  1 9 0 6 .  l n  t h e  n o t ä l  i o n  o f  R y d e r  [ 1 5 ]  h o v e v e r ,  t h e
i s  s u p p r e s s e d ,  a n d  t h e  t i n e  1 l k e  c o m p o n e n t  a r i t l e n  l L r s t .  T h e  R v d e r  n o t a t i o n

,  . o ß m o n  i n  c o n t e m p o r a r y  f i e l d  t h e o r : y .  I n  o u r  n o t . l  i o n

K -  t x ,  Y ,  z ,  i c t ) ,  K r = \ x t ,  Y t ,  r t ,  t t t t ) .
( A 1 )

r .  L h a t  t h e  o n l y  q u a n t i t y  t h a t  d o e s  n o t  c h a n 8 .  I r o r n  K  l o  ( ' i s  i . - ,  t i D e
, , ' , g e s  i n  t h e  L o r e n t z  t r a n s f o r m a t i o n  a s  v e l L  a s  s p a . e .  i r r t l  s p a . e  a n ( i  t  i m e  a r e
,  I  o n t e r  d i s r i n c r .

I t  i s  a s s u e d  [ / 1 ]  t h a t  t h e  t r a n s f o r m a t i o n  x - K ' ,

x t  x ,  v / -  ! ,  21  - . t ( z -w t ) ,  , '  t l r  ß  
' , . J ,

b e  v r i t t e n  i r  D , 1 l  '  i r  J o r n ,

(A2 )

s u c h  t h a t  l ( o )  = 1 -  l t . r !  I n  : i h o u r '  l l l r l r : , r  l  i : j

d o e s  n o t  m o v e  ! , / i t h  r e r i t r ' (  l  1 , ,  t - .  I r r  l ] ( ' L (  r , , 1 .  l h e

. r r  r e  l  i s  a  f u n c t i o n  o f  y

,  i t y  f o r  a l l  v .  7 f  v = a ,  K l
r . n t z  t r a n s f o r m  t a k e s  t h e

Yl

z l

. l , i ( h  i n  t e n s o r  n o t a t i o n  b e c o n e s

( ^ 3 )

1 0  0  t t
0 1  0  0

0  0  t y p  y ,l,l
( A 4 )

( 4 5 )
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The four by four matr ix  in Eq.  (A4) is  kno$n as rhe Lorentz t ransforBat ion
matr ix  and def ines the boosr generators of  the texr .  Nore that  our boost
generators are in Jackson norat ion,  and are real .  In Ryder type notat ion they
are conplex and look qui te d i f ferent .  Howewer,  in both notat ions they obey the
same conoutat ion re lat ions of  the Lorenrz and poincard groups.  The Lorentz
transformat ion malr ix  is  a lso di f ferent  in Ryder norat ion.  The oatr ix  (A4)
def ines the boosc Eenerator  of  the text  as fo l1ows. I te recosnize rhar i f

r  = c o s h 0 ,  y p = s i n h O ,  j = . " " r ' 0 ,  . t " O , p , ) = 1 ,

The boost  generator  in Z

1 0  0  0
0 1  0  0
0  0  c o s h o  i s i n h o
0 0 - i  s inh 0 coshÖ

o  0  o  o l
0 0  0  0
0 0  0 1
0  0  1 0 1

y l

z t ,i,l

(^8)

l th ich is  a real ,  uni t less,  ant isyf tDetr ic ,  four by four marr ix  in the Jackson
notat ion of  specia l  re lat iv i ry.  In the Ryder notat ion,  , t ,  is  imaginary.
ThroüAhoüt the text  of  th is ar t ic le we have osed the Jackson notat ion,  converted
i n r o  S . I .  u n i t s .

d[lr."
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For a frame r/ moving wilh respect to ,( in lhe Y axis, ve

,il,,l ,i,)
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( 4 9 )

(A1O)

( A 1 1 )

1 0 0 0
0  y  0  j y o

0 0 1 0
0 - j 1 P 0 1

k y =

0  0  0  0 l
0  0  0  r l
0  0  0  0 l
0  - 1  0  0 l

Thlrd1y,  for  a f rane rct m o v i n g  v i t h  r e s p e c t  t o  K  i .  t h e  X  a x i s ,

,i,,10
0

-  j l P

0 0 i r P
1 0  0
o t  o
o o  Y ,i,,)

k , = i iiil
( A 1 2 )

lJe see that  the boost  generators k, ,  R,  and , tz  of  the Lorentz group arc
,nt isymetr ic  4 x 4 natr ices.  I t  can be checked that  in the Jackson as wel l  as
the Ryder notät ion,  they forn the comnutat ioD relat ions of  the Lorentz and
I 'o incarö groups,  for  example,



a s  1 n  t n e  t e x t  _

covariance of the Lavs of Physics.

