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ABSTRACT

Some consequences of finite photon mass are reviewed in electromagnetic field theory, using
as a conceptual framework the Einstein / de Broghe interpretation of wave particle dualism,
recently supported by expeniment. It is demonstrated that finite photon rest mass (my)
embodied in the Proca field equation, is consistent with special relauvity and with gauge
transformation of the second kind provided A A" — 0, where A, is the (complex) potential
four vector, Finite m, is, however, inconsistent with the transverse, radiation, or Coulomb
gauge, this being a subsidiary condition which is used routinely, but which is inconsistent
with special relativity. Finite photon mass leads to longitudinal magnetic and electric fields
in free space, fields which conserve the fundamental discrete symmetries of nature, which
remain finite in the limit my — 0, and which are related to the corresponding transverse field
components through Lie algebra. The limit m, - 0 represents the transition from the Proca
to the Maxwell formalism. The longitudinal tields B” and E™ respectively

are frequency and phase independent components of four vectors B, and E,, so that
electromagnetic energy density is represented by Poincaré invariants such as EE, and BB,
Although B® and E™ have no Planck energy (i.e. correspond to zero frequency) they are
expected to produce a variety of novel spectral effects in the laboratory, effects which if
observed, would provide evidence for finite photon mass.
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lINTRODUCT ION AND BRIEF HISTORICAL PMSWIVE.

The idea that the photon may have non-zero mass was developed by Louis de Broglie {1-5}
over many years of investigation. His first massive photon equations {6} were proposed in
1934, shortly afier the emergence of the Proca field equation in 1930 {7-10}. De Broglie’s
waork in this area is recorded in numerous books and articles which are accessible {6} through
Library of Congress listings {11,12}. The development of these ideas in the Paris of the
1930's is summarised by Goldhaber and Nieto {6}. The de Broglie photon equation of 1934
(not w be confused with the de Broglie equation, the famous Guiding Theorem) is described
by Goldhaber and Nieto as coming from the product of a Dirac particle space with a Dirac
antiparticle space, from the outset they regard the photon as a particle with mass, and the
anti-photon as an anti-particle with mass. The de Broglie photon equation is related to the
Duffin/Kemmer/Petiau wave equation {6} for non-zero and spin-one particles in its

fundamental (reducible) sixteen dimensional representation. The latter can be defined {6} as |

a symmetric product space of two Dirac spaces (a composite of two Dirac particle spaces).
‘The Duffin/Kemmer/Petiau equation provides the Klein/Gordon and Proca equations if it is
assumed that the wave function transforms as the product of two Dirac wave functions. The
Klein/Gordon equation is, in this context, the irreducible representation corresponding to a
five dimensional pseudoscalar equation obtained by specialising to a plane wave and diagonal
matrix elements. The Proca equation is the irreducible representation corresponding to a ten
dimensional spin one equation. The de Broglie photon equation on the other hand
decomposes into a one dimensional pseudoscalar irreducible representation; a five dimensional
irreducible representation corresponding 1o a scalar Klein/Gordon equation; and a ten
dimensional axial vector representation of the Proca equation. Duffin {13} has described the
general mathematical properties of characteristic matrices of covariant, quantum relativistic
systems.

It is clear, therefore, that the de Broglie photon equation of 1934 considers Dirac
spaces for particles and anti-particles, giving the possibility of photons and anti-photons. The
Duffin/Kemmer/Petiau equation on the other hand considers only Dirac spaces, and therefore
only photons, which are their own anti-particles. If these equations are applied to_photons
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(and anti-photons) in the classical limit m, - 0, the Maxwell equations of the classical
electromagnetic field must be recovered. In contemporary description {14}, the charge
conjugation operator ¢ applied to the photon in de-Broglie's equation must produce the anti-
photon by definition, i.e. ¢ is defined {14} as the operator that produces the anti-particle
from the original particle, while having no effect on spacetime properties such as helicity.
Thus, ¢ produces the Dirac anti-particle space from the Dirac particle space. This must
mean that ¢ has the effect, for example, of reversing the sign of all four components the
potential four vector A, of the electromagnetic field, and all components ol electric and
~magnetic fields of a plane wave in vacuo. (In general the non-trivial topology {15} of the
vacuum is also affected by ¢, all particles of the Dirac sea {15}, of which the vacuum is
composed in contemporary thought, are by defimition of ¢, changed to anti-particles, and the
etfect of ¢ on the vacuum is non-trivial.) It is clear that the effect of ¢ in the de Brogle

photon equation is 0 produce the anti-photon equation. In the interpretation of the
Duffin/Kemmer/Petiau equation the photon is its own antiphoton. ‘Therefore the fact that

ClA) = -4, (1

in this equation means that the photon is in an eigenstate of ¢ = -1, which in contemporary
understanding is a consequence of the covariance of the U(1) (electromagnetic sector) field
equations {16} under ¢ ong ¢P7. Here p is the parity inversion operator and 7 the motion
reversal operator. The Duffin/Kemmer/Petiau equation, being a physical law, i.e. a
relativistically consistent equation of the electromagnetic field, must be invariant under a
discrete symmetry operator such as &, ‘T'his implies that the negative charge parity of the
photon must be conserved. If so, the distinction between photon and anti-photon becomes
unmeasurable {14}, which is consistent with the fact that the Duffin/Kemmer/Petiau equation
is written 1n a symmetric product space of two Dirac spaces, i.¢. is a composite of particle
spaces, the particle being identified with the massive photon. In the de Broghe equation,



which appears to this author o be equally valid, the anti-photon is produced by ¢ from the
photon and vice-versa, all spacetime properties such as photon helicity being unaffected by
definition of ¢ {14}. '

In contemporary field theory, however, the notion that the photon is its own anti-
particle is prevalent {14,15}, and we adopt this point of view as a matter of convention rather
than as a logical necessity. In this framework the Duffin/Kemmer/Petiau equation is a
description of the electromagnetic field considered as a massive gauge field, whose
guantization produces well defined massive photons with three spacelike polarizations, two
transverse to the direction of propagation, one parallel to this direction, and therefore
longitudinal. This equation must be invariant under local U(1) gauge transformations {16} in
the contemporary description. We show in Section (1) that this leads to the limiting gauge
condition:

AA -0 '

.wherjc A, 1s considered as a complex Dirac gauge {17,18). Egn. (2) is valid for finite photon
mass (m,) in the limit of infinitesimally small photon radius, considered as a four vector r,.
The latter is orthogonal to the energy momentum vector, p,, of the photon in its rest frame
{17,18}.

The usual contemporary descripuion of the U(1) sector differs from this in that the
photon mass is considered {15} to be identically zero. Goldhaber and Nieto {6} show that
there is no evidence for this idea, nor can there be, since it implies that the range of
electromagnetic radiation is infinite, and therefore unmeasurable experimentally. In
contemporary unified theory, Huang {19} has discussed finite m, in the context of the
Glashow/Weinberg/Salam (GWS) and SU(5) theories, showing that a non-zero my leads to a
finite electron lifetime, for example, and is a central theme in contemporary particle physics
and grand unified field theories.

Since electromagnetic field theory is the U(1) sector of grand unified theory, it is
essential that meaningful consideration be given to the concept of finite photon mass
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introduced in the 1934 de Broglie equation. Earlier considerations of finite m, date to
Einstein’s proposals {20} of 1916, and before that, the existence of non-zero my, had been
proposed {6}, in necessarily classical and non-relatiyistic terms, since Cavendish. This
implies an overhaul of habitual notions in electrodynamics. As soon as we accept the
possibility that mg + 0, the theory of gauge invariance is affected al a fundamental level
because the lagrangian {15} is supplemented by a mass term. If this is non-zero, invariance
under local U(1) gauge transformation is lost, meaning that the action changes under gauge
transformation of the second kind. Since the mass term is:

g~ dmpp; ®

it follows immediately that for m, ¢ 0, gauge invariance is satisfied under the limitung
condition (2) {21}. The idea that my, = 0 identically {15}, the conventional idea, means that
A" is allowed to take any value, i.e. there is gauge freedom. A starthing consequence of _
egn. (2) 1s that the everyday Coulomb, or transverse, gauge {22} becomes inconsistent with
finite photon mass. If (in S.1. units), ¢ being the permittivity in vacuo:

A, © A, i) )

as usual, egn. (2) implies

¢ ~ cld| (5)

which contradicts the condition of the Coulomb gauge because in that gauge {22}):

=0, A+0 (6)

Egn. (5) means that the difference between ¢ and ¢|A| is infinitesimally small, but egn. (6)



means that ¢ is identically zero while A is non-zero identically.

The Coulomb gauge is inconsistent with finite photon mass.

Egn. (0) 1s also inconsistent with special relativity unless A is identically zero, in
which case there is no electromagnetic field. This fundamental inconsistency in the
transverse gauge is related to the the habitual assumption in electrodynamics that the
longitudinal components of Maxwell's equations in vacuo are "unphysical”, presumably zero.
The reason for this is that the longitudinal and timelike components of A, are discarded in the
transverse (Coulomb gauge), so that Lorentz covariance is lost. The longitudinal and timelike
components of A, cannot therefore appear in the definition of the electric and magnetic
components of the plane wave in vacuo. ‘This inconsistency is accepled customarily on the
grounds that the four vector A, is not directly observable or physically influential. In this
view {15}, ¢ and A form parts of a mathematical subsidiary condition to the Maxwell
equations, and since these are produced by (6), the transverse gauge is accepted. This leads
in turn t the habitual assertion that longitudinal solutions of Maxwell's equations in vacuo
are "unphysical” and presumably therefore unrelated to the usual transverse solutions.
However, 1t has been known experimentally for over thirty years that the Bohm Aharonov
effect {23} means that A, is physically meaningful, since A, in the absence of a magnetic
field, produces fringe shifts in electron diffraction by changing the electron’s wave function.
Since the spacelike part of A,, i.e. A, is a physically meaningful quantity, then all four
components of A_ are also physically meaningful if A, is to be accepted as a four vector of
'wecia__al relativity. This in turn leads to the conclusion that longitudinal solutions of
Maxwell's equations in vacuo cannot be discarded, i.e. the manifest covariance of the theory
of electromagnetism must be maintained rigorously. The habit of discarding the timelike part
of A, destroys the structure of Minkowski spacetime, i.e. is geometnically unsound.

Recent work by the present author {24-30} has resulted in a Lie algebra which shows
mathematically that the longitudinal solutions of Maxwell’s equations in vacuo are
related to the transverse components. This algebra is consistent, furthermore, with the
Proca equation for finite m,, and by implication, with the Duffin/Kemmer/Petiau and de
Broglhe equations for massive photons. The novel Lie algebra {24-30} remains valid,




furthermore, in the Maxwellian field, where m, —= 0, and.is therefore consistent with what is
known about the U(1) sector of contemporary grand unified field theory. For example, the
magnetic components of the Maxwellian field can be described by the following vectorial Lie
algebra in the three spacelike dimensions:

B B® - jgOg®- _ jgOgo (7a)

B® g™ o iBOg. - w(ﬂ}nﬂ)
(7b)

B® BN - jgOgds . [gURW
(7c)

‘T'his algebra is derived in Section (2). Eqgns (7) are written in a circular basis {24-30} in
which (1) and (2) denote the transverse polarizations, B" = B”" being complex conjugate
pairs. Importantly, there appears in eqns. (7) a longitudinal component, labelled (3). which
is real, so that B” = B™. B™ in these equations is the scalar amplitude of magnetic flux
density in vacuo of the electromagnetic plane wave, Furthermore, it B” = 0, then B¥ =
from eqgn. (7b) and B" = 0 from egn. (7c), and because it is the complex conjugate of B®,

We conclude that non-zero transverse components imply a non-zero longitudinal
component, the latter being frequency independent.

This is an obvious departure from the conventional idea that g™ a ¢, while
B" = B™" ¢ 0. More details are given in Section (2). Since electromagnetic theory is a
Poincaré invariant local gauge theory, it must conserve ¢pg {14}. It is shown in Section (2)
that eqns. (7) conserve the seven {14} discrete symmetries: &, p. T, CP, CT, PT, and
CPT, a result which is consistent with the fact that B, B, and B” are solutions of
Maxwell's equations in vacuo, equations of a ficld theory that conserves ¢p7. Since the

equations conserve ¢p7, then no mathematical solutions thereof can violate &pg. The



habitual proposal that
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is therefore heterodox, in that it contradicts the ¢p7 Theorem and a Lie algebra such as that
embodied in egns. (7). It is clear that the longitudinal solution, B¥, must therefore conserve
the seven discrete symmetries in vacuo. For example, applying ¢ 10 B® we obtain:

CB" = -B%;
CA) = A;

(9)

while the beam helicity (&) is unchanged by definition. Eqgn. (9) must be interpreted 0 mean
that the negative charge parity of B” has been conserved. In other words, there is no ¢

violation {14} implied by the existence of B™, and there is, for the same reason, no ¢
violation implied by the existence of B and B™.
From eqgn. (7a) it follows that changing the beam helicity implies changing the sign of
B, because the sign of B" x B” is changed, while that of the scalar amplitude B is
unaffected by beam helicity. Eqgn. (9) becomes:
C(-B™) = B,

C(-2) = -4;

(10)

and the negative charge parity of - B has this time been conserved, while - & has remained
unaffected by definition of @ {14},

It may he objected {31} that since B depends on the sign of A (through the cross
product B" x B™) that @ should leave B” unchanged because it leaves A unchanged and




vice-versa. ‘The flaw in this assertion is revealed simply by writing:

Bm " Bmxﬂm = ﬂl) (ll)
iB® - iB®

where f(A4) means "function of A", While ¢& does not change f(A) by definition, it changes
the sign of the scalar amplitude B” by dcﬁnitioﬁ, 50 that egn. (11) (i.e. egn. (7a)) is
invariant to ¢ and there is no ¢ violation implied by the existence of B”, Eqn. (7a) is
invariant 1o ¢ because operating on each symbol of the equation by & produces the same

equation. Similarly for eqns. (7b) and (7c). ‘This exercise can be repeated for the other
discrete symmetries, revealing that egns. (7) are invariant to the seven discrete symmetries,
and thus violate none of these symmetries.

Another fundamental consequence of m, + 0 is the implied existence {32} of electric
and magnetic four vectors, E, and B,, in vacuo, four vectors which are associated with the
electromagnetic plane wave. The Proca equation {13} for m, + 0 may be written as:

_ _pl4 . .
DAI‘ = EAI" £ N Tt

(12)
where A, is in general complex {32} and % is the reduced Planck constant, Thus A, takes on
the role of a physically meaningful eigenfunction, upon which the d’alembertian [ operates
in Minkowski spacetime to produce the eigenvalue -£°. The Maxwellian limit of egn. (12)
may be reached in different ways (Section (1)), but in this limit:

04, =0 (13)

which is the d"Alembert equation {13} in vacuo. Egn. (13) is no longer an eigenfunction
equation, and in conventional electrodynamics {33}, A, is habitually regarded as a subsidiary
mathematical consequence, or condition, arising from the Maxwell equations in vacuo,



‘Although £ is very small (~10*m") there is a critical difference, therefore, between the
Proca and d’Alembert equations, in that A is a physically meaningful eigenfunction in the
tormer, and a mathematical subsidary condition in the latter. Experimentally, the Bohm
Aharonov effect, first observed by Chambers {34}, and repeated several times in independent
laboratories, shows conclusively that A, is physically meaningful. This result is support for
the Proca equation and finite photon mass. The latter is consistent, in other words, with the
fact that A, directly influences the wave function of an electron, meaning that all four
components of A, are physically meaningful, as in the Proca equation, The latter is
relativistically consistent, but mathematically inconsistent with the Coulomb, or transverse
gauge. It is well known {15} that the Proca equation implies mathematically that

s R (14)

ax'

which is the Lorentz condition {15}, defining the Lorentz gauge. In general, ¢ + 0 and
A + 0 in this gauge, which is consistent with the fact that A, is a physically meaningful four
vector. Moreover, for complex A,, it can be shown that the Proca equation is consistent with
the Dirac gauge {32}, from which eqn. (2) has been derived {30} in the limit of
infinitesimally small photon radius. In this limit, as we have seen, the Proca equation is
consistent with local gauge invariance of U(l) for finite photon mass. The latier is
numerically so small {6} that the Proca equation is always, for all practical purposes,
consistent with local gauge invariance. The pauge freedom associated with identically zero
photon mass is however lost, For example, the Proca equation is mathematically inconsistent
with the transverse gauge, as we have seen, and produces longitudinal photon polarization
piloted in vacuo by longitudinal electric and magnetic fields,

Thus A, is a physically meaningful, fully (i.e. manifestly) covariant four vector for me
+ 0. This interpretation is retained in the Maxwellian field under the condition (2), which is
consistent with local gauge invariance in the U(1) sector of unified field theory.

The Lie algebra (7) (that of a sub-group of the Lorentz group {15}) is consistent with
the representation of the magnetic component of the electromagnetic field in vacuo as a four
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vector in spacetime {24-30}. ‘The derivation of this result is given in Section (3), and is
consistent {32} with the Proca equation and with the Einstein / de Broglie theory of light.
The four vector thus defined is, in the circular basis

B, = (8™, B®, B® gy (15)

and similarly

E, = (E®, E®, E®, iE®) (16)

for the electric component of the plane wave in vacuo. It can be shown from egns. (15) and
(16) that B® and E™ are identified as umelike components of B, and E, respectively. In
consequence of eqns. (15) and (16), and of the physical reality of A_, there is a relation
between B,, E,, and A, which is established in Section (3). For our present purposes, we
note thal EE, and B B, are Lorentz invariants and contribute to the electromagnetic energy
r.lenslty in vacuo, the expression for which becomes:

U = Xe,E,E, +—B,B) (17)
2 Ko

in S.1. units where & is the vacuum permittivity and g, the vacuum permeability. Using:

EE = E-E-E™
L (18)
BB, =B-B-B"

It becomes clear that the usual electrodynamical definition of energy in terms of E = E and
B « B only, is inconsistent with special relativity, and with the Lie algebra exemplified in
eqns. (7). The spacelike products E = E and B « B are not Lorentz invariant if E_and B,
are regarded as physically meaningful four vectors in Minkowski spacetime.

However, it is known that the Planck radiation law is obeyed precisely {6}, seeming
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to imply the existence of only two (transverse) degrees of freedom; whereas finite photon
mass implies three spacelike degrees of freedom (two transverse and one longitudinal). How
is this paradox resolved? The answer is given by the internal structure of EJE, and B.B,:

EE, = EM . gpanz , gin _ pog (19)

and by using the Lie algebra described in eqn. (7). Specifically, egn. (7a) gives, in the
Maxwellian limit:

o _ Bm )(Bm
w(m

B = BOg (21)

where k is a unit axial vector in the propagation axis of the plane wave in vacuo. Similarly,
it is shown in Section (3) that

E® . poyg (22)

where k is a unit polar vector in the propagation axis. From eqns. (21) and (22):

EGR _gpOR _ g
BO? - g - ¢

(23)
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and in egns. (19) and (20):

E,.E,. = ENL  plaz 24)
BB, - BV + B2

which is precisely the result indicated by Planck’s law. For all practical purposes, the
same conclusion holds in the Proca field, where (Section (2)):

B® - g, -7 (25)

Since £ ~ 10™m™ for my ~ 10* kgm {32}, we recover eqn. (21) to an excellent
approximation, Thus, Planck’s law is consistent with finite m, because the longitudinal
electric and magnetic ficlds E™ and B” do not contribute to the electromagnetic energy
density of the classical field. In other words, E™ and B™, being independent of frequency in -~
the Maxwellian limit (eqn. (21)) have no Planck energy, an energy that is by Planck’s law
proportional to frequency through h.

We arrive at the important conclusion that neither E™ nor B” can contribute to
clectromagnetic energy density in the classical Maxwellian field despite the fact that each is
non-zero in vacwo. This is a key result, and goes a long way towards explaining why the
influence of E” and B” has been undetected through measurements of light intensity.

In the Proca field on the other hand B” has a small amount of Planck energy (moc’)
through the de Broglie Guiding Theorem {32}:

hv, = myc? (26)

the fundamental theorem of wave mechanics. The photon rest mass which appears in £ of
eqn. (25) is also both a frequency, v,, and an energy hv,. Since £ = 0 identically in the
Maxwellian field, this energy disappears when that field is quantized.

The question of why longitudinal photons from the Proca equation do not contribute to
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the Planck radiation law has been addressed by Bass and Schridinger {35}, using a statistical
argument which shows that the approach to-equilibrium of longitudinal photons in a cavity is
very slow in comparison with that of transverse photons, comparable with the age of the
universe. For this reason {6}, longitudinal photons have a negligible effect on the statistical
thermodynamics, and thus on the Planck radiation law. Thus, the effect of longitudinal
photons on radiation energy {6} is negligible, a conclusion which is consistent with our
demonstration given already. It is critically imw to note, however, that this conclusion
does not extend to the magnetic and electric effects of B™ and E” on matter, discussed in
detail elsewhere {24-30,36}. Both are expected to produce, in the laboratory, specific
spectroscopic effects such as a Zeeman shift due to B” {25} in atomic spectra. These effects,
if observed, can be interpreted as being consistent with finite photon mass. While both B™
and E™ are well defined in the Maxwellian field, where m, can be regarded as being
identically zero, there has accumulated {32} plentiful experimental evidence from several
independent sources that is consistent with my + (. For further consistency, therefore, B
and E™ should be interpreted within the context of the Proca field, where m, + 0.

On the question of absorption or emission amplitudes for longiudinal photons of
frequency v, Goldhaber and Nieto {6} show that these are suppressed in comparison with
their transverse counterparts by a factor myc®/(hv). The corresponding rates and cross
sections are suppressed by the square of this factor {6}. Thus, the guantum mechanical
matrix element for ordinary transverse photons is given {6} by:

7}“’“ = "ﬂjx,rlb &7

for a photon induced transition to an arbitrary state f, where i is the initial target state. The
corresponding matrix element for a longitudinal photon is:

1
77 - G, liv | 28)

where v 15 its frequency. For mg ~ 10" kgm (as given by Goldhaber and Nieto {6}),
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c=3x10ms’; h~-10")s v ~10"s", and for comparable transverse and longitudinal
matrix elements it is seen that

e S | & (29)
Tlu)

7’
s
This result shows why spectral absorption and emission of longitudinal photons
of spin zero and frequency v are never observed in the usual infra red, visible, and
ultra viclet regions of Lhe electromagnetic spectrum.
However, as v - 0, (i.e. as the frequency of the longitudinal photon goes to zero),

mgc? - myc?

-

= 1 (30)
hv hv,

from the de Broglie Guiding Theorem, egn (26). This means that at frequencies comparable
with

vy - 1“;—— - 107Hz 31)
(for my -~ 10™ kgm):
P - 7% (32)

mn egn. (29). This result is consistent with eqn. (7a) of the vectonial Lie algebra developed in
Section (2), hecause eqn. (7a) shows that B” is independent of frequency in the Maxwellian
field. Egn. (25) shows clearly that in the Proca field, B” is associated with a frequency of
about 107 hertz, as in egn. (31).

We conclude that significant spectral absorption and emission ol a longitudinal photon
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piloted by B” and E™ takes place at ~ 107 hertz in the Proca field and at zero frequency in
the Maxwellian field. This is another way of saying that the frequency of BY from eqn. (7a)
is zero, and that from eqn. (25) is 107 hertz for my of about 10™ kgm. This explains why
the well known electric dipole transition selection rule appears in the infra red, visible, and
ultra violet always to be the familiar {37}:

Al = 21 (33)

and not

Al =0, 1 (34)

because the transition Al = 0 accompanying the absorption of a longitudinal photon is
passible only at very low frequency (Proca field) or zero frequency (Maxwell field). (The
transition Al = 0 happens also to be forbidden by the Laporte selection rule.)

Again it is emphasised that this result does not mean that that B* and E” are
intrinsically unobservable by spectroscopy, because, as we have detailed elsewhere {36}, both
produce spectral effects normally attributed to magnetostatic and electrostatic fields, such as
the Zeeman effect due to the B” of a circularly polarised laser pulse {25,36). These effects
do not depend on absorption, and do not time average o zero because B” and E™ are
independent of the phase of the laser. Indeed, well known experimental effects such as
magnetization by a circularly polarised laser pulse, the inverse Faraday effect {38}, can be
expressed in terms of B at first and higher orders {26}. The inverse Faraday effect
(Section 2) is consistent therefore with finite photon mass, although it was originally
interpreted in terms of the product E™ x E™, known in nonlinear optics as the conjugate
product {39}. From egn. (7a), it is easily verified that the conjugate product in vacuo is
directly proportional to B”. The existence of the conjugate product implies that of B, and
therefore the experimentally observed {38} inverse Faraday effect is experimental evidence
for B®, and by implication, for finite photon mass as we have argued.
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Finally in this introductory survey we address the effect of E™ and B” on the
Poynting Theorem of electrodynamics, the daw of conservation of electromagnetic energy
density. Further details, following a recent paper by Farahi and Evans {27} are given in
Section (5). In classical electrodynamics {27} the law of conservation of energy is expressed
customarily through the continuity equation:

VN = -22 (35)
ot
where N is known as Poynting's vector:
N-Levn (36)
Ko
The vector N is therefore longitudinal, and is interpreted as the flux of electromagnetic N

encrgy of a plane wave in vacuo, i.e. the electromagnetic power per unit area. ‘Lhis nouon is
meaningful by tautology only when the beam interacts with matter, otherwise there is nothing
that can be observed. We have argued that BY and E™ do not contribute to U, and their
cantribution, if any, to N will therefore be governed by:

u, =0 (37)

where U, is the contribution of these fields to electromagnetic energy density. From eqn.
(35), therefore,

VN, =0 (38)

showing that any non-zero contribution to N from E® and B™ must be divergentless. This
result is akin to the Gauss Theorem in differential form. Furthermore, terms such as
E” x B” cannot contribute to N, because E™ is parallel to B, Terms such as E" x BY and
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50 on could provide a contribution in prnciple to N,. However, these cross products obey
the vectorial Lie algebra (Section (2)):

EW,g® - pgOpMe..
E® < B® = BOEW*; i
E® xB® - -iBOE®*,

and it is clear that neither E” x B® nor E® x B can be divergentless unless E” = B" = 0,
in which case there would be no electromagnetic field.

It is concluded therefore that neither E® nor B® contribute to the Poynting vector N,
and it becomes clear that the Lie algebra (7) and (39) represents a limiting procedure {40}
which does not affect N as m, = 0. This means that only transverse field components affect
N, which is the usual conclusion of classical electrodynamics. Again, the fields B” and
E™ elude direct observation through that of the flux of electromagnetic energy, Poynting's
vector N.

‘To conclude our briet introductory survey of the effects of finite photon mass we put
these results in the context of the Einstein / de Broglie interpretation of wave / particle
dualism, the cornerstone of wave mechanics, and thus of much of twentieth century natural
‘philosophy. Our remarks lean heavily on a recent article by Vigier {32}.

The school of thought of Einstein and de Broglie in this context interpret wave particle
dualism to mean that light is constituted by real waves, be these Maxwellian or from the
Proca field, which physically co-exist with photons in Minkowski spacetime. This is a
causal, realist, and stochastic interpretation of wave particle dualism which has recently
received strong, if not definitive, experimental corroboration in the experiment {32} of
Mizobuchi and Ohtake on single photons. This experniment, and other related experiments
{32} have now succeeded in demonstrating that a single photon coexists with a physically
meaningful wave (the electromagnetic field). In the Copenhagen interpretation of dualism,
proposed by Bohr and others, this is not possible {32}, Einstein concluded that in his view,
light energy (po = hv,) travels in particle form, the particle being identified with the photon.

18




‘The particle is dual with an electromagnetic wave, 10 which there is a co-existent physical
reality. The school of Einstein and de Broglie therefore interpret light as being constituted by

'win one photons (bosons) which are controlled, or piloted, by physically meaningful fields.

The wave drives the particle through the quantum potential {32}, Photons are the only
elements of light that are directly observable, for example by transfer of momentum in the
Compton effect or photoelectric effect. Fields are indirectly observable through interaction
hamiltonians. The photons as particles carry energy-momentum and angular momentum
(spin). ‘They behave in Minkowski spacetime as relativistic particles with finite mass, and are
therefore governed by the Proca equation, Electromagnetic energy is not carried by the
Maxwellian field in Einstein's interpretation but by the photons which are piloted by these
fields. Each photon carries an energy hv, a power hv’, and acts in time v'. Therefore, if v
is zero or very small, as for a longitudinal photon as we have seen, ils energy and power
vanish and it never acts. The longitudinal fields B” and E™ in this interpretation do not
therefore contribute to hv, nor do they contribute to the power of each individual photon. -
This is consistent with the fact that B” and E™ do not contribute to the classical
electromagnetic energy density U, which is the power per unit volume in classical form. The
internal motion {32} of each photon is governed by the de Broglie Guiding Theorem,

and photons oscillate in phase with the surrounding and oscillating electromagnetic field.
Photons conserve energy-momentum and angular momentum when they interact with matter,
for example with electrons in the Compton effect. The quantum potential is only indirectly
observable through interference phenomena, as in the Bohm Aharonov effect, which reveals
the physical reality of the wave A, the eigenfunction of the Proca equation. In this context
the eigenfunction A, is usually written {32} as the complex wavefunction ¢, in Minkowski
spacetime, and the Proca equation becomes:

Oy, = 287, (40)

In the limit my, — O the field or wave component of light obeys Maxwell’s equations in the
classical limit, equations which give the novel Lie algebra (7), an algebra which shows
ineluctably that the longitudinal field B™ has a physical reality. The fields B” and E™
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interact with matter, as in the experimentally observed {38} inverse Faraday effect, to
produce measurable effects, even though the longitudinal photon is not absorbed, i.¢. does

not act because v = 0. This is of course an example of the fact thal the wave and particle
components in the dualism of de Broglie, the cornerstone of wave mechanics, each have a
physical reality. In some cases the photon as particle is seen to act, i.e. to produce
experimental effects as in Compton scattering, in other cases the field is observed 10 act, as in
the inverse Faraday effect, even though the longitudinal photon has no Planck energy and no
'puwgr, and cannot be absorbed. Wave and particle are present simultaneously, and both have
physical reality.

SUMMARY {32} OF EXPERIMENTAL EVIDENCE FOR FINITE PHOTON MASS.

The various types of experimental evidence for this conclusion has been reviewed by Vigier
{32} whose summary is repeated here.

Hall ¢t al. {41} have recently observed a direction dependent anisotropy of light in the
direcuon of the apex of the 2.7 K background of microwave radiation in the universe. These
data are consistent {32} with non-zero photon mass. Experiments on the existence of
superfuminal action at a distance {32} have been performed and are being repeated with
increasing accuracy with the overall intention of investigating the centrally important idea of
non-locality in the quantum potental. Other types of experiments are designed to investigate
directly the Heisenberg uncertainty principle for single photons, this being central to the
interpretation of wave particle dualism. In atomic self-interference, optical and neutron
experiments, tests are being devised for the existence of particle trajectories
(einweg/welcherweg). Other experiments are being designed to test the Copenhagen
mterpretation of dualism, put forward by Bohr and others, and in which light is constituted
either by waves of probability, or by particles. ‘T'he probability waves never coexist with the
particles in spacetime. The physical coexistence of wave and particle is therefore a central
point of interpretation. It is possible in that of Einstein and de Broglie, impossible in the
Copenhagen interpretation. ‘There are no real waves in the latter school of thought, and
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experimental evidence for real waves would be in favour of the Einstein / de Broglie school

even though the influence of the concommitant particle may not be observable. This, as we

have argued, is the case for the B” and E” fields, which produce observable effects {38}
such as magnetization of matter, without the concommitant longitudinal photon, which, being
associated with a zero frequency, has no Planck energy hv, and no power, hv®. This type of
evidence for the Einstein / de Broglie interpretation of dualism is also provided by an
experiment {32} such as that of Bartlett and Corle {42} which measures the Maxwell
displacement current in vacuo and without electrons.

Experimental tests for the existence of the quantum potential, which 1s responsible for
the idea of photons being piloted by waves (electromagnetic fields) have been devised {32}
using coherent intersecting laser beams, Experimental evidence from such sources, and form
laser-induced fringe patterns {32} is available, and shows an observable enhancement of
photon energy due to the quantum potential. In this context the optical equivalent of the
Bohm Aharonov effect, in which the tiny solenoid (iron whisker) of the conventional
experiment is replaced by a narrow, circularly polarised, laser beam, would be a critical test
of the existence of the vector potential associated with B™ {43}. Experiments such as that of
de Martini et al., discussed by Vigier {32}, show that it is possible to pass continuously from
Bose Einstein 1o Maxwell Boltzmann (or Poisson) statistics in an ensemble of photons. The
passage from one type of statistics (o the other can be explained {32} in terms of non-locality
in the quantum potential, which results in non-local action at a distance, currently a central
guestion in quantum mechanics.,

In astrophysics the consequence of non-zero photon mass are many and varied, and
have been considered repeatedly throughout the twentieth century {32}, Foremost among
these is that the Proca equation, as we have argued, produces longitudinal photons which do
not affect the validity of the Planck radiation law. The present author has now shown that
the longitudinal ficlds B™ and E™ are present in both the Proca and Maxwellian formalisms,
and are for all practical purposes identical in both. The longitudinal photons are therefore
piloted by the longitudinal fields E® and B® in the Einstein / de Broglie interpretation of
wave particle dualism. Furthermore, the fields B and E™ produce observable effects in
matter, such as magnetization {38} due to B™ at first and higher orders in the inverse
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Faraday effect. The existence of these fields is furthermore consistent with non-zero photon
mass, as we have argued here. In the Proca formalism the field B™ decreases exponentially,
and over large enough distances, Z, on a cosmic scale (e.g. light from far distant galaxies)
the decrease in B™ might become observable. This is of course a direct measurement of the
photon mass through the parameter £,

' The photon flux from the Proca equation also decreases exponentially, and the
Coulomb potenual is replaced by a Yukawa potential {32}. This phenomenon solves the
Olbers paradox {32} and results in low velocity photons, i.e. those that travel at considerably
less than the speed of light. The residual mass of these photons contribute to the mass of the
universe, and may solve the missing mass problem of cosmology {32}. ‘The factor exp (-E£)
such as that which appears in B” from the Proca equation, implies a distance proportional red
shift:

2 -ep 2 @1 .