' l h €  f i r s t  p r i n c i p l e  o f  E i n s r e r n  a s s . r t s  r h a r  t h e  l a u s  o f  p h y s i c s  h a v e  t h e
s a n e  f o r m  i n  d i f f e r e n t  l - o r e n t z  f r a m e s ;  r c a ü i n g  t h a t  t h c  c . t u a L i o n s  d e s c r i b i n g  t h €
p h y s i c a l  l a w s  o u s r  b e  c o v ä . i a r t  i n  f o r m  1 7 1 1 .  " C o v a r i a n t "  n e a i ) s  t h a t  t h e
equat ions  ca  be  wr i t ren  so  tha t  borh  s i . les  / rave  t l1 - -  saüe,  we l l -de f i ^ed ,
t raDsfarna t  iaD proper r  ies  under  LoreDt  z  t  rans lo rmat  ion .  Thus  ,  phys ica l l y

m e a n i n e f u l  e q u a t i o n s  n u s t  b e  r e l a t i o n s  b e t r e e n  f o u r  v e c t o r s ,  f o u r ' t e n s o r s ,
I - o r e n t z  s c a l a r s  1 7 1 1 ,  a n d  d e r i v a t i v e s  t h e r e o f .  A  r e l a t i o n  v a L i d  i n  o n e  f r a n e
m u s t  a L s o  b e  v a l i d  i n  t h e  s a m e  f o r m  i .  a n o t h c r .  ! i €  i l l u s l r a r e  t h e  g i n s t e i n

p r i n c i p l e  o f  c o v a r i a n c e  ( t h e  f i r s t  p r i n c i l ) l e  o t  s p e c i a l  r e l a t  i v i t y )  b y  r e f € r e n c e
t o  o u r  n o v e l  t , a g r a n g i a n  ( 1 8 4 )  o f  t h e  t € x t .  t e s t i n g  i t s  c o v a r i a n c e  i n  t h .  p r o c e s s .

The Lagrang ian  is  an  ener8y ,  and there fore  a  s .a la r  quant i t y  wh ich  is  the  same
i I l  d i f f e r e n t  L o r e n t z  I r a n e s ,  i . e .  i s  L o r . n r z  r n v a r i a n t .  C o m b i n i n g  t h i s  w i t h  t h e
pr inc ipLe o f  covar iance means tha t  the  t rans{ornred  Lagrang ian  nusr  take  the  fo rm:

t,k,, k,)

r; r, --4,. ,.. l i l l{i,;J

i n  f r a m e  r / .  I t  f o ] l o w s  t h a t

198

t y , 'F [ " '=  FF,  r ' r , , ,

and  th is  i s  indeed the  case,  as

t h e  L o r e n t z  c o n d i  t i o n :

The Photomogneton and Quanum Field Theory

-  i J z  &  c y c l i c s ,

( A 1 3 )

(Ar4)

a4 (0) '  öA ro)

A x  1 0 /  
-  

a x o '

s h o m  i n  m o r e  d e t a i  I

*

B ,

(A15)

.lA,j

a"i,

E . I
0 ,

(A16)
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Ihe  Lagräng ians  in  bo th  f rames are  a lso  invar ian t  to  gauge t rans format ion  o f  the

s e c o D d  k i n d  ( S e c .  3  o f  t h e  t e x t ) .  T h e  L a g r a n t i ä r  j s  t h e r e f o r e  c o v a r i a n r  a n d

invar ian t  in  the  requ i red  vay .

Appendix B. The Foroal lnrentz TransforMtion Properties of tp and ar

T h e  f o u r - v e c r o r s  E !  a n d  4  a r e  l i g h t - L i k e .  a s  d i s . u s s e d  i n  r h e  t e r l  l h e

l o u r  v e c t o r  x r = ( x ,  y ,  z ,  i c r )  i s  l i g h r - l i k e  i f ,

i . e . ,  i f  ,

i \ s  in  the  tex t

w h i c h  i s  o f

x 2 + y ? + 2 2  _  c 2 t ?