This is the well known “tired light” of Hubble and Tolman {32}. This type of red shift could
contribute significantly 1o the cosmological red shift, and explain numerous reports by
astronomers of “"anomalous” red shifts in objects such as quasars bound to galaxies by matter
bridges. Photon mass is also consistent {32} with anomalies in: Q.5.0. sky distribution,
double star motions, red shift discrepancies in galaxy clusters, anomalous variations in the
Hubble constant, and quantized peaks in the N-log z plot {32}.

Since all these phenomena are evidently detected through telescopes, 1.¢. by the use of
electromagnetic radiation, the novel fields E™ and B™ are present in all of them in one form
or another, as well as in laboratory scale optical experiments of many different kinds. The
fields E™ and B” are manifestations of finite photon mass, as we have argued, and are
therefore fundamental in nature.




I. GAUGE INVARIANCE UNDER LOCAL U(l) TRANSFORMATION.

Contemporary understanding of field theory implies invariance under local (U(1)) gauge
transformation, this being a fundamental requirement of the lagrangian formalism upon which
the theory is based. Contemporary theory also requires that the Proca equation for finite
photon mass be consistent with special relativity and that elecromagnetic field theory be part
of grand unified theory. The question of finite photon mass therefore becomes part of the
general theoretical understanding of mass itself in elementary particles and helds, a central
contemporary theme. A description of grand unified field theory such as SU(5) {44, 45}
depends fundamentally on the ideas of local gauge invariance and gauge symmetry breaking,
and it is theretore important to show that finite photon mass can be accommodated within this
overall theoretical framework. The latter has been solidly effective in unifying the
electromagnetic and weak fields, predicting new boson masses which have been verified
experimentally. A consideration of the electromagnetic field in isolation of the weak and
strong fields is therefore no longer complete unless a consistent understanding is attained
‘within the context of unified and grand vaified fields.

~ Following the development by Ryder {15} the complex scalar field (¢ ) in
electromagnetism is described by the Euler Lagrange equation of motion

o _ 8 o,
o ax, a(aqn} (42)
&

where & is the lagrangian and x, the four-vector

x, = (X, ¥, Z, ic)
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in Minkowski spacetime. If the complex scalar field has two real components ¢, and ¢, then

(b, i)

¢ & _7_2_.““‘—1
(44)

o - (b, -idy)

V2
and the lagrangian required to produce a real action {15} must be:

B K A SO 45
& e b, mic*dd (45)

where, in S.1. units, m is a mass associated with the fields (44). (This should not be
confused with photon rest mass, m,.) It is seen that the mass enters the lagrangian & by
premultiplying a quadratic term ¢¢". This is a prominent feature of contemporary unified
field theory {15}, where boson mass, for example, is identified in this way. A gauge
transformation can be understood geometrically as a rotation of the vector:

= dirb,J (40)

in the internal space (1,2) through an angle A. The action must nol change as a
consequence, because this would violate the fundamental principle of least action, which in
classical mechanics states that motion is determined by minimizing action, 8. The lagrangian
(45) must therefore be nvariant to

b - e
¢ - tmlﬁ‘

(47)

which is equivalent o a rotation of the vector ¢ through an angle A.
This 15 a simple example of gauge invanance, by which every contemporary theory of
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fields 1s guided. It is usual in the development of the theory {15} 10 show that the gauge
transformation of the first kind defined by eqn. (47) results in:

e 43
=+ =0 (a8)

M)

where 1, is a four-vector identified as the generalized current associated with a complex scalar
field; and defined by

= i(d 2P _ 499" 49
J t(tbax“ (] ) (49)

The generalized charge is defined as the integral

Q = [ = if (@22 -0 yav (50)

over a volume V in three dimensional space.

Invariance of a complex scalar field under gauge transformation of the first kind
produces a conserved current, defined by egns. (48) and (49), and a conserved charge,
defined by eqn. (50). This is an expression of Noether’s Theorem {15} which summarizes
the conservation laws of physics under this type of essentially geometrical transformation in
an internal space of the complex field. For example, from Noether's Theorem it can be
deduced that the laws of physics are invariant to the ongins of space and time, a fundamental
requirement for any analytical development or description. By application of the ¢ operator
(see introduction) to egns. (49) and (50):

CJ) =J,; €O =-Q Gh

and it becomes clear that neither J, nor Q can be identified with electric current or charge,
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which are both ¢ negative. The yuantities J, and Q arise from the way in which the
complex scalar ficld has been defined, and because of the fundamental requirements of
Noether’s Theorem. The application of @ in eqn, (51) therefore emphasises the difference

‘hetween the complex scalar field and the electromagnetic field. We proceed to show that the
latter arises as a requirement of special relativity applied to the gauge transformation
of the first kind.

It follows therefore that all aspects of electromagnetic field theory must be consistent
with special relativity. Furthermore, as we shall see, electromagnetism enters the theory of
the complex scalar field through the potential four vector A, scaled, or multiplied, by the umit
of electric charge ¢ (the charge on the electron). In consequence, the potential four vector A,
is physically meaningful in the contemporary gauge theory of electromagnetism, and is
regarded from the outset as being fully, or manifestly, covariant. All four of its components,
in other words, are regarded as physically meaningful. ‘The habitual use of the Coulomb
gauge is obviously inconsistent with this method, because the Coulomb gauge (see
introduction) destroys the manifest covariance of the electromagnetic field by arbitranly
discarding the timelike and longitudinal spacelike component of A,. The Coulomb gauge is
known as the transverse gauge precisely because it has only two, transverse, polarisations,

The gauge transformation of the first kind (47) is inconsistent with special relativity
because it implies instantaneous action at a distance {15}, The rotation angle A is the same at
all points in spacetime, i.e. all points along the vector ¢ must rotate simultaneously in
spacetime. In special relativity ¢, the speed of light, is a universal constant and cannot be
exceeded, so that there must be a minimum time delay between action at one point in
spacetime and another. Electromagnetism clearly has something to do with this time delay
because the latter is due to the speed of light in vacuo, Electromagnetism introduces
“curvature” into the vector ¢. (In general relativity, mass itself becomes curvature of
spacetime, so photon mass must be similarly interpretable.) Special relativity therefore
requires that the internal space angle A become a function of the four-vector x,, and so, it is
wrilten as A(x,). Realizing this leads to the central concept of contemporary field theory,
which is local gauge transformation {15}, also known as gauge transformation of the
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seccond kind. We are led to conclude that photon mass must be consistent with local gauge
transtormation requirements of the U(1) seetor of grand unified field theory. 1f this were not
the case, then m, would be inconsistent with special relativity and grand unified field theory.

In the following development we derive a condition (eqn. (2) of the introduction)
‘which retains the internal consistency of the theory for finite m,. This is a departure from the
usual development {15}, which asserts that my = O identically, and thereby retains gauge
freedom, as discussed in the introduction. Clearly, the ad hoc choice my, = 0 is
fundamentally at odds with the Proca equation and with collected experimental evidence
{32} consistent with m, + (.

ForA << 0:

¢~ & -iAd 52)

but if A is a function of x_, however, as required by special relativity, then action can no
longer be invariant under the gauge transformation (52). We have

3y = Jp% +0 (53)

M

if the original lagrangian is defined by egn. (45).
The electromagnetic field is mtroduced to force 64 = 0 in egn. (53) through the
intermediacy of the extra lagrangian term

@, = e A, (54)

such that €A, has the same units as d/dx,, the four-derivative of spacetime. Applying the &
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operator 1o &, in egn. (54):

C&,) = &, (55)

revealing that eA, must be positive to ¢, where e is a scalar and A, a four-vector. At this
stage of the development it is asserted that under gauge transformation of the second kind
{15}

A - A +_|._§_:_ (56)

. ‘The introduction of &, implies the further need to introduce {15}

£, = e’A A0 (57

in order w force the condition:

bk + b, + Bk, = 0 (58)

50 that the total lagrangian is mvariant under local gauge transformation. The latter has
therefore produced the result

L, = Lyred A -AAGD
= Qw-t-a"’

(59)

where &, is due to imteraction with the four-vector A, through the scaling constant e. The ¥,




tlerm can be written

2, = ~(DOND,E)" + mic'pe’ (60)
where
d
D, = = +led, (61)

is the covariant derivative, i.¢. a derivative which transtorms covanantly under local gauge
transformation, i.e. D, transforms in the same way as .

'I'he minimal coupling interaction term &, is therefore obtained by replacing the
ordinary derivative d/ax, by D, and local gauge symmetry dictates the field dynamics
through <, minimal coupling. For this reason A is a gauge field, and produces its own
lagrangian, &, which must also be invariant under local gauge transformation, i.e. invariant
under egn (56). We now see that the latter is a conseguence of the covariant derivative D,

The four-curl of A, defined by

-

ad, dA
F'“ = R (62)
a:t' dx,

is invariant to (56), and provides the lagrangian:

g, - —%F F (63)

By pv

The standard theory {15} idenuties K., with the electromagnetic four-tensor; ¢ with the
charge on the electron; and A, with the electromagnetic potential four-vector. From this, the
inhomogenous Maxwell equations correspond to varying A, in the appropriate Euler Lagrange
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equation to produce:;

= (64)

= —e.l’rij'

where

I, = i(¢'Dd-¢D,°) (63)

and j, is wentified as the usual current four-vector of electromagnetism. 1t is clear from this
development that ¢ can act only on a scalar quantity, the scaling constant e, the elementary
electronic charge. Thus, as in the introduction, we obtain

C(B9) - - g9 (66)

for the scalar amplitude of a magnetic lux density. All spacetime properties are invariant
to ¢ by definition of this operator {14}, and so all types of unit vector are invarant o ¢

It follows thal A, is a four vector whose absolute scalar magnitude s ¢ negative.

We now address the role of finite electromagnetic field mass in local gauge
transformation. ‘This is necessarily within a classical framework, we have not yet addressed
the effects of field quantization.

The conventional development {15}, having arrived at eqns. (54) and (58), asserts that
the vector A, cannot be associaled with electromagnetic field mass, m,, because the latter
would necessarily be identified through a lagrangian of the type:

vy 8
4, = SmciA,A, (67)

in 8.1, units, and not in reduced units {15}, where ¢ is habitually set to unity. Since &, is
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not invariant under eqn. (56), it is asserted that m, = 0 identically, so that the
electromagnetic field has "no mass”. As surveyed in the introduction, this is inconsistent
with collected experimental data {32}, and as is actually well known {15}, leads to
considerable physical obscurity in electromagnetic field quantization. The Coulomb gauge is
one of these obscurities, and attempts at quantization {15} in the Coulomb gauge are
meaningless. Nevertheless, it is habitually accepted in contemporary electrodynamics,
although standard tables {6} no longer list the i}hﬁun mass as identically zero. The literature
is therefore frequently self contradictory.

It is clear that for my ¢ 0, the lagrangian &, vanishes il

AA =0 (68)
a condition which is also consistent with
3, = 0 (69) °
because
Q) =efA A0 =0 (70)
and
5 + 3, = - 8k, = 0 (71)

automatically. Therefore for A A, = 0 finite photon mass is consistent with local gauge
invariance, and the latter does not mean that photon mass is identically zero. ‘The condition
A A, = 015 also consistent with the Lorentz condition dA /ax, = 0, which is implied
automatically by the Proca equation {15, 32}. As described in the introduction, A A, = 0 is
inconsistent with the Coulomb gauge. In view of the available experimental evidence {32}
for finite m,, we abandon the Coulomb gauge and quantization procedures {15} based
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thereon, and adopt A A, = 0 instead of my, = 0 in &, and &,. This implies that A_ must
always be fully covariant and physically meaningful in special relativity, where A A, and

A, Jax, are invanant o Lorentz transformation in Minkowski spacetime. Furthermore, if we
write the Proca equation as {15}:

E{L“. = ~-F24 (72)
& e v
B
and multiply both sides by A, :
oF
A—E - -4 A -0 (73)
dx

M

it becomes clear that if A,A, = 0, the Proca equation reduces to the Maxwell equation {15}:

Eﬂ =0; A, #0 (74)
¢':’.::'l

even though the mass m, is not zero.

We conclude that the Maxwell equation in vacuo, eqn. (74), is a "subsidiary” of the
Proca equation described by the requirement A A, = 0 for my in general ¢ 0.

This result, although mathematically self-consistent, is not physically acceptable
however, because we know that finite m, is the very factor that distinguishes the Maxwell
equation from the Proca equation. This is obvious from writing:

aF
az'“ - 0 (Maxwell)
" (73)
daF
Eﬂ - -E%A,; A, # 0 (Proca)

whereby the Maxwell equation is seen in this light to be the limiting form of the Proca
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equation for my, = 0 identically. Therefore A A, = o identically implies m, = 0 identically,
even though my, is not specifically set to zero in egn. (67). We must therefore accept that
AA, 15 not identically zero if my is to remain finite,.in line with collected experimental
evidence {32}. We must therefore look for a way in which this conclusion can be made to
be consistent with local gauge invariance of U(1). This is possible through the use of, for
example, the Dirac gauge {32}:

rr. =k = constant (76)

where r, is the photon radius four-vector defined through the complex wave four-vector W,
{32}:

¥, = rew(E) (77)
‘The Proca equation in the form (12) can be derived from the lagrangian {32}

ey = _T:_F;"an ~ER W, tAQ,r, tKP) (78)

with
d
P (719
¥ dx,  dx
M v
which yields, by varying ¢,
aF v
= = 28y, (80)
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By contraction

N, _% _, 81
axv a‘u

50 that
Ch, = 287, (82)

Converting this notation into that of the present paper, and assuming that A, is in general
complex, the Dirac gauge corresponds to:

A A, = constant (83)

and the lagrangian &, is consistent both with finite photon mass and local gauge invariance of
U(1). The condition A,A," = 0 is the limit of eqgn. (83) for constant = 0.
What does this mean physically? The magnitude of the photon radius is about 10%m

445}, and it follows that

rre = 10%m? ~ 0 (84)

is an excellent approximation. Therefore the condition A A, = 0 for real A, is equivalent to
vamshingly small photon radius, a condition which for all practical purposes is the Dirac
gauge {32}, Finite photon mass is therefore consistent with local gauge invariance in the
Dirac gauge, a limiting form of which is A A, - 0.




S ¥
2. LIE ALGEBRA OF THE ELECTROMAGNETIC FIELD IN VACDO.
In conventional, classical electrodynamics it is customary to consider only the transverse,

oscillating, solutions of Maxwell's equations {46}. For the magnetic tlux density in vacuo
these are:

Bm=_‘i;;)(ﬁ+ﬁcﬂ (85a)
()
B® - L(_ﬂ +ﬂ¢—“
V2
(85b)

where @ = wt -  * 1 is the phase of the travelling electromagnetic plane wave, In eqns
(85a) and (85b), i and j are unit vectors in the X and Y axes of the laboratory frame (X, Y,
Z), mutually orthogonal 1o the propagation axis, Z, of the wave. Here w is the angular
frequency in radians per second at an instant of time t, x the wavevector in inverse metres at
a position r in the laboratory frame. The complex conjugate of B, i.e. B, is also a
physical solution of Maxwell's equations in vacuo.

Corresponding to eqns. (85a) and (85b) there are oscillating, transverse, electric
fields, usually written as

E® - E_m_(‘-me i (8Bb6a)

V2

E® - %mw“

(B6b)
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in the same notation. In eqns (83a) and (85b), B is a scalar magnetic flux density amplitude
and E™ a scalar amplitude of electric field strength. By direct substitution, it can be shown
that eqns. (85) and (86) obey Maxwell’s equations in vacuo, and in the standard development
of electrodynamics these transverse solutions are usually the only ones considered. Some
texts mention briefly the possibility of longitudinal solutions, but the latter are not linked
directly to the transverse waves. Two of the Maxwell equations in vacuo:

V-E=0 (87a)

(87b)

would be violated by any longitudinal solution which depends on the phase ¢, because a field _
of that kind cannot be divergentless. In other words these fields would not obey the Gauss
Theorem in differential form.

On the other hand, it is well known in the literature {15} that the Proca equation leads
10 three well defined spacelike polanizations, and upon quantization, leads to a well defined
" particle with mass, identified with the photon {15}. On the other hand, attempts at
quantization of the d’Alembert equation are beset with obscurity. For reasons described
already, we reject quantization in the Coulomb gauge. In the Lorentz gauge, quantization of
the d'Alembert equation can proceed only through the use of a gauge fixing term, and
through the Gupta Bleuler condition {15}. Quantization of the Proca equation, being a
natural wave equation, proceeds straightforwardly, producing two transverse and one
longitudinal spacelike polarizations for the photon in vacuo. The Proca and d'Alembert
equations are identical, however, for all pracucal purposes {32}, because the photon mass is
very small, and we are therefore led o expect a well defined longitudinal spacelike
polanization i the Maxwellian field as well as the Proca field. Clearly, this polarization
emerges classically through equations (7) of the introduction, i.e. through a Lie algebra
recently proposed by the preseat author {24-30},
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Furthermore, the existence of the longitudinal, classical Maxwellian tields B and 8™
In vacuo must not violate the Gauss Theorem or Planck radiation law (see introduction).
‘Well known photon selection rules, experimentally well supported, must not be affected by
E™ and B™ as discussed in the introduction. )

The first indication {24} of the well defined nawse of B in vacuo appeared through
its relation to the well known conjugate product of nonlinear optics {47}, the cross product
E" x E®. This is also referred t in nonlinear optics as the vectorial part of the light
intensity tensor, I, {48}, and therefore has a well known physical interpretation. The
quantity I, is habitually used as the basis for calculations in electro and magneto-upuics {49,
50}. From egns. (B6a) and (86b), the conjugate product in vacuo is easily seen 1o be a pure
imaginary, longitudinal quantity:

E® x E® = iEO% (88)

which is independent by definition of the phase of the plane wave. Furthermore, the unit
vector k on the right hand side of egn. (88) must be axial by defimbon, because it s formed
from a vector cross product of two polar vectors. For this reason, the conjugate product 1s
positive to parity inversion, g, and for this reason in turn cannot produce a static electric
field. 1t changes sign with the sense of circular polarity, and vanishes for this reason in a
linearly polanzed electromagnetic tield, because the latter is made up of 50% right and 50%
left circularly polarized components. The conjugate product also vanishes in a standing
wave, i.e. is non-zero only in a travelling wave which has a degree of circular polanzation.
It has been shown {24-30} that the 7 (motion reversal) symmetry of the conjugate product is
negative. Finally its ¢ (charge conjugation) symmetry is positive.