0 ,

( 8 1 )

( 8 2 )

(B/r)

the  same fo rm as  Eq

f rom f rame I (  to  K /

( B : ] )

( 8 2 ) .  T h e  l i , f n , l , l  l . ( ) , ,  r r  z  I  r a n s f o r m  o f  ä  I  i t r l , t

t a k e s  p l a c e  r l , r o r i r l r  r l , ,  l i n e a r  r e l a t i o n  l / 1 1 .

l o r  a l l  I ,

x / 2  + Y t z  +  / t 1  + , , : t . .  ( ) .

L o r - n r  z  r r d r s f u . m . ,  r ' r  ' l  / p  r ' r \ ,

( 8 5 )

a n o t h e r  l i g h t - 1 i k e  i  o ' r rl  here fore  the  fo rmal

rcc ror  xJ  such tha t
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x ' x , = x ; x ; = o .

( 8 6 )

a,e, = a!e!= o, 4au - elel - o .
( 8 7 )

The nove l  f ie lds  i ! (1 ,  and r { , )  o f  Sec .  4  o f  the  tex t  var isä  i f  there  is
no  e lec t ronaqnet ic  p lane wave t rave l l i t )g  a t  c  in  vacua in  the  t laxwe l l ian
forna l i sn  o f  e l  ec t ronaBie t  i  sn .  There fore  they  are  nor  convent iona l  s ta t l c
€ lec t r i c  and oagn€ l ic  f ie lds .  The cons tan t  c ,  iden t i f ied  v i th  the  speed o f  l igh t
in  the  Maxr re l l  equat ions  in  vacuo,  i s  the  same in  ä11 Lorentz  f ranes  by
E ins te in 's  second pr inc ip le  o f  re la t i v i t y .  Th is  means tha t  a  Lorentz  t rans forna-

t ion  f rom one f rame !o  another  cannot  cbaDge the  fac t  tha t  j ! { ' ,  and  B{3)
propagate  a t  c  in  vacuo.  To  emphas iz .  th is  po in t ,  cons lder  the  Maxvre l l
equat ions  in  wacuo in  f rane K,

Ax,

This  means tha t  the  four :  d ivergence

d e f i n i t i o n  a  f o u r - v e c t o r  i n  ( ,  a n d

mean tha t  th is  four  vec tor  van ishes
E q .  ( 8 8 )  b e c o m e s ,

u l d e r  r h e  L o r e n r z  r r a n s f o r m a r  i . n  ä r , .  T h p r p ' o r e .

( 88 )

of  Fp"  vnn ishes .  Th is  four -d iv€rgenc€ is  by
I l a x r e l l ' s  e q u a t i o n s  c a n  b e  i n t e r p r e t e d  t o

i n  ( .  I n  I r a n e  , ( / ,  f o l l o w i n g  J a c k s o n  [ 7 1 ] ,

( 8 9 )

and the Lransforned four vector  a lso vanishes in l rame r / .  This t ränsforned

four: -vector  .an be given the symbol  cr '  in  f r . r .  . ( / .  By def in i r ion,

( ß 1 0 )

somc Consequences oJ Fhite Photon Mass in

a Ä * ä = 0 .

in f r :ame r .  we have s imply back-t ransforned Eq (89) ( f rame r i  )
( f r a m €  Ä ' ) .  E q u a t i o n  ( B 1 1 )  m u s t  b e  t h e  s a m e  a s  E q .  ( 8 8 ) .  a n d  s o ,

20r

( B  )

t o  E q .  (  B 1 1 )

_ dF", aF," drr"' ^-u 
äx, 

- 
äÄ dr"

( 8 1 2 )

shoving that  xaxvel l 's  equat ions in f ra ine t (  ar€ lh.  sänc as in f rane r / .  I t  is
j m p o s s i b l e  t o  t € 1 1  t h €  d i f f e r e n c e  b e t t e € n  t h e  o r i S i n a l  a n d  r r a n s f o r n e d  M a x w e l l
( q u a t i o n s  i n  v a c u o .  N o t e  t h a t  i n  m a t t e r ,  t h i s  i s  n o l  l h e  i : a s e ,  b e c a u s €  [ 7 1 ]

l l ,  v d . u o ,  r h e  t r a n s f o r m a t i o n  a (  d  z p r o  ( i . -

E' = Ei' ltr' tt;

r . r o m  E q .  ( 8 1 2 )  v e  h a v e  t h e  r e s u l t ,

, j '  )  i , r v r s  a  z e r o .