Using the well known tundamental relation from the Maxwell equations n vacuo:

E® - (5o 9

37



the field B” emerges simply {24}:

iE9% - E@egOg . iEQ.g® (90)
Therefore in egn (88)
‘ @
B® = pOg - fm"_s (91)
(iE©¢)

It is fundamentally important to note that the field B” has all the known attributes of
magnetic tlux density (tesla). It is an axial vector, positive to p, and negative to 7. It 15
also negative to ¢ as required {51} because although the conjugate product is positive W ¢,
it is divided by the scalar iE"c to produce B” in eqn. (91). The ¢ symmetry of E (Section
L and introduction) is negative by definition of @& as an operator which leaves all spacetime ‘
quantities unchanged but which reverses the sign of (scalar) electric charge. In particle
physics ¢ produces the anti-particle from the original particle as described in the
" introduction. In the classical Maxwellian field however, the particle / antiparticle
interpretation is inappropriate because quantization has not occurred. ¢ is therefore the
operator that reverses the sign of the unit of electric charge €. This is not a quantized
quantity, i.e. is well defined in classical physics.

A similarly simple analysis leads to the result

BY . p@ . igOg® - jgOgG* (92)

which is eqn. (7a). Note that egns. (91) and (92) are identical in vacuo, clearly, they both
define B, and both conserve the seven discrete symmetries {51} of nawre: ¢ p, T, CP,
CT, PT and CPT. This is straightforwardly verified by operating on each symbol of eqns.
(91) or (92) by each of these operators in turn. In each case the original equation-is
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recovered unchanged, and is therefore invariant to the symmetry operator thus applied. The
equation is therefore said to conserve the symmetry described by the operator being applied
(for example, & p 7 etc.) If this were not s0, a-symmetry would have been violated. It
is clear, as discussed in the introduction, that B” (and also E™) violates none of the seven
known discrete symmetries. In order 1o come correctly to this conclusion, it is essential to
realize that the scalar amplitudes E™ and B are negative to . The & symmetry of B” is
therefore negative, and opposite in sign to that of the conjugate product E" x E”. We
emphasize these points because of the recent incorrect assertion {31} that B and E™ violate
¢ and CPT-

Further simple calculations of this type, based on vector cross products, leads to the
Lie algebra described in eqns. (7), showing that there is a cyclical, or closed, structure which
ties together the three magnetic fields B, B® and B™. If any one of these fields be zero,
then egns. (7) imply that the other two must vamish in vacwo. The importance of this
result, simple as it is, cannot be overemphasized, because it is habitually neglected in
classical electrodynamics. The latter CANNOT therefore be a complete description of
nature,

-

Eqo. (91), furthermore, rewrites the conjugate product E" x E™, a well accepted,
experimentally verified {52} concept, in terms of B”, which is therefore physically
meaningful in the classical Maxwellian field. It is also of great significance that B” (and
E™) is a natural consequence of the Proca field, implying that B” is consistent with finite
photon mass. Since the conjugate product has been used {53-55} to interpret the
experimentally observed imverse Faraday effect {52}, then the latter is experimental evidence
for B, and is also experimentally consistent with finite photon mass. Evidence for the later
can therefore be accumulated {56} in the laboratory as well as through astronomy and
cosmology {32}. These points are emphasized by the equation:

EW gD _ jcg®go (93)

in which the conjugate product on the left hand side has been rewritten in terms of B



premultiplied by a scalar iE™c, Obviously, experimental evidence for the quantity on the left
hand side of this equation is also evidence for the quantity on the right hand side. The latter
1s simply the non-zero scalar iE™c multiplied by the longitudinal magnetic flux density B
If the lanter were “unphysical” (presumably zero) as habitually asserted in electrodynamics
{57}, then the inverse Faraday effect would not be observable, in direct contradiction with
well defined and well accepted experimental data {52}. This is one example of many of the
inherent contradictions of classical electrodynamics {57} if longitudinal solutions in vacuo are
discarded. These data also show experimentally that B” (and E”) conserve the seven
discrete symmetries of nature, because B” has been observed experimentally, through the
inverse Faraday effect, (0 magnetize material matter.

That B” 1s a solution of the four Maxwell equations in vacuo is demonstrated as
follows, bearing in mind that its concomitant electric field is the longitudinal E™:

V-B® = 0
V-E® - 0;
VxB® = _l_z.a_fa_‘: = 03 (94)
c
@
vxE® - -2 -0
or

These results follow from the fact that neither B” nor E” {26} depend on the phase ¢ of the
electromagnetic plane wave in vacuo, and are both divergentiess and tme independent. The
curls of B* and E® both vanish for this reason. It is concluded that B”, and its concomitant
E™ are physically meaningful in the classical Maxwellian field, which in this light is a
limiting form of the Proca equation as m, approaches zero identically. Therefore B® and E™
must produce observable effects when they interact with matter, an example being the already
well observed and accepted inverse Faraday effect {52}, which is magnetization by a
circularly polarized laser pulse. The usual {52-55)} interpretation of the inverse Faraday
effect in terms of the conjugate product E™ x E is, through egn. (93), an interpretation in
terms of B”, Consistently, therefore, B”, being a magnetic field, magnetizes material.




‘There are available in the literature other types of experimental indications for the
existence of B”. For example the well knewn "light shifts” {58} of atomic spectroscopy.
‘These are observable shifts in atomic absorption frequencies, usually in the visible range, due
to intense light, and interpreted in terms of an "effective magnetic field” {58}. The latter is
the conjugate product E™ x E™, which is simply iEYc¢B®. It is critically important to note
that B” is a physical magnetic field (i.e. flux density in vacuo), and not an “effective”
magnetic field. The terminology in this subject is therefore confusing, and it is not always
clear whether the light being used to produce the observed shifts is circularly polanzed, or
whether it is being absorbed. (In contrast, the data obtained {52} in the inverse Faraday
effect measurements were clearly obtained from a circularly polarized giant ruby laser pulse,
light which was not being absorbed.) Despite these uncertainties in the light shift literature, it
is sate 10 conclude that when there is any amount of circular polarization in the light beam or
laser being used, they are being caused by E”' x E®, and therefore by the product of B with
iE™c. Light shifts are therefore evidence for the existence of B, because if the latter were
zero, then so would E™ x E™ be zero.

Recently, more evidence for B” has emerged using contemporary NMR spectroscopy,
in which circularly polarised laser light has been observed experimentally {59} to produce
'small but useful and measurable shifts in NMR frequencies in liquids, following a theory by
the present author {60}. The observed shifts of a few hertz are far too large to be explicable
on the basis of perturbation theory applied {61} o shielding coefficients. Although there
appear 10 be several contributing mechanisms, because the shift pattern is site specific, their
magnitude is qualitative evidence for the influence of the magnetic field B at the resonating
nucleus. It appears from the available data, however, that only a small fraction of B”
reaches the nucleus, because the observed shifts give no indication of a straightforward
intensity dependence {59} and are 100 small to be compatible with the applied B” in vacuo.
This is in contrast with light shifts in atomic spectroscopy {58} and with the inverse Faraday
effect {52}, where a simple intensity dependence has been observed. The effect of B at the
nuclear level is very different therefore from its effect at the electronic level, The reason for
this is not yet understood, The technique of optical NMR (or light enhanced NMR
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spectroscopy) is potentially very useful, however, for structural analysis of molecules,
because the observed shifts from B™ and other sources appear to be site specific. The present
author has indicated {56} several other spectroscopie tests tor B, such as the optical Faraday
effect, optical Zeeman effect, and so on which can be used 0 accumulate experimental
evidence consistent with finite photon mass.

Circularly polarized light is also capable of producing an azimuth rotation in a linearly
polarized probe (the optical Faraday effect {62}) and recently experimental data for this
phenomenon have been obtained by Frey et al. {63} in a magnetic semiconductor known o
give a giant Zeeman effect. It is interesting to see that a plot of the observed azimuth
‘rotation versus the square root {64} of laser intensity falls on a straight line for six
experimental points. This indicates that the observed azimuth rotation (in this case a self
rotation of the pump laser) is proportional to B”. This result is not unequivocal, however,
because the pump laser used by Frey et al. {63} was not circularly polarized, and the data
plotted as a function of B did not go through the origin {64}. However, the fact that
intensity dependent azimuth rotation was observed means that the initially linearly polarized
laser acquired a degree of circular polarization while traversing a permanent magnetic field
from a powerful laboratory magnet, and that B® in the experiment of Frey et al. {63} was
not zero as the laser passed through the magnet. These authors were not looking specifically
for the effect of BY however, but rather for a nonlinear optical Faraday effect using a
conventional magnet and pump laser.

These examples show, in summary, that available data support B”, quantitatively or
qualnatively, and are therefore consistent with finite photon mass. A much more systematic
investigation of B® and E™ is needed, however, because these fields are fundamentally
important to classical and quantum electrodynamics. This brief survey is enough to show that
the existence of B” is supported experimentally, and that the habitual assertion of classical
electrodynamics, g™ z ¢, g - g@+ 4 p_is inconsistent with experimental data and with
the novel Lie algebra (7) to be developed in this section.

The existence of B™ and E™ in vacuo is consistent, as we have argued, with finite
photon mass, m, in the Proca equation. This is our central theme, and to support it directly
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we now derive BY from the Proca equation in vacuo:

] (93)
LA, = _‘Elf!u

in which £ is non-zero only if m, is non-zero, The order of magnitude of £ is so small,
however, that eqn. (95) must closely approxiniate the &’ Alembert equation in vacuo,
although the two equations signify very different things. We therefore expect eqn. (93) o
produce B™ for all practical purposes. In a non-relativistic approximation {15} we write the
Proca equation in terms of a laplacian instead of a d’Alembertian:

VA = £24 (96)

an approximation that is obtained in the galilean limit, which is recoverable {33} analytically
by asserting that the term in |/c in the d’alembertian can be neglected. Using the well
known:

B =VxA (97
it can be seen that the equation
vlﬂ = Eln (93)
15 the same as eqn. (96), because:
V3 (VxA) = £2VxA (99)
‘1.e.
VxVZA = VxE*A (100)
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meanming that the curl of the quantities on both sides is the same.
The solution of egn. (98) is

B® - @, -ty (aon

and since £ ~ 10™m"' for a photon mass of 10® kgm {32} this is identical for all practical
purposes with the result (91) from the classical Maxwellian field. Since egn (101) is time
independent, it is also a solution of the onginal Proca equation (95), without the need to
approximate the d’Alembertian with the laplacian. The effect of photon mass is therefore o
transform B® of the classical Maxwellian field into (101) of the Proca field, i.e. to introduce
an extremely slow, distance dependent, exponential decay into B®. As discussed in the
introduction, this exponential decay is the same as that responsible for “tired light", in the
terminology of Hubbard and Tolman {32}, and thus for the distance dependent red shifis,
Av/v, observed by astronomers {32} on many occasions. The magnetic field B® and electric -
field E™ arriving from far distant radiation sources in the universe are therefore “tired

fields”, associated with a frequency change Av/v. The very fact that they are associated with
- frequency change implies the presence of finite photon rest mass. If m, were zero
identically, then there would be no anomalous red shifis of this type.

2.1 Commutator Algebra in the Circular Basis: Quantization.

It is shown in this section that the Lie algebra (7) can be expressed in terms of commutators
of matrices, allowing a direct route to the quantization of the three Maxwellian fields B",
B”, and B™. This route to quantization of the electromagnetic field depends on the existence
of the vectorial Lie algebra (7), and assumes from the outset that B” is non-zero and
physically meaningful, and is for all practical purposes consistent with a finite field mass
which is interpretable after quantization as photon mass. The quantization procedure depends
on the existence of commutation relations between B, B™ and B® which are identical,
within a factor %, with the well known commutators of angular momentum in guantum




mechanics. ‘I'hese are in turn identical, within a factor %, to the commutator relations among
the generators of rotation in O(3) of three dimensional space {15}, This novel route to
guantization avoids the obscurities of electromagnetic field quantization in the Lorentz gauge
for my = 0 {15}.

It is convenient to develop this commutator Lie algebra in a circular, rather than
cartesian, basis, defined by:

= Lo o™= Laogp,
2

V2 V2 (102)

e®ye@® - 1O = g

where i, j, and k are cartesian unit vectors defined by

ixj =k (103)

The unit vectors in the circular basis form the following cyclical Lie algebra:

eRxe® 2 1a™ - 49
e®* = jo@ (104)

e® xe®

‘wx‘m = uﬂ)' = "‘ﬂ)

where * denotes “complex conjugate”. Tautologically, if ¢ = 0, then e = €™ = 0
and if €” + 0, then ¢ = " ¢ 0. This structure is the same as that of eqn. (7), revealing
that the latter, for the classical Maxwellian field in vacuo, is essentially geometrical in
nature. The traditional assertion of electrodynamics: g® z g. g® - g@+* - g 18
therefore geometrically incorrect in three dimeasional space.

To extend these calculations to quantum mechanics and spacetime, it is essential 1o use
commutator algebra {15}. Eqns (7) can be put in commutative form by using the result from
tensor analysis {65} that an axial vector is equivalent to a rank two antisymmetric polar



tensor:

B, (105)

where ¢, 15 the rank three, totally antisymmetric, unit tensor (the Levi Civita symbol). The
rank two tensor representation, ﬁa' of the magnetic field axial vector B, is mathematically
equivalent, but has the key advantage of being accessible to commutator algebra. In other
words, jﬁ i a matrix, so that the vectorial Lie algebra (7) can be expressed eatirely

equivalently in commutator form. This in turn provides a direct means of expressing B,
B™ and B” in terms of O(3) rotation generators {15} and thereby in gquantum mechanical
form. In 5o doing, these magnetic fields are related directly to quantum mechanical angular
momentum operators, and have the same commutator properties. This was originally shown
by the present author {24} using an independent method. These methods show that the
photon has an elementary longitudinal flux quantum, B™, which is an operator of guantum
mechanics.

The classical magnetic fields B, B® and B” in vacuo are all axial vectors by
definition, and it follows that the unit vector components of these vectors must also be axial
in nature. In matrix form, they are, using tensor analysis of the type illustrated in egn.
(105):

[0 00 00 -1 fs=0 i@
i=| 0 01 |; js| 00 O |; k=| <1 00 | (106)
l o -10 | l10 0 Il 000 |




It lhliowsthauhematrhreprwmuﬁonufﬂmunitvminmecirculubasisis:

o o il [0 0 -] f o101
EI-—I:EI 0 0 1 [; =210 0 1; =] -100]| (107
|l < -10 | li-1 0l | 000

and that these form a commutator Lie algebra which is mathematically equivalent to the
vectorial Lie algebra (104):

[6,, &) = -ié; = -ié,
[6,, &) = -ié; = -ié, (108)

[6,, &1 = -iés = -ié,

These are our basic geometrical commutators in the circular basis convement for the
electromagnetic plane wave in vacuo. Eqns (104) and (108) therefore represent a closed,
cyclical algebra, in which all three spacelike components are meaningful. If it is arbitrarily
asserted that one of these components is zero, the geometrical structure is destroyed, and the
algebra rendered meaningless.
Our geometrical basis (108) can now be used o build a matrix representation of the

three spacelike magnetic components of the electromagnetic plane wave in vacuo:

" o APPETe W

B® -iB®s@D -0 (109)

B® = . B™®

]
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from which emerges the commutative Lie algebra equivalent to the vectorial Lie algebra (7):

[E(l)’ ém] - _iBm]§{3)- ) -iﬂmﬁm
(B®, ™) = -ipWg™ . _ip@g?D (110)
[Bm (l)] - _‘-B[méﬂ]- _ _I.B@ﬁ(n

This algebra can be immediately expressed in terms of the well known {15} rotation
generators of O(3) in three dimensional space. These rotation generators are complex
matrices:

S I

=01y gﬂ) 1
J = N =—| 00 -i |
ﬁl -1 0 |

[ (.
@ é@ L % &
J +~—T-a-1 0 0 i | () -
20 1 Sio |
= o g [ wiBnie i)
j =——i—= |100|
|l o o 0|

The magnetic field matrices and rotation generators are linked by
BY - - pOjew
B® - - pmj®,-w (112)

B® - iB®j®

This is a result which is of key importance in recognising that the commutative algebra of the
_magnetc fields (110) is part of the Lie algebra {13} of the Lorentz group of Minkowski
spacetime. This suggests that the magnetic field is in general a property of spacetime, i.e.

that it has a imelike component, and can be expressed as a four vector B, as discussed in the
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introduction, and developed further in Section 3. It is already clear from equations such as
(112) that the longitudinal component in space, 5 must be physically meaningful, because
it is directly proportional 1o the fundamental rotation generator j® The latter is a
geometrical property of space, and from egn. (lll)"rs non-zero.

Furthermore, the generalisation of the rotation generators of O(3) from space o
‘spacetime is well known {15} to be:

ju) - jm‘ = l‘

J® L joe (113)

o
L= .
e oo 00 o Cc e e

-i 00
0 00 |
0 00 |
0o 00

i.¢. the rotauon generators of O(3) become four by four mairices of the Lorentz group. It
tollows directly from egn. (112) that the magnetic fields in the Lorentz group are also
described by four by four matrices of type (113), i.e. that the magonetic components of the
electromagnetic plane wave in vacuo are well defined properties of spacetime.
Similarly, it is shown in Section (3) that the electric components are related 1 boost
generators of the Larentz group. These are also tour by four matrices in Mmkowm

For our present purposa we nole thal the rotation generators in space form a



commulator algebra of the following type in the circular basis:

[Jo, jm]-= N (LI
(79, i - _joe - _j@ (114)
[@®, j0y - _jer o _jw

which becomes

Wl = i, (113)
[k} = 4,

in the cartesian basis, and which is, within a factor h ideatical with the commutator

algebra of angular momentum operators in quantum mechanics. This provides a simple )
roule W gquantization of the magnetic fields of the electromagnetic plane wave in vacuo,

giving the result:

|
i - _goIZ

b
B® = -3@}3?,# (116)
87 < .13f°lj—m

h

where g are now operators in quantum mechanics. In particular, the longitudinal operator
g™ 15 the elementary guantum of magnetic flux density in the propagation axis, in other

words each photon in this guantized representation carries this quantum of magnetic field.
This result is in precise agreement with the original derivation {24} of the present author,



which used creation and annihilation operators, which in turn defined the Stokes operators
introduced recently by Tana$ and Kielich {66},

We reach the general result that magnetization by light, and related phenomena such
as the optical Zeeman and Faraday effects {24-30} are described in quantum optics through
the operator g%, which is independent of the phase of the plane wave. As shown
Flsewherc, the effect of the operator is different in general from the effect of the classical
field B®. For g™, the interaction hamiltonian must be evaluated in a different way from the

semi-classical hamiltonian involving B™, because in the latter case, B” can be taken outside
the Dirac integral (Dirac brackets), and in the former it cannot, because it is an operator.
This leads to the expectation {25} that optical Zeeman spectra in atoms due to g, for
example, are different theoretically from those due to BY.

‘I'he existence of the operators B BY and A is consistent with the Proca
equation, which can be quantized straightforwardly to give a particle hke interpretation of the ~
electromagnetic field in three spacelike dimensions. This particle is identified with the
photon, and in the Proca equation, this has finite mass, m,. As we bave seen, the existence
of this mass, however small, is critically important in removing obscurities of quantization of
the classical electromagnetic field. The above simple method of quantization of the magnetic
field components is free from obscurities such as these, obscurities which arise {15} from the
habitual assertions that the electromagnetic field in vacuo can have only transverse
components, and that the mass of the photon is identically zero, Therefore, the most
important implication of the Lie algebra (7), or in commutator form (110), is that this algebra
ties together the transverse and longitudinal spacelike components of the magnetic fields in
such a way that it becomes impossible to assert that the longitudinal component is unphysical.

We end this section by illustrating the existence of other types of Lie algebra, related
o (7) or (110), but ones which involve electric field components, and which show that there
is also a non-zero longitudinal electric field in vacuo, E”, associated with the traveling
electromagnetic plane wave.
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2.2 Lac Algebra Involving Electric Fields.

Extending the methods of the previous sub-section gives the other types of Lie algebra
associated with the electromagnetic plane wave in vacuo, The first type is egn. (7), which
involves only magnetic field components. The second type is built up cyclically from cross
products of electric field components in three dimensional space:

EW L Eg® - jop© g (117a)

E® x E® = - cEO g0
(117b)

E® . g® cE@ g

(117c) .

It is seen that the left hand sides of these relations are scalars premultiplying magnetic fields,
1.e. axial vectors, and they can be put into matrix form through the defining tensor relation
(105). It follows that the vector cross products of electric fields (polar vectors) in three
dimensional space can be expressed as matrices, and so, the cross products are commutators.,
This result can be summarised as

2

(E® <xE®), = - %eﬁ,[ﬁ"’, ﬁ“’]v
(E® < E™), - —:523%[&“’, 8, (118)
(E® <E™), - ,-fleuwm' ﬁmly

2

(Note that this can be deduced even though the individual electric fields, being polar vectors,
cannot be expressed as rank two tenors through a relation such as (105), which holds only
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for axial vectors.) We shall see in Section (3) that the fact that the cross product of two
electric field components of the electromagnetic plane wave in vacuo can be expressed as
commutators implies that the electric field, like the magnetic field, is a function of
Minkowski spacetime in general, and can therefore be expressed as a four vector E,.

For our present purposes, however, it is important to demonstrate that the Lie algebra
of the second kind, egn (117), conserves the seven discrete symmetries. The application of

the ¢ operator in this context is straightforward, and produces the same set of equations by
operating on each symbol individually. Therefore ¢ is conserved. Similarly, the p operator
applied to the left and right hand sides shows the invariance of the Lie algebra to p, and p
is conserved. The application of § needs a little care, however, in order to produce a clear
demonstration of invariance, Adding egns (117b) and (117¢) produces

E® x (EW - g - g gl _ g {(119)

and it is easily shown that both the left and right hand sides of egn. (119) can be wnitten as

2 .
= E"(ii cos ¢ + $)
{2_ J sin

showing that § is conserved. (The § symmetry of the imaginary part is positive, and that of
the real part negative.) Because ¢, P, gnd 7' are conserved, it follows that the other four

fundamental discrete symmetries are also conserved, because each of these four is made up of
products of the first three, and these three are conserved. Lie algebra of the second kind
results in no symmetry violation.
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The vectorial Lie algebra of the third kind:
E®«xB® - BOUE®"
E® g™ _ g0 pwme (120)
E® x p®

- BW}E(H'

is given here for reference, because in Section 3 it is used to build up the structure of electric
and magnetic field components within the Lorentz group of Minkowski spacetime. By
forming triple cross products of the type

E® < (E® x B™

IBO(ED « E@
= Eﬂﬁnﬂi‘

(121)

it becomes clear that type three is transformed into type two, and it follows that type three
can be put in commutator form, and conserves the seven discrete symmetries.
Finally, the vectorial Lie algebra of type four:

EW.g® - ¢
E® «B® - ¢ (122)
E® «BY - ¢

completes the cyclical relations between the three magnetic and three electric components of
the electromagnetic plane wave in vacuo. In three dimensional space, type four is
‘superfluous, for example E” is parallel to B®, but in Minkowski spacetime, type four is part
of the complete commutator algebra of electric and magnetic fields defined m the Lorentz
group.

It is seen that in three dimensional space, B fields, and cross products of E fields, can
be put in matrix form, but individual E fields cannol, suggesting that three dimensional space
is not completely adequate for a description of electromagnetism, and that electric and




magnetic fields are fully covariant four vectors with a timelike as well as three spacelike
components. In the next section, this line of reasoning is developed, magnetic fields are
related to rotation generators in spacetime, and electric fields to boost generators.
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3. ELECTRIC AND MAGNETIC FIELD FOUR YECTORS IN SPACETIME.

Traditional electrodynamics, both in its classical and quantum forms, is satisfied with a
representation of electric and magnetic fields in euclidean space. The potential four vector,
however, is defined in Minkowski spacetime, and electric and magnetic field vectors derived
there from by taking the four-curl of A, to give the well known electromagnetic four tensor
F... which 1s by definition traceless and antisymmetric. We have seen in Section 2 that the
electromagnetic field enters gauge theory in a fully relativistic description based on A, and
F,.. In the introduction however, we have argued for the existence of E, and B,, electric
and magnetic field four vectors which are fully covariant in Minkowski spacetime. The
prumary reason for this was that the Lorentz invariants EE, and BB, produced a satisfactory
description of the Planck radiation law, in that only the transverse spacelike components
contribute to electromagnetic energy density. In view of the Lie algebra developed in this
'articlp, and in view of the experimental evidence reviewed herein, there is no doubt that there °
exist longitudinal solutions B® and E™ of Maxwell’s equations in vacuo, solutions which are
nied inextricably (section 2) 1o the well accepted transverse solutions of the same equations,
Longitudinal fields such as B” and E™ are also consistent with finite photon mass, and we
have demonstrated one simple method of obtaining B” from the Proca equation. Acceptance
of finite photon mass, which is consistent {32} with a broad range of experimental data from
many different sources, leads, as we have seen, to the abandonment of the Coulomb gauge.
Section (1) has shown that finite photon mass is consistent with the Dirac gauge in a limiting
form.

The Proca equation is a wave equation with a physically meaningful, fully covariant,
four potential A, acting as eigenfunction. This is consistent with the fact that
electromagnetism enters contemporary gauge theory through A, scaled by the charge on the
electron, ¢ (Section 1). The Bohm Aharonov effect (introduction) shows experimentally {34}
and theoretically {23} that A, is physically meaningful, and is not just a mathematical
subsidiary condition of first order differential equations, the Maxwell equations in vacuo.
These factors lead us to expect, therefore, that the well known four tensor F,, of
electromagnetism is also fully covariant, i.e, that all its sixteen components are physically
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meaningful. It is well known that the off-diagonal elements of the tensor F, are physically
meaningful electric and magnetic fields in vacuo. In S.1. units:

[ 0 -cB® . cB® —jg™ |
| cB® @ -cBD -iE® |

F.,=e . | (123)
| ~cB%® B™ 0 ~iE® |
L iEW g™ g™ 9 |
We note that the diagonals vanish by definition of the four-curl:
p a4, (124)
e dx, dx,

but the diagonals are physically meaningful. This is our key observation, and leads w a
self-consistent definition of E, and B, in terms of A,. Before giving the formal proof of this
result, it is of great importance to note that in the off-diagonals of F,, appear the
longitudinal ficlds B” and E™ in vacwo. This is a clear sign of the inconsistent nature of
the customary approach to classical electrodynamics, an approach which discards the
existence of E™ and B” in an arbitrary manner. As we have seen there is no experimental
indication whatsoever that E” and B™ are zero, and these fields are a natural conseguence of
finite photon mass. Furthermore, they are tied to the transverse fields through well defined
Lie algebra. If B is zero, then by equations (7) B" and B™ are also zero, showing
conclusively that the customary disregard for B™ is logically inconsistent.

The structure of F,,, however, is consistent both with equations (7) and with the
manifestly covariant nature of A,. It is clear that F,, is derived from A,, and that the
Maxwell equations in vacuo can be written directly in terms of F,, (eqn. (75)). On the basis
of our observaton that EE, and BB, correctly reproduce the experimentally veritied Planck
radiation law, it becomes cléar that F,, must also describe the timelike components E™ and
B™ of the four vectors E_ and B,. 'The key to finding these components within the structure
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of F,, 1s to investigate the diagonal elements. Writing

A, = ey, A®) - ¢ (4, i':;) (125)

these are defined mathematically by

A @ aAIO)

Bl ok oy e g < 126a
Py - UT A -0 (126a)
a) W
Fy = adm aAm e
ax ax
(126b)
- AP 4D
" e ¥
(126¢)
aA® @ .0
(126d)

Therefore, each diagonal element is zero only because it is the difference of two identical
quantities, each of which is not zero in general. 'To identify these quanuties we have
recourse to the Lorentz condition, which, as we have seen, is implied mathematically by the
Proca equation, and is therefore consistent with finite photon mass, The Lorentz condition
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i.E.

(127)

(128)

in general. It is seen that the diagonal elements of F,, appear in the equation defining the

Lorentz condition in vacuo.

At this stage we introduce our definitions of the timelike components of E, and B, as

follows

BY - V-A

Using the Lorentz condition (128) it follows that

E® - cg®©

(129a)

(129b)

(130)

s0 that the definitions (129) are consistent with a basic result of electrodynamics, linking
together the scalar amplitudes of the magnetic and electric components in vacuo of the
electromagnetic plane wave. Thus, the timelike components of E, and B, are the scalar
amplitudes. The detinition (129) is also dimensionally consistent, as can be seen through the

b3
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usual spacelike relations of electrodynamics:

B = VxA (131)

E--2 (132)
or

The spacelike component of B, is therefore the curl of A, and the umelike component of B,
15 the divergence of A,
It now becomes clear that the diagonals of F,, are as follows:

[ %wms‘"’) 0 0 0 ]
i 0 (8- py 0 0 |
Féa _ o 3 (133)
| 0 0 %m*‘l-s‘“’) 0 |
L 0 0 0 (E® -E®) |

so that the existence of E, and B, is consistent with F_,, which has been derived from a fully

covariant, physically meaningful, A,. By realizing the significance of E™ and B™ as timelike

components of E, and B, it follows that the Lie algebra already developed is an expression of

the fact that the spacelike and timelike components of B, and E, are tied together inextricably.

Several basically important consequences follow, some of which are summarised as follows.

1) In special relativity, the classical electromagnetic energy density must be expressed
through the Lorentz invariant products k£ E, and B.B,, and not just through the
spacelike parts E « E and B + B as is customary in the Poynting Theorem. As shown

_in the introduction, this leads to a description of the Planck radiation law which is

consistent with the novel Lie algebra of Secuon 2, which is in turn consistent with
finite photon mass and the Proca equation. The existence of E, and B, is also-




2)

3)

4)

consistent with grand unified field theory, such as SU(5), within whose framework
photon mass must be incorporated, as shown by Huang {19}.

The existence of E, and B, is fundamentally inconsistent with the Coulomb gauge, in
which A™ is zero, implying from our novel eqn. (129) that E should be zero. This
is obviously inconsistent with the fact that E™ is the scalar amplitude of the electric
field strength (volt m™) of the electromagnetic plane wave in vacuo. This result
reflects the fact that the Coulomb gauge is inconsistent also with a fully covariant A_,
and inconsistent with the appearance of E”, B, E®, and B” in the four-tensor F,,.
The Coulomb gauge must therefore be abandoned if further obscurity is o be avoided,
The timelike components of E, and B, are "hidden” in the diagonals of the four-curl
F,. of the fully covariant A,. In fact, A, is fully consistent with the existence of E,

~ and B, which are linked to A, through F_, the four-curl of A_.

In order that E, and B, be consistent with the geometry of Minkowski spacetime, the
following relations must be obeyed:

EE, = constant; BB, = constant (134)
L ... (135)
m‘ &ﬂ

The first of these follows from the fact that E_E, and B_B, are electromagnetic energy
density terms, and are constant by conservation of energy. The second of these
geometrical laws mean that the Gauss Theorem in differential form appears in
Minkowski spacetime as the equations:

0)
V.E,l%_ - 0 (136)
c
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3)

f)

o
v-n,-‘-i’;;_ -0 (137)

i

Since E™ and B are usually independent of time (e.g. in a constant intensity beam),
this makes no difference to the usual in vacuo statements in euclidean space of the
Gauss Theorem in differential form:

V:E=0; VB=0. (138)

However, if for some reason E™ and B™ are changing with time, the statement of the
Gauss Theorem in spacetime becomes different from that in euclidean space.
The statement in vacuo of the Maxwell equations:

—_— 0: P . 0; (l39)

is unchanged by the existence of K, and B,, because, as we have seen, the umelike
components of E™ and B™ enter into F_, in such a way as to be consistent with its
traceless, antisymmetric nature. This is essentially a tautology, because F,, 1s by
definition a four-curl of Minkowski spacetme, and must be traceless for this reason.
The Maxwell equations in vacuo are consistent with E, and B, in vacuo.

~ The Proca equation is also consistent with E, and B,, because these can be derived

from A,, the eigenfunction in spacetime of the Proca equation. Therefore E, and B,
are consistent with finite photon mass, i.¢, with non-zero £ in the Proca equation, and
are also fully consistent with the novel Lie algebra of Section 2. In particular, the
longitudinal equations in vacuo:

BY - B%; E® = EV% (140)




are identified as linking together the spacelike (3) component and the timelike
component (0). ‘This is consistent with the Planck radiation law because:

BOR _ g2 _ poR _ poz _ (141)

- and the longitudinal components E™ and B cannot contribute to classical
electromagnetic energy density. Obviously, they cannot be observed in this way, and
this is also consistent with the fact that B” can be defined (and was originally
identified {24}) through the conjugate product E™ x E™, which is the vectorial part
of the light intensity tensor {24-30}. Only the trace (scalar part) of I, is observable as
light intensity in watts m”.

In conclusion of this part of Section 3, it seems clear that the existence of E, and B,
makes a profound difference to classical electrodynamics, and therefore to quantum
electrodynamics. In particular, the habitual use of the Coulomb gauge is internally
inconsistent, there exists a well defined Lie algebra which proves this point beyond
reasonable doubt. The notion that longitudinal solutions of Maxwell’s equations are
unphysical is profoundly misleading and inconsistent both with theory and with data such as
those from the inverse Faraday effect, light shifts, optical NMR, the optical Faraday effect,
and probably also with a range of data from other sources, such as Complon scattering.
Finally, E, and B, are well defined within F,,, the four curl of A,, which is the eigenfunction
of the Proca equation for finite photon mass.