(ß13  )

( B 1 4 )

( 8 1 5 )

I f  t h e  l ' I a x v e l L  e q u a t i o n s  a r e  i n d i s t i n A u i s h l b l t  i r r  r l L  L o r e n r z  f r a m e s ,  t h e i r

,  f o u r - v e c t o r  d e f i n e d  i n  v a c u o ,  s u c h  a s  , r ,  w h o s t  r l , r o e  s p a c .  l i k e  c o n p o n e n L s

: , r e  a l l  s o l u t i o n s  o f  M a x s e l l ' s  e q u a t i o n s  i n  v r . ! o ,  w  j l L  a l s o  a p p e a r  t h e  s a m €  i n

, r  l1  Lor :en tz  f rames.  Th€re fore .

, rnd th is is  possib le i f  and  on ly  i f

t"  = 
,r": '
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,;:il
(  816 )

a n d  i n  t u r n ,  t h i s  i s  c o m p a t i b l e  v i t h  t h €  d e f i n i t i o n  ( E q .  ( A 1 4 ) )  o f  a r "
L o r e n t z  t r a n s f o r m a t i o n  m ä t r i x  i f  a n d  o n l v  i f  v = 0 .

Physical ly ,  th ls means that  i f  a qrant i ty  is  moving at
p o s s i b l e ,  b y  E i n s t e i n ' s  s e c o n d  p r i n c i p l e ,  f o r  c  t o  h e  e x c e e d e d ,  a n d  a  f o r m a l
L o r e n t z  t r a n s f o r m a t i o n  i s  p o s s i b l e  i f  a l d  o n l y  i f  v = 0 .  T h € r e  i s  n o  f r a m e
l r a v e l L i n g  f a s t e r  t h a n  t h e  s p e e d  o f  l i g h t ,  i d e n r i f i e d  i n  r h e  M a x w e l L i a n  f o r n a l i s n

In sunmary,  i t  is  possib le to vr i re,  foraa]  I r ' ,

E ; =  a , v E v ,  B ; =  a e \ B ! ,

( B r 7 )

b u l  v  i s  a l s a y s  z e r o  i n  a F  b y  E i n s t e i n ' s  s e . o ' , d  p r i n c i p l e  o f  r e l a t i v i r y .  I c  i s
essent ia l  therefore to real ize thät  i l ( t ,  and t | ( ' ,  a) :e never srar ic  f i€ lds in the
c o n v e n t i o n a l  m e a n i n g  o f  e l e c t r o s t ä t l c s ,  w e l l  d e s c r i b € d  b y  J a c k s o n  [ 7 1 ] .  T h e
f i e l d  a ( 3 )  f o r  e x a n p l e  i s  f o r n e d  f r o n  t h e  v e c t o r  c r o s s  p r o d u c t  ( E q .  ( 7 ) )  a n d  S e c .
4)  of  a{ l t  and ! r . )  i  both of  vhich are plane waves in vacuo, propagat inA at  c by
def in i t ion.  Therefore,  l (3)  must  propagate at  c,  a l though i ts  speci f ic  phäse
dependence has been renoved by lhe cross product .  As expla ined in rhe text ,  8( t ,
is  in general  a quantun mechanical  oper:ator ,  and obviousty d i f fers f ron the
s t a t i c  m a g n e t i c  f i e l d  o f  n a g n e t o s t a t i c s .  T h e  l a t r e r  j s  n o r  a  q u ä n t i z e d  q u a n t i r y ,
and must a lways be generated by a moving charge according to the Biot-Savart  1aw
[ 7 1 ] .  T h e  s t a t i c  e l e c t r i c  f i e l d  o f  e l e c t r o s r a t i c s  n u s t  b e  g e n e r a t e d  b y  a  s t a r i c
p o i n t  c h a r g e  a c c o r d i n g  t o  t h e  C o u l o m b  l a r  l / I l .