3.1  Representation of K, and B, in the Lorentz Group and Relation ‘To Rotation and
Boost Generators in Minkowski Spacetime.

It has been shown that E, and B, of the classical Maxwellian field are four-vectors in
spacetime, and because of the relations:

EW2 gpe2 , pO2 - gl

(142)
g2 , ganr , goR _ pon

they are four-vectors in the lightlike condition, in which the magnitude of the spacelike
part of a four-vector becomes equal to that of its timelike component. ‘The lightlike condition
for the four-vector x,, for example, corresponds to

xl _'_YI +z! i clzl (143)

from which it can be seen that it corresponds to movement at the speed of hight ¢, In the
mathematical limit of the Maxwellian field, photon mass vanishes identically, and the
electromagnetic plane wave in vacuo travels at the speed of light, identified with the universal
constant ¢, of special relativity. Since E, and B, are defined in eqn. (142) in this limit, it is
natural that they are in the lightlike condition. Again, we see that the Coulomb gauge is
inconsistent with this representation, because the timelike parts of E, and B, are set to zero.
The four vectors E, and B, cannot be defined in the Coulomb gauge, and manifest covariance
is lost, meaning that the basic pseudoeuclidean geometry of the problem is violated. In a
rough analogy, this would be equivalent to trying to define a tniangle with only two sides.
Loss of manifest covariance in A, is another consequence of the Coulomb gauge, as discussed
in the introduction, and can be traced (o the arbitrary assertion that photon mass is identically
zero, allowing (Section 1) physically meaningless gauge freedom.

By reinstating finite photon mass, using the Proca wave equation, this type of gauge
treedom is lost, the Lorentz condition becomes a mathematical necessity, and A, is a




physically meaningful, fully covariant eigenfunction in spacetime. For finite photon mass,
however, E, and B, are no longer lightlike : because photons, being massive particles, no
longer travel in the observer frame at the speed ¢. The latter is no longer the speed of light,
but remains the universal constant of the theory of special relativity (3 x 10* m s'). The
phrase "tired light", used {32} by Hubble and Tolman, means just this, it does not imply that
¢ 1s no longer a universal constant. It is essential also 10 realize that finite photon mass in the
Proca equation implies rigorously that the Cunlbmb gauge can no longer be used. The
Lorentz condition is a direct mathematical consequence of the Proca equation,

With this preamble, we proceed in this section to emphasize the physical reality of the
four-vectors E, and B, by defining them in terms of the well known {15} boost and rotation
generators, respectively, of Minkowski spacetime. The boost and rotation generators,
denoted respectively K" and ji, are unitless, complex, four by four matrices which define the

structure of the Lorentz group through the following commutator algebra {15} in spacetime:

Uy, Jd = U, and eyclic permutations

[ﬁx. -K"r] - _ijl g g = (l“}
[ﬂx‘ jY] = i‘x'z » » W
Ky dgd = 0 e
an algebra which can be summarized by {15}:
[ J = -J = €, )
I =03 A" S
| J, ="'-1, = -k, (145)

G,j,k=1,2,3)

This summary can in turn be displayed as a traceless, antisymmetric, four by four matrix of
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matrices;

[ o .-.7“‘ = - )

IR A T L L
e l -J@ j» o -g® !
b 9 ™ g

(146)

The structure of the matrix in eqn. (146) is identical with that of the electromagnetic
field tensor F_ in egn. (123), suggesting that there is a proportionality between the two
matrices. Egn. (123) however describes & matrix of vectors and egn. (146) a matrix of four
by four matrices in spacetime, and if there is a proportionality between the two it means that
a complete description of electric and magnetic hields requires spacetime. This is precisely
the requirement fulfilled by the four-vectors E, and B,, which are, by definition, physically
meaningful in spacetime, That there does, indeed, exist a proportionality is already clear
through our development in Section 2, leading to eqns. (112) in euclidean space. These
equations show that when the magnetc field vectors appeaning in F,, are re-expressed as
rank two antisymmetric polar tensors, they become directly proportional to the rotation
generators of O(3). In egn. (112), these were expressed in a circular basis appropriate to a
consideration of the classical Maxwellian field in vacuo. The transition from euclidean space
to Minkowski spacetime occurs for the rotation generators through the four by four complex
matrices defined in egn. (113). These are the rotaon generators in the Lorentz group {15},
and occur in eqn. (146) as off-diagonal elements, j@ of the matrix of matrices, jw We

have therefore established an ineluctible chain of logic which relates the vectors B",
appearing in eqn. (123), to the four by four matrices occurring in eqn. (146).

‘This reasoning leads to the result that the three by three magneuc field matrices
appearing in egn. (112) occur in Minkowski spacetime as four by four matrices. For




example, the four by four matrix defining g™ is:

[0 -i00 ]
| i 000 |
|0 000 |
l o ooo |

B® - ig@j® - jp® (147)

and this is specifically a property of spacetime in the same way that j© ia eqn. (113)
iis a property of spacetime. Thus, all three components B"', B” and B™ of the original
vector B in euclidean space can be expressed as components in spacetime, and it follows that
the complete representation of the magnetic part of the electromagnetic plane wave in vacuo
must be a four vector B,, thus reinforcing our earlier reasoning. This conclusion re-asserts
that i special relativity, it is not possible to isolate cuclidean space from time. The
spacetime rotation generators Jj can also be expressed {15} (in a cartesian basis) as

differential operators:

Y 3"y
5wl <R
J, o2 -22);
Al LR - 2, (148)
X az
J;ca s p @Ay,
‘ % T

which, within a factor 1, are the angular momentum operators of quantum mechanics.
Quantised magnetic fields are therefore proportional to angular momentum operators, which
generate rotations, thus revealing the fundamental nature of magnetism.

We must now establish a similar link between the electric part of the electromagnetic

plane wave in vacuo and the boost generator E‘ of the Loremtz group, in order 1o reinforce

our earlier argument in favour of E,, the electric field four vector, From egn. (118) of
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Sectuon 2 1t 18 clear that cross products of electric fields can be expressed in terms of
commutators of magnetic fields, the latter having been re-expressed mathematically as
matrices. ‘The commutators on the right hand side of egn. (118) can be written in Spacetime
through rotation generators expressed either as four by four matrices or differential operators.
It follows therefore that the vector products of electric fields on the left hand side of egn.

(118) can also be expressed in spacetime. Using the first two commutators of egn. (144), we
obtain the result:

l'K-x'r fy] = -[j.l' jr B 'i-jz aﬂdf.')‘cﬁt' ”mmm (l4'9)

In a cartesian basis for spacelike components, therefore, the commutator of rotation
generators in spacetime can be expressed directly in terms of the commutator of boost
generators.

We conclude that the vector cross product in cuclidean space of electric fields, -
the left hand side of equ. (118), can be expressed in spacetime as a commultator of
hoost penerators.

Care must be taken to use consistently either a circular basis, as in eqn, (118), or a
cartesian basis, as in egn. (144), otherwise, we have shown that the electric field of an
'electr_unwgnetic plane wave in vacuo can be expressed as a boost generator of the Lorentz
group in spacetime, thus establishing the nature of the electric field as a fully covariant four
vector E,. The boost generator can be expressed in a cartesian basis as a differential operator
{15}

£ = 122 +x2y

ax o
I
R, - t(t-gl-rﬂ’a); (150)
3wl
B, = = ¥ 220

definitions which intrinsically involve space and time, and whose origin {15} 18 the Lorentz
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transformation. Boost generators can also be described {15} as dimensionless, complex, four
by four matrices, which, in a cartésian spacelike basis, are:

0001
. | 0000 |
£, = .
| 0000 |
| 1000 |
o 0001
112"=|0 001|; (151)
o 000 |
lo-1001
00 00|
. o0 00|
g, - .
oo 01 |
Loo -10 |

I'hese matrices arise {15} from considerations of a boost Lorentz transformation connecting
two inertial frames moving with a relative speed v.

‘The electric fields defined in eqn. (86) are polar vectors in euclidean space, Using the
above results, they can now be expressed in spacetime in terms of boost generators,
recognising that

ixj =k~ [Ky, K)) = -iJ, (152)

1.e. that the cross product of two cartesian, polar, unit vectors, 1 and j, in euclidean space, 1o
give the axial unit vector k in this space, is equivalent to the commutation of the boost

generators K, and K, in spacetime to give the rotation generator -if,. In the circular basis
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the unit polar vectors of eqn. (152) become the boost generators:

0 00 ] o000 i |
é(nﬂ.fmzi| 0 001 |; e_m'!wﬂ,‘i| 000 -1 | (153)
/2l 0 000 | 2| 000 0 |
l i s-100 | L -i1Lo0 0 |

finally allowing the electric fields to be expressed in spacetime as boost generators in the
circular basis multiplied by appropriate phases and scalar amplitudes:

ED . poa), #

(154)
ED . EOzD,-#
(EV, E®) = EOe™ 4
- EOp© [ (155)

= -iE9eg®

We conclude this part of Section 3 by recognising that the electric and magnetic
components of the electromagnetic plane wave in vacuo are proportional respectively
to boost and rotation gemerators in Minkowski spacetime. The electric and magnetic
fields therefore form a Liec algebra of the Lorentz group.
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A -
3.2  The Poincaré Group, Electric and Magnetic Fields as Pauli Lubansky Vectors.

We have seen that the four components of E, and B, are present in the well known
electromagnetic field tensor ¥, , through which electromagnetism s described in gauge

theory (Section 1), the novel aspect of our treatment in this context being the demonstration
that the timelike components E™ and B™ are “"hidden” in the diagonals of F,,. This
development suggests that since F.. is the four-curl of A,, and since the individual
components of E, and B, are related 10 individual components of A, there might be a relation
between each of E, and B, and F,.. ‘This section develops this method within the context of
the inhomogenous Lorentz group, or Poincaré group {15} of special relativity. The Poincaré
group 1s formed from the Lorentz group by adjoining the generator of translations in
spacetime, a generator introduced by Wigner {67} in 1939:

(150)

Systems invariant under the Poincaré group {15} are characterised by mass and spin, which
define the two Casimir invananits of the group. For finite mass, spin is characterised by a
rotation group symmetry SU(2) in three, physically meaningful, spacelike dimensions. For
zero mass, this is no longer possible, leading to obscurity in the interpretation of the
hypothetical "massless” photon. Before embarking on the main theme of this sub-section, it
is instructive to explain the origin of this obscurity, because it illustrates the fundamental
difficulties associated with the concept of zero photon mass.

In a cartesian basis the generator of spacetime translation is

S TR i (157)

and theretore has the same dimensions as eA, (Section 1). In the presence of electromagnetic
radiation, therefore, P, is proportional to A_. The first Casimir invariant of the Pomncaré
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group, the mass invariant, is detined as:

C, -PP (158)

and the second Casimir invariant, the spin invariant, as

C, = W,W,. (159)

Here W, is the Pauli Lubansky pseudovector {15}, defined through

W --t¢ 3 p (160)

P 9 #vpaTvple

where ¢, 15 the fully antisymmetric unit ensor in four dimensions (vide infra). Quantities
invariant under the most general type of Lorentz transformation are therefore characterised by
mass and spin, and by their respective invanants. No other kinematic quantity 1s needed
other than mass and spin.

For a massive particle in its rest frame, for example the massive photon, the energy-
momentum four-vector is defined by

P, = k, = (0,0, 0, imge);
(161)

2
PP, = ~moe?;

so that the first Casimir invariant by definition proportional to mass. ‘The Pauli Lubansky
pseudovector W, in the rest frame is orthogonal to p, and is therefore spacelike. The
subgroup of the Poincaré group that leaves p, invariant, the little group, is a rotation group
{15} in three dimensional space, and is identified {15} as SU(2). Therefore, Lorentz
transtormation of any particle with rest mass requires a representation of SU(2) in all three
spacelike dimensions. Since A, is proportional to the rotation generator through ¢, the same
conclusion must hold for A, for a massive photon, i.e. for A, with a non-zero timelike
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component. Representations of the Lorentz group are given by representations of SU(2), the
rotation group, for a umelike four-vector such as that representing the massive photon mn us
rest frame. ‘T'his is the fundamental explanation for spin in special relativity. Hence,
the massive photon acquires by Lorentz transformation the fundamental kinematic property
known as spin, and spin is an inevitable consequence of the most general type of Lorentz
transformation. We note that spin defined in this way, through representations of SU(2), is
‘inevitably linked with mass. '

It it 1s now asserted that mass is zero in the rest frame, the fundamental kinematic
structure just described is destroyed completely {15}. Representations of the SU(2) rotation
group in three spacelike dimensions can no longer he used. The Lie algebra of SU(2) is
contradicted, and the little group is changed to the physically obscure £(2), which is the
group of rotations and translations in a plane, i.e. in only two out of the three spacelike
dimensions.  This leads to the habitual conclusion, based on zero photon rest mass, that the
photon has only two helicities, and only two out of the three possible spin eigenvalues for a
boson, i.e. | and -1, If the photon is considered t0 have finite rest mass, however small in
numerical magnitude, the eigenvalues of spin become 1, 0, and -1, and the longitudinal
component is restored.

In the theory ol special relativity, therefore, zero photon mass removes one space
dimension, resulting in physical obscunity. Evidently, experimental data are acquired in three
spacelike dimensions, not two, and zero photon mass is therefore fundamentally incorrect. A
similar conclusion is arrived at for the neutrino, and it is no longer asserted in the literature
that the neutrino 15 massless. In special relativity, a massless neutrino results in the loss of a
space dimension, i.e. is a concept which is geometrically incorrect.

"~ Returning to the theme of this sub-section, it follows from this line of arpument that
fundamental special relativity requires electrodynamics, both classical and quanuzed, 10 be
moditied 10 incorporate longitudinal as well as transverse polarizations in the electromagnetic
plane wave in vacuo. We have seen in Sectuon 2 that the Maxwell equations, which are
consistent with special relativity, and originally led to the concepts underpinning special
relativity, guide us towards the acceptance of physically meaningful longitudinal polarization.
This is algebraically evident through novel {24-30} cyclical relations such as (7). In one
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sense, therefore, the Maxwell equations point towards the existence of finite photon mass,
although such a concept is not explicit in the equations themselves. Finite my is found in the
Proca equation, of which the d'Alembert equation is a limiting form, defined by my = 0.

The novel Lie algebra developed in Section (2), and exemplified in eqn. (7), shows that in
this limit, there remain well defined, physically meaningful, longitudinal fields which are
inextricably related to the transverse fields normally used in electrodynamics. Accepting this,
it becomes immediately necessary to explain why Planck’s radiation law is unaffected by
longitudinal polarizations, and this leads, as we have seen, to the establishment of E, and B,
as physically meaningful four-vectors of the theory of special relativity.

It is well known that under Lorentz transformation, electric and magnetic fields
regarded as three-vectors in space, hehave in such a way that the electric field acquires a
magnetic component and vice versa, This result is based essentially on the structure of the
four-curl of A, the tensor F,,. For example, the sumple (boost) Lorentz transformation of
an electric field from frame (X, Y, Z, ict) to frame (X', Y/, ., ict) results in:

J Ex-VBY. ’_ Er"’vxx‘ { .
Ex“”—_“*vz It E‘r‘—"“‘_"wz ke Ez‘Ez (152)
(1-=)* (1-=y
¢ c

where v is the velocity in the Z axis of the primed frame, with respect to the first frame. We
obtain the well known result of classical electrodynamics proposed by Einstein in 1905 in his
first paper on special relativity. We have asserted, however, thal there exist E, and B,, and
theretore the Lorentz transformation in vacuo of these novel four-vectors must not contradict
the well verified equations (162). That there is no contradiction is demonstrated through the
intermediacy of the relations:

¢B, = E,; cB, = -E, (163)
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-whicgi come from the Maxwell equations in vacuo. From (163) in (162), we obtain;
/! : (i /
Ey=KE,; E,=EE,; E;=E,;

) (164)

with a similar result tor the magnetic fields. Egn. (164) is the result of a Lorentz boost
transformation applied to the spacelike components of E,_ in a cartesian basis in vacuo. Our
theory goes further than this, however, because it considers the amplitude E™ to be the
timelike component of E,. The boost Lorentz transformations of E, and B, are therefore
expressible as:

E, = c,E, (163)
and
B, =d_B, (166)

as for any legitimate four-vector. Therefore the Lorentz transformation of the electric and
‘magnetic parts of the electromagnetic plane wave in vacuo can be expressed consistently
cither as equation of the type (162), where the cartesian components in the primed frame of
the electric field become mixtures of electric and magnetic fields in the oniginal (observer)
frame; or in the form (164), which is entirely equivalent bul expressed in terms of electric
components only. ‘The link between these two representations, egn. (163), is a direct
consequence of the Maxwell equations in vacuo expressed in the frame of the experimental
observer (the unprimed frame of reference). In this development we have restricted
consideration, as elsewhere in this article, to the vacuum state, when matenal is present,
however, there is still no contradiction between special relativity and the representation of
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electric and magnetic components of light as four vectors. Care must be taken, however, o
use Maxwellian (or other) linking equations such as (163) consistently: a) in the same frame
of reference for magnetic and electric components; b) in the same basis, ¢.g. cartesian or
circular.

A working relation between E,, B, and A, must be established now in terms of the
four-curl of A,. :

We have argued that the four components of E, and B, also appear in F, the
timefike E™ and B™ being hidden in the diagonals of F,,. There must therefore be a relation
between E,, B, and K. It is also apparent from the foregoing that P, is dimensionally the
same as eA,; and that the jw matrix has the same antisymmetric structure as F,,, the four-

curl of A,. From these observations, there is evidently a Pauli Lubansky vector which can be
defined by analogy with that of W, in egn. (160), but one which is made up of a product of
F,, with a translation generator in spacetime:

le F P (167)

WFp = _2' pepa” vp o

The concept of spacetime translation is missing from the Maxwell equations, which are
relations between spacelike electric and magnetic fields conventionally identified with the oft-
diagonal elements of the four-curl of A,. The latter has four components in spacetime,
however. The four-curl of A,, the matrix F,,, has components which can be expressed as
boost and rotation generators of the Lorentz group, but there i1s no direct reference within F
to spacetime translation. ‘I'he Maxwell equations (139) therefore do not explicitly refer to the
spacetime translation generator P,. However, we have seen that eA, contributes (o the
translation generator in the presence of electromagnetism, so that the d’Alembert equation
effectively considers a quantity, A,, with the same dimensions as P, /e , and allows for the
fact that the origin of a frame of reference in spacetime may translate. The generator P, as
we have seen, was introduced by Wigner in 1939 {67} and could not therefore have been
considered by Einstein in his 1905 demonstration of the covaniance of Maxwell’s equations,
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“I'us means that the description of electric and magnetic components of the electromagnetic
plane wave in vacuo in terms of the spacelike E and B vectors 1s not fully consistent with the
structure of the Poincaré group, also known as the inhomogeneous Lorentz group.

A fully consistent description requires that the four-vectors E, and B, be expressed
explicitly in terms of the translation generator P,, which adjoins the Lorentz group to form
the Poincaré group {15}. The following appears to be a satisfactory method of achieving this
aim. Following a recent paper by the present ainhor {68}, the notation is shghtly different
from the foregoing, and the differences are highlighted.

We first define the anit translation generator:

8, =(0,0, 1, -i) (168)

which has the property

686 =0. (169)

This generator can be considered as a delta function in the lightlike condition corresponding
to a massless particle moving at ¢, considered as the speed of light, in the Z spacelike
dimension. ‘This concept is consistent with the classical Maxwellian limit m, - 0, but is of
course inconsistent with rigorously non-zero photon mass. In the presence of
electromagnetism, the unit generator 6, becomes associated with a unit four-vector
corresponding to the quantity eA_. Using (167), we are led w the following definitions:
&F = 1e F 8 (170)

0% 2plpl’ vp oo

be g 'y (171)

B g omvpelvpta

4
™
&

i
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where the electric and magnetic four-vectors E, and B, are defined by

E, = (EW, E® gD, —iE®)

B (172)
Bu = (B(l). Bm' B(‘-!), _wlﬂ))

In these equations, recall that if e, = 1, its other non-zero elements are + | or -1, according
as to whether e can be generated by an even or odd number of subscript pair permutations.
Thus, for example:

€20 = "3 Epyp = 11 €y = -15 ()

and so on, The elements of k, in the defmnitions (170) and (171) are labelled explicitly as

[ 1L 12 13 10 ]
| 21 22 23 20 |
| 31 32 33 30 |
L 01 02 03 00 |

va(v'p =0,1,2,3) = (174)

With these definitions, and using the linking equations (163), it can be verified with tensor
algebra {68} that the relations (170) and (171) do indeed give electric and magnetic four
vectors; eqn (172), with the required properties ”

E® - EO%; B® - g% (173)

for the longitudinal components. ‘The transverse components are the usual transverse
solutions (85) and (86) of the Maxwell equations in vacuo. Albeit with a slight change of
notation, it has been shown that E, and B, are indeed simply related 10 the well known four-
curl, ¥,,, of A, as expected. Once more, this reinforces the interpretation of E, and B, as
physically meaningful four-vectors in Minkowski spacetime.

Egn. (171) covariantly defines B, as a Pauli Lubansky pseudovector, and egn (170)
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defines k, as a Pauli Lubansky vector. Eqn. (171) is dual with egn. (170), because under
the well known dual transformation {15} of special relativity:

F,, ~E., E = ~icB (176)

The ¢, P, and T Symmeltries of B, and E, as defined in egns. (170) and (171) are consistent
with those of F,, and 4,, bearing in mind that the latter is a unit spacetime translation
generator. We denote B, a pseudovector because its spacelike components form a spacelike

pseudovector, and similarly, the spacelike components of E, form a vector. Both E, and B,
are orthogonal to §, in spacetime:

B& =0, E& =0. (177)

Since k, and B, are defined covanantly, the timehke components E, and B, are both
explicitly and implicitly stated to be physically meaningful in spacetime. The products EE,
and B B, are spin Casimir invariants of the Poincaré group, while 4,6, is a mass Casimir
invariant. Because 6, has been defined in the lightlike condition, corresponding to the
Maxwellian fField, it follows that

EE, =0; BB, =0; 83, =0 (178)

i.e. the quantized Maxwellian field produces massless photons with helicity + 1 and -1.
These statements are of course modified fundamentally in the Proca field. From egns. (177)
and (178) E, and B, are both orthogonal and proportional to &, in spacetime. - The
proportionality constant in the massless limit is the helicity.

By way of illustration, it may be verified explicitly that the conditions (178a) and
(178b) are satisfied by the circularly polarised transverse components of eqn. (86) n
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combination with the longitudinal components of eqns. (175a) and (175b). For example:

E“ E“ = EIR, p@g +:E(311 - U2
EOR (G0 .40, 28 , 5@ 50), 28, 50).50)_1)

(179)

il

{02
—E—z—{(i~w'(!-ir'}e"‘+(f+m-(i+&k a0

]

0

This 1s the result quoted at the beginning of this development as eqn, (142), a result which
shows that E, and B, are in a lightlike condition. Egn. (179) must not be misconstrued to
‘mean that the intensity of light is zero. In euclidean space, the customary representation of
egn. (179) is E » E = 0 in the circular basis whose Lie algebra is egn. (104) and which is
used 1o define E through eqn. (86a) and (86b). The observable, time averaged
electromagnetic energy density defines the scalar intensity of light in watts m™:

1 .
I, = €,cE™ - E‘o"EpEu (180)

Here E,” is the complex conjugate of E, in vacuo. To be consistent:

E = (BE®, E®, E®, -iE
" . ™ (1%1)

E = (EW, E®, E®°, -iE™)

and

.« E®2 I i
EE, = ——(@-iH-G+iHp+GE+id G-
2 (182)

= 2EO2

This result shows that B E. is covariantly described because it 1s a constant in Minkowski
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spacetime. ‘The beam nlensity is a scalar quantity which does not change with frame of
reference, 1.e. is invariant to framé (or Lorentz) transformation, Note that although E,.” is
defined in egn, (181) as the complex conjugate of E,, the sign of the timelike component,
-1IE™, does not change, because the operation E, = E." takes place in a fixed frame of
reference (X, Y, Z, -ict)in Minkowski spacetime. Finally, E” has no imaginary part, and is
invariant under E, - E,°. Thus E” and -iE™ do not contribute to l,, and this is consistent
with the Planck radiation law.

We have seen in Section 2 that a well defined Lie algebra leads to the inescapable
conclusion that there exist physically meaningful longitudinal field solutions of Maxwell’s
equations in vacuo. In this Section we have provided support for the existence of the novel
four-vectors E, and B,, whose properties have been briefly outlined. This four-vector
representation has the important properties of being consistent with the Planck radiation law,
with the Lorentz transformation of special relativity, with the Maxwell equations, and with
the four-curl of A, the well known electromagnetic field tensor F,,. Electric and magnetic
field components of the electromagnetic plane wave in vacuo have been expressed in terms of
boost and rotation generators, respectively, of spacetime. A fully covariant description of k,
and B, has been proposed within the Pomncaré group.
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4. QUANTIZATION: THE FOUR-VECTOR E, AS CONJUGATE MOMENTUM x,.

It is shown in this section that the novel four-vector £, can be identfied with the well known
conjugate momentum x, {15} of the electromagnetic field in vacuo, i.e.

| . . Oy P
€E, =in, =i aA“; x© e i, (183)
a(a:m-)
where
g - 15 g .04 M,
4" o ax
s il (184)
Am,;“f
¢

is a novel lagrangian with an appropriate Feynman gauge fixing term {15}, This is the
second term on the right hand side of egn. (184) and has the required dimensions, symmetry
and scalar character. T'his term is also covariant, and mnvariant to gauge transformation of
the second kind (Section 1) because of the Lorentz condition:

= 0. (185)

It replaces the habitual {15} Feynman gauge fixing term, i.e. - '4 ( dA, / x,), in the theory
of electromagnetic field quantization in the Lorentz gauge, and has the key advantage of
producing the self consistent result:

L .. D ;_054“) (186)
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which s egn. (129b). This is demonstrated later, and removes a shortcoming of the
conventignal theory, described for example by Ryder {15}, and which results in:

x® = 0 (187)

making it difficuit to quantize the electromagnetic field, The reason for this difficulty is that
A™ commutes with its conjugate momentum component x® if the latter vanishes. Thus A™
becomes a c-number {15} and loses meaning as an operator. This is equivalent to a loss of
manifest covariance in w,, which is properly a physically meaningful four-vector, because it
is the conjugate canonical momentum of A,. The novel lagrangian (184) restores meaning to
n,, which becomes:

in, = (x,, ix®) (188)

and 18 fully covanant and fully consistent with the theory of special relativity.

It 1s important to note that eqn. (187) introduces difficulty into the quantization of the
classical Maxwellian field, even with the use of the Lorenlz gauge. We abandon the
‘Coulomb gauge because of the novel Lie algebra of Section 2.

It is demonstrated at this stage that eqn. (184) 1s consistent with the d’ Alembert
equaton, a demonstration that uses the Euler/Lagrange equation of motion:

e SNE P SEWNY
ad, ax, a(%‘:n) (189)

¥
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We have {15}

A
&\P
o,
a"n

—
-
L

. (190)

_0;

where g,, is the Minkowski metric tensor, which vanishes for g ¢+ v. For g = v = 0, then

Eo = 1, and
od a4 @
M = ——L— O em— = m
” 3 a&(ﬂ)] @ E"E (191)
(-——-axm

which is eqn. (1860). The spacelike part of x, is given from egn. (190) by setting
v =20 pu+0,50g, =0; and

ot aA© oA .
£ o ax h . ‘:D " -leOEi;'
i o

—-‘ =
':i

a"l
6(;6) (192)

There is therefore a simple proportionality between the manifestly covariant tour-vectors ,
and E,, proving that the latter is interpretable as the conjugate canonical momentum of A,
"This result has been arnved at through an appropriate choice of gauge fixing term in the
lagrangian of the Buler/Lagrange equation of motion. This choice effectively adds zero to
the original lagrangian because we are working within the Lorentz gauge, and using the
Lorentz condition (185). This link between E, and A, is a direct result of the fundamental




Euler Lagrange equation (189) given this gauge fixing term, and is another way of showing
that E, i1s a physically meaningful four vector if A, is such a vector. This implies that the
scalar potential ¢, defined by

A® - ;& (193)

c

cannot be set to zero, as is the customary procedure {15}. The usual Feynman gauge fixing
term - %A (9A, / dx, ) is chosen so that ™ = 0, but if E® is non zero, then «' is non-
zero. As we have seen, the use of the four vectors E, and B, satisfies the Planck radiation
law given the novel Lie algebra of Section 2.

The d’Alembert equation is recovered from egns. (189) and (190) by using

a . o, a a4, OA, a A @

—{ ) = ~—(—L- { o (8., ) =0

a!‘ (ﬂ!] ax" ax'l axu- axv " ax® (194)

&V
1.6,
3 , 94,
- OA; =0 (193)

ax,(ax,) "

and so the lagrangian (184) is consistent with the d’ Alembert equation in vacuo. The
existence of E, (and B,) therefore does not contradict this fundamental relation.

Quantization of the Maxwellian field in the Loreniz gauge becomes a self-consistent
procedure with egns. (188), (191) and (192). The “position-momentum” equal time
commutator is written as {15}

(4, 0, %, &', 0] = ig, 8 (x-x (196)
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in the usual way, but now , is fully covariant, having been identified through eqn. (183)
with E,. The basic field commutator is therefore the fully covariant

[4, (5,0, B(x",0] = 22 87(x - 24 (197)
€o
It is also clear that
[A,(x,0, 4 (x",0] = [E,(x.0, E (=,0] = 0. (198)

‘This commutator must be carefully distinguished from a commutator such as eqn. (155),
which commutes E® defined as a boost generator, with gﬂl, the complex conjugate of this

boost generator. In eqn. (198), £ and E, are not complex conjugates.

There is a critically important difference, therefore, between the method proposed
here and the traditional method {15} in which »™ (and thus E™) vamish. In the traditional
.method. the existence of E, is not recognised, but the spacelike =, is at the same time
identified with the spacelike E,. I'he traditonal method recogmises, therefore, that there
must be a four-vector ,, and that the spacelike part of x, is directly proportional w E;, but
perversely sets its timelike component, ™, to zero, and in this way destroys manifest
covanance. Clearly, the timelike part of «,, i.e. ™, should properly have the same units as
its spacelike component, and therefore should be proportional to electric field strength
amplitude in volt m'. We propose that «, must be proportional to E,, whose timelike part,
E™, is non-zero in general and proportional to #™ (egn. (191)). This leads to a basic
commutator, eqn. (197), which is fully consistent with the d’Alembert equation, and with the
Euler/Lagrange equation of motion of the Maxwellian field. The four-vector E, becomes the
canonical momentum of A,, both being fully, i.e. manifestly, covariant in the theory of




special relativity. The four-vector B, is related to E, by the dual transtorms of special
relativity: '

E -~ icB
[ - B (199)
-':B‘I K -iEu

which leaves Maxwell’s equations invariant in vacuo. (Note that E, - icB, does not mean
“E, is equal w icB,", but that E, is replaced by icB, in the Maxwell equations, which are
then unchanged.) This is discussed in more detail in Section (5). By defining E, as being
proportional to the conjugate momentum x,, of A, it is clear that E, must behave under
Lorentz transformation in the same way as x,, which is in turn defined through A, by the
Euler/Lagrange equation of the Maxwellian field. The lagrangian of this equation contains
the four-tensor F,,, thus establishing a link between E,, A, and F,,

‘The use of E, has the major advantage of retaining the Lorentz condition as a
meaningful operator ideniity, because JA, / dx, is no longer equal to =™ as in the traditional
method {15}, which depends on the traditional Feynman gauge fixing term - '2(9A, / ax,).
If E, is recognised as a four-vector, therefore, the Lorentz condition no longer
conflicts with the basic commutation relations, (196) and (198), of the guantized
Maxwellian field, and guantization becomes a self-consistent procedure.

The well known Gupta Bleuler condition of relativistic quantum field theory then
emerges directly from the expectation value of the quantized operator corresponding 1o the
Lorentz condition evaluated between eigenstates | > of the quantized field:

i () L]
<¢|ﬂ£1‘> = .:*'._L + a_dj‘_";;
Bx“ ax' ax“
(200)
() ade
=< E_ > = 4 *=0.
V| o > = <y ax, |p>
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This result implies the operator identity

—* |y> =0 (201)

where ,{:"]‘ contains only annihilation operators {15}, The operator ,{:'1 contains only

creation operators, and can never act on an eigenstate |y > o produce zero, i.c. ,i:" must

create a quantum state different from zero by definition. The d'Alembert equation (193) can
_be solved and used in egn. (201) as in the standard theory {15}, leading to the condition:

a®y> = a)y> (202)

where 40 gngd 4@ are longitudinal and timelike photon annihilation operators.

In our approach, this condition is derived from the Lorentz operator condition (200),
which is now fully consistent with the fundamental commutators (196) and (198) of the
quantized Maxwellian field. Our theory is manifestly covariant, and fully consistent with
special relativity. This implies that 3 gng 49 must be physically meaningful photon
operators. It follows from egn. (202) that

<yla@a®|y> = <pla®a®|y> (203)

Now, it may be shown {15} that the total energy of a collection of photons is given by the
hamiltonian:

3
H- | k(Y @2 ®a™m - a® % a"m)) e
)i A=1




50 that the contributions of the longitudinal and tmelike photons cancel, leaving only those
of the transverse stalcs. .

This procedure is consistent with and equivalent 1o the definition of classical
electromagnetic energy density in terms of the covariant products EE, and B,B,, in which the
longitudinal and timelike components cancel, leaving contributions only from the transverse
components. This is consistent, in turn, with the Planck radiation law, and with the fact that
longitudinal photons have no effective Planck energy (see introduction). This 1s,
furthermore, consistent with the Lie algebra of eqn. (7) and Section 2, which shows that the
longitudinal fields B™ and E™ are independent of frequency. It becomes ever clearer that B
and E™ are physically meaningful fields in vacuo.

The traditional approach, on the other hand, fails 0 recognise the existence of the
novel Lie algebra of Sectuon 2, and incorrectly concludes {15} that longitudinal photon states
are not physically meaningful. The existence of E” (and of B™) is not recognised, and the
timelike component of E, is set to zero by a gauge fixing term. The critical failure of the
traditional approach 1s the failure to recognise the Lie algebraic relation between longitudinal
and transverse Maxwellian fields.