I t  is  i re lL kno\rn that  the Lorentz t ransfornar ion of ,  for  exanple,  a stat ic
e l e c t r i c  f i e l d  i n  e L e c t r o s t a t i c s  p r o d u c e s  a  m i x t u r e  o f  e l e c t r i c  a n d  n a g n e t i c
f i e l d s  .  I n  S .  L  u n i t s  ,

sofie Consequences of Finile Photon Mass in ... 203

Ei - .tl.Ex vByl,

Ei  -  r lEy* wBx),

, ( " , -  ä " ) ,

. t , . \
B i  -  , t ) R v  : ; E x ,  B y

\ d - l

o ,  -  t l u i

r(,:, ,".,:t,),

t , i .

y lEx  +  vB i ) .

11t:,  vr l ,) ,

* , ! ) .

(  8 1 8 )

l l , e s e  w e l l  k n o m  s p a c e  l i k e  r e l a t i o n s  a r e  c o m p r r  i b l i  ! i r h  [ q .  ( 8 1 8 )  i f  a D d  o r r ] v

i l  v - 0 .  T h i s  m e a n s  t h a t  , ;  a n d  E r  c a n  b e  d e l i r . ( l  i l  r n d  o n l y  i f  t h e y  d e s . r i b e

I  p l a n e  v a v e  t r a v e l l i n g  a t  c  i n  v a c r l o  i n  t h e  M a x u f l l i r l r  i o r m a l i s n .  T h e  i a t L e .

r s  f o r  a 1 l  p r a c t i c a l  ( i . e .  l a b o r a t o r y )  p r r r f o s ( s  i ( l e i f i c a l  \ , r i t h  t h e  P r o c a

i o r m a l i s n  o f  e l e c t r o d y n a m i c s  i n  v a c u o .

W e  c l a i m  n o  m o r e  a n d  n o  l e s s  t h a n  t h i s  i r r  l l , (  r ( x r  d t  t h i s  a r t i c l e

Append ix  C-  Conserwat ion  o f  C lass ica l  E lecr roMsnc l  i c  l :nerAy  Densr ty

I f  E q .  ( 2 3 0 )  j s  o b e y e d  i n  c L a s s i c a l  . 1 . ( r r ( l l y n a m i c s ,  t h e  l o n g i t u d i  a l

l i e l d s  i t { r }  a n d  ! 1 3 )  c a n n o t  c o n t r i b u l e  t o  . l 1 ,  r r - , , r r a g l r e t i c  e n e r g y  d e n s i t y  L n

i l a { w e l l ' s  d € s c r i p t i o n  1 2 7 1 .  T h i s  i s  o b s e r v c ( l  ,  x l ) r r i m e n t a l L y ,  f o r  e x a m p l e  r h €

l ' l a n c k  r a d i a t i o n  L a v  i s  b u i l t  u p  f r o m  t r a n s v e r s r '  . o m p o r e l r s  o n l y  E q u a t i o n  ( 2 3 0 )

, s  o b € y e d  i n  g e n e r a l  b y  l o n g i t u d i n a l  f i € l d s  w i r l r  r ' . ; r l  a n d  i m a g i n a r y  P a r t s ,  f u r

,  ) ianp le  i t  i s  obeyed i f

r ( ' )  -  B o ( 1  *  t ) t .  E t ' \  t : , , (  i  '  1 ) k .

( c l )

l 1  r ( t  i s  r e a l  ( i . e .  1 f  i r s  i m a g i D a r y  p a r r  i s  z e r o ) ,  t h e n  E q .  ( 2 3 0 )  i s  s a t i s f i e d

L 1  a n d  o n l y  i f  i t r ' )  i s  i m a g i n a r y ,  i . € .  i 1  t h .  r e a l  p a r t  o f  i l ' 3 )  i s  z e r o  T h i s

L s  c o n s i s t e n t  a i t h  t h e  t e x t ,  s h i c h  s h o l r s  l h a l  a ( ' )  [ r o m  t h e  P r o c a  ( o r  d ' A l e m b e r t )

, , t r L a t i o n  i s  r € a l ,  a n d  t h a t  t h e  r e a l  p a r t  o f  i t ( t |  i s  z e r o ,  a  r e s r r l r  v h i . h  w a s
,btained on the basis of  a gauge condi t ion ( l ) )  which was obtained in turn f rom
rt ,e assunpt ion of  f in i re photon mass.