These points are emphasised, finally, through the well known relations between the
electric and magnetic components of the Maxwellian electromagnetic field and anmhilation
operators. In S.1. units {69}:

E® = g a®, E® = g _a™;
Ee Ee 205)
BY = g™ B9 - g,a4%;
where

Zh

£
|-

20w L
g~ (S, g L 2Ty

)
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and where V is the quantization volume {70}. Using these relations, eqgn. (202) becomes:

E®y> = E¥y>;
BYy> = BY|y>;

(206)

L]

and eqn. (203) becomes

< |[EVE|y>;
<.’ !;jﬁ)“él’]i"> :

W85 y>

kgns. (206) and (207) are the quantized counterparts of the classical Maxwellian equations:

g - gO .
EY% - E (208)
Bk - B® .
and
o2 _ @2
E E (209)
Bz . gon

which emerge trom the Lie algebra of eqn. (7) and Section 2. These relations imply that E™
is the tmelike component of E, and B™ 1s the timelike component of B,
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4.1  Lorentz Transformation Of The Four Vector E,.

In the foregoing we have followed the traditional notation for «,, and therefore for E,. From
eqn. (190}, however, it is clear that #,, is in general a four-tensor, and can be simply related
to the well-known electromagnetic four-tensor F,,:

‘ o)
nlﬂ . (Fuv ’guv%)' (2"))

The notation described, for example, by Ryder {15}, is, however, in terms of a four-vector
as we have seen. Sell-consistency of notation and meaning must therefore be obtained as
follows. Scalar, timelike, elements of the tensor x,, are obtained by setting p = v = 0; and
vector (spacelike) elements by setting ¢ = u, v = 0. We therefore write:

® = :
- oo 211)

‘The umelike element is thereby linked to the trace of x,,; and the spacelike element (o the
oli-diagonals. Since =, is directly related to F,, (eqn. (210)), the same conclusion holds
for F,,. This is consistent with our novel analysis of F,, in Section 3, where the
diagonal elements were shown to be related to the timelike E™ and B™. Since #™ is umelike,
w; is spacelike, they are components of the four-vector x,, which is the usual r, of the
traditional development {15}. Therefore »,, and therefore E_, is a four-vector whose
elements can be related to elements of the four tensor m,,. The lanter is related o the well-
known electromagnetic four-tensor F,, through egn. (210).

The Lorentz transformation of w,, is the same as that of ¥, plus the novel term
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(V)
g i’——. It is well known that, in a cartesian basis,
,nax(m .

i
P, =a a P (212)

where

) (213)

showing that the transformation of electric components of F,, produces a mixture of electric
and magnetic components as in Einstein’s original paper of 1905, a result whose spacelike
part is summarized in egn. (162). From egn. (210) this is seen 1o be consistent with the
existence of x,, and therefore of E. To complete the analysis it is necessary to consider the

0A @

Lorentz transformation of the novel term g ———,
a0

a product of the metric tensor g, and

©
the quantity %:;, defining the non-zero timelike component ™ or EY. By definition,
Lorentz transformation is the rotation in four-space, therefore each quantity must be
transformed consistently, or covariantly. The metric g, being a tensor, transforms in the
same way as F,, .

The transformation of the term JA™ / ax™ is accomplished by using the




transtformation of the Lorentz condition. It is well known that

1.e.

From the definitions, egn. (129) of E™ and B™, and using the fact that E™
and B always travel at the speed of light in the Maxwellian field:

It follows that
B®™ - p®. EO® . g®
1.e. that
VA= VAl
and
4o éAlﬂJ-’
ax @ @’ ’

(214)

(215)

(216) -

217

(218a)

(218b)

The standard development {15} of the four-vector =, {15} implicitly reduces the four-
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tensor x,, t0 a four vector. In this respect the standard treatment {15} is again confusing
and incomplete. “T'he confusion is compounded by the habitual use of reduced, (non-5.1.)
units, in which ¢ = h = |, and the permittivity in vacuo, &, does not appear.

The existence of E, (and by implication B,) has therefore been shown to be consistent
with the Euler/Lagrange equation of motion, the d’Alembert equation, the Lorentz
transformation, and the four-curl of A,, the four-tensor F,.. Quantization of the Maxwellian
field using E, becomes manifestly covariant and consistent, the Lorentz condition becomes a
well-defined operator condition from which follows the Gupta-Bleuler condition. These
procedures are consistent with the Lie algebra of Section 2, and with the Planck radiation
law.

On the other hand, the habitual procedure {15} fails to recognise the Lie algebra of
Section 2, incorrectly asserts that EY is non-physical, so that the timelike component of the
four-vector E, vanishes. This destroys manifest covariance, means that the timelike
component of A, cannot be defined as an operator, means that the Hilbert space of photon
particle states has an indefinite metric, and leads 10 negative expectation values for the
hamiltonian {15}. The key failure of the habitual theory, and of conventional
electrodynamics in general, is its failure to recognise the Lie algebra of Section 2.

4.2  Quantization Of The Proca Field.

The correct method of quantization of the Proca field has been briefly summarized in the
introduction, following an article by Vigier {32}. The Proca equation of 1930 is a wave
equation in Minkowski spacetime, and is therefore an eigenfunction equation of the
Schridinger type, in which A_ is regarded as a wavefunction. In view of the above
development for the Maxwellian field, and in view of the evidence reviewed in the
mtroduction for finite photon mass, the concept of E, must be introduced in such a way that




it is consistent with the Proca field. The lagrangian:

» 1 1 2 4 aﬂn)a“
2y = - FuF rgmicA A, - 0t (219
m

produces the required result, the only difference being the presence of the photon mass term.
The conventional treatment of the Proca field {15} in an electromagnetic context is clearly
inconsistent, because it relies on a mass term in the lagrangian, but at the same time asserts
that the mass of the photon is identically zero. Nevertheless, the conventional treatment does
emphasize that for for massive particles, quantization of the Proca field is self-consistent,
From the treatment by Vigier {32} this is obviously due to the fact that the Proca equation is
a Schridinger type equation. [t should be noted, however, that the traditional view again
asserts that the timelike part of , is identically zero, even in the Proca field. This is
fundamentally inconsistent, in the electromagnetic field, with the Lie algebra of Section 2,
which assumes central importance in electrodynamics, classical and quantum.



- DISCUSSION: SURVEY OF EXPERIMENTAL EVIDENCE FOR B™ AND
Em_

It has been shown theoretically that there exist longitudinal solutions of Maxwell's equations
in vacuo, denoted B™ and E™, which are phase independent, and which are related to the
usual transverse solutions by closed, i.e, cyclical, algebraic relations developed in this article.
The experimentally observed and confirmed inverse Faraday effect is evidence for B |, and
other magneto-optic effects such as light shifts, optical NMR, and the optical Faraday effect
can be explained in terms of B”. Electro-optical effects can also be explained in terms of
E™. In general, the well known conjugate product of nonlinear optics is directly proportional
to B through the scalar iE™c, and therefore B™ can be expressed in terms of the well known
third Stokes parameter, S,, of circularly polarised electromagnetic radiation in vacuo:

| (220) -
B® = ()i,
Ic 5

It follows that well known optical phenomena, usually described in terms ol §,, can also be
described in terms of B”, proving once again the latter’s physical significance. Thus, S, can
be replaced wherever it occurs in optics, or, for example, Rayleigh refringent scattering
theory, by its equivalent in vacuo:

S, = +c’B® |BP| = 20?89 -B® (221)

Kielich {72} has shown that in material media, as opposed to free space, linear and non-
linear optical activity depend on S,, and in the Rayleigh theory {73} of natural optical activity
in chiral media, it 18 well known that whatever the nature of the several molecular property
tensors participating in the polarization and magnetization of the material, the observable of
circular dichroism has pseudoscalar symmetry and is proportional to the third Stokes




parameter. For different enantiomers tor a given sense of circular polarization, or for one
enantiomer for different sense of transverse circular polarization:
I -1, 9,

- = = (222)
Ip+1, S,

where I, and I, are the intensities of right and left components transmitted by structurally
chiral material, with:

Iy =I,+1, (223)

for the transmutted total beam intensity. Therefore

BY .gp® Ip=1;
4 87

" (224) _
L gt 1,

which shows that circular dichroism can be described in terms of B at all electromagnetic
frequencies, (I - I) being proportional o B* « B,

For all practical purposes therefore, the same conclusion holds in the Proca field,
because B” in the Maxwellian and Proca fields are indistinguishable practically. In this
sense, therefore, circular dichroism, and all phenomena dependent on S,, are consistent with
finite photon mass, and are manifestations of the photon’s longitudinal magnetic field.

The observable I, - 1, is therefore a spectral consequence of the interaction of B or
E® with structurally chiral material, being proportional to the real quantity B « B after it
~emerges from the chiral material through which the beam has passed, i.e. after interaction has
occurred between the flux quantum B™ and the appropriate molecular properties. For one
photon, the observable 1, - |, provides an experimental measure of the transmitted elementary
B at each frequency. Although B™ is itself independent of that frequency, the interacting



molecular property tensor is not. Semi-classical perturbation theory gives, for linear optical
activity: !
B®.g®

ke tanh( @ p cINE ypAg)) (225)

'sl

E‘; -
where y, is the permeability in vacuo, © the anéuhr frequency of the beam, | the sample path
length, and E” is a combination of molecular property tensors which may be electric or
magnetic in nature. For nonlinear optical activity, eqn. (225), as first shown by Kielich
{74}, contains additional terms. Therefore, every time natural optical activity is observed
with
lx - L, as in circular dichroism, the field B” has been measured. In the Proca formalism,
this is inevitably associated with finite photon mass, and the Maxwellian counterpart is a
practically indistinguishable limiting form where photon mass goes 1o zero.

* These conclusions follow directly from the relation between B™ and the conjugate
product, (expressible, for example, as eqn. (7a)), and the latter’s well known relation o the
third Stokes parameter S,. (In the quantized field the latter becomes the well known third
Stokes operator.) Note that S, is intrinsically frequency independent by definition, but can
still be used to describe frequency dependent phenomena such as circular dichroism, as in
eqn. (222). A similar conclusion follows for B™, the reason being that the frequency
dependence of the spectral phenomenon is to be found in the molecular property tensor, in
which it appears through perturbation theory. This is a new way of interpreting the well
known and well measured phenomenon of circular dichroism, and, more generally, any
phenomenon that depends on S, and therefore on B", Through algebraic relations such as
eqn. (7a), this includes the traditional interpretation, describable in a cartesian basis by:

S, i(E,Ey - EEz) 226)

S EE; + E Ey

but extends its meaning to longitudinal fields, which can be associated with finite photon
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mass. There are several basic optical phenomena which are described customarily i terms of
the Stokes parameter S,, for example the development of ellipticity in an initially circularly
polarized hight beam. In the electric Kerr effect {73}, beam ellipticity (1) is expressed in
terms of S,, and is induced with an electric field in a probe laser. The description of this
phenomenon is therefore:

B™ .B®

- sin(2n) (227)

S,
So

where n is the ellipticity developed in the transmitted probe as a result of the application of
an electric field to a sample. This effect is therefore experimental evidence for B™,
Proceeding in this way, it becomes clear that there are many different aspects of traditional
linear optics that can be reinterpreted in terms of B (and also E™). The scalar magnitudes
of B and E” are B™ and E" respectively, associated in the four vector representations B,
and E, with the imelike components. The imelike polanization always appears as an
admixture with the longitudinal polarization, and both are physically meaningful because they
are observed in fundamental optical phenomena. Egn. (225) for example shows that circular
dichroism is related to the molecular property tensor sum represented by £, which i1s made
up of the Rosenfeld tensor and the electric quadrupole tensor. However, £” is a material
property, while both E” and B™ are properties of free spacetime which interact with matter,
in the same way as S,. The latter can be defined without any reference to matter, and the
definition of S, in terms of B” is unaffected by any material property. In eqn. (225), we
have used the result that Iy - 1, is directly proportional to the Stokes parameter S, in free
spacetime, and have replaced the Stokes parameter by a term proportional to B™,

Realizing the link between S, and B™ shows that there is in fact copious evidence for
B, and that all of this evidence is consistent with finite photon mass. Through a Lie algebra
.such as that of egn. (7), the customary description is supplanted in physical optics by a more
complete understanding, one which is fully consistent with special relativity and one which
does not arbitrarily discard B”, This leads in tum to an appreciation of the role played by
finite photon mass.



Mare generally, ordinary optical absorption, described customarily by the Beer
Lambert Law: '

w(v) = }l}log‘-?- (228)

can be interpreted anew in terms of B™ or E™. Here 1, is the incident beam intensity, 1 the
transmitted beam intensity, and d the sample length. g (V) is the power absorption
coefficient in neper cm’’, a quantity which can be expressed in terms of the longitudinal fields
E™ and B" because the zeroth Stokes parameter S, is proportional to beam intensity.
Therefore simple optical absorption (at any frequency) is a process which can be interpreted
in terms of B™ and E™, and is therefore consistent with finite photon mass. The traditional
interpretation remains valid as far as it goes, but is supplemented by the new type of algebra
exemplitied by egn. (7), an algebra from which these conclusions follow directly. All four
Stokes parameters (or operators of the quantized field) can be expressed in terms of E”
and/or B™ as well as in terms of the traditional transverse components. It gradually becomes
clear therefeore that the subject of optics in general is enriched by the realization that E” and
B” are non-zero in vacuo, and that there are many new interpretations possible.

In non-linear optics {28} the light beam is used to induce phenomena in material
media (e.g. molecular matier); phenomena which depend nonlinearly on the electric and
magnetic components of the intense laser beam. A large number of such phenomena are
known {28}, both in the classical and quantum field formalisms of magneto and electro-
optics. In principle, all can be reinterpreted in terms of longitudinal fields and in this sense
all are consistent with finite photon mass. For all practical purposes the Proca and
Maxwellian formalisms give the same resulls in non-linear optics of this type. Taking into
consideration {32} however, astrophysical and cosmological evidence for finite photon mass,
all laboratory phenomena must be interpreted consistently; i.e. if evidence is found for finite
m, from cosmology, then all laboratory phenomena must also be described in terms of finite
m,. The novel longitudinal fields of this article provide a convenient means of doing so
through the Maxwellian limit of the Proca field B™.
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A comprehensive and rigorously systematic scheme for non-linear optics is available
{28} in the work of Kielich and co-workers. This is of course formulated in traditional
terms, in which B” and E” are not used specifically, but the whole of this oeuvre can be re-
worked in principle in terms of the longitudinal fields, while at the same time retaining the
intricate tensorial structure of the origmal work {28}. An example of how this may be done
is the replacement of the nonlinear conjugate product E” x E” by iE®cB”. This is more
than a mere re-expression of the well known E" x E”, because B”, being a magnetic field,
interacts in principle with a magnetic dipole moment (electronic or nuclear). This interaction
ocecurs in addition to that of the product iIE™cB™, which of course is E™ x E®, with
antisymmetric electromic polansability. This is one example of how the tensorial formalism
of nonlinear opuics {28} may be developed. In tensor notation the conjugate product is the
antisymmetric part of EE, the light intensity tensor {28}, an idea developed systematically
by the Kielich School and many others. The antisymmetric part of the tensor is an axial
vector,

We proceed o sketch a few suggestions for development based on classic papers by
Kielich et alia.

In an early work, Kielich {76} has considered frequency and spatially variable electric
and magnetic polarization induced in nonlinear media by electromagnetic fields, using Born
Infeld elecrodynamics. The new terms B” and E™ should be systematically incorporated in
this work, and novel non-linear effects predicted. Nonlinear processes resulting from
multipole interaction between molecules and electromagnetic fields {77} can also be
considered in terms of B” and E" at first and higher orders, a structure that would be
consistent with finite photon mass. Examples include scattering theory based on B and E™;
the role of B" and E” in nonlinear optical processes where linear superposition is lost;
investigations of the probability of an n photon process with magnetic transitions involving an
incoming B” flux quantum. In the theory {78} of nonlinear light scattering from colloidal
media {79}, B” is expected to play a basic part in defining the polarization ratio, because B
is proporuonal to kg - I,. In general in Rayleigh refringent scattering theory, the Stokes
parameters can be described in terms of B™ and E™, The role of E™ and B” in phenomena
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such as the Majorana effect and intensity dependent circular birefringence is also
fundamental. Elhipse self rotation {80} by ‘a circularly polarised laser is also fundamentally
dependent on the longitudinal B™.

The simple measurement of beam intensity does not, however, appear to allow the
detection of longitudinal photons, at least in a direct and simple way. Although finite photon
mass implies the existence of a third degree of freedom for the photon, suggesting a 50%
increase in the stored energy {6} of a system of photons, this cannot be observed
experimentally. The Planck radiation law, for example, is derived customarily using only
ransverse polarisations, and is found to hold precisely in comparison with experimental data,
Bass and Schridinger {35} were among the first to explain how the Planck Law can remain
valid even for finite photon mass by showing that the approach to equilibrium ot longitudinal
photons 1n a cavity is very slow, and energy stored in transverse waves takes a time
approximately similar to the age of the universe to be partitioned equally among three degrees
of freedom. Farahi and Evans {27} have shown recently that longiludinal electric and
magnetic solutions E™ and B” in the Maxwellian limit do not contribute to the
electromagnetic energy density, Their method was based on the simple assumption that the
most general solution of Maxwell’s equations are of the form:

|

EG
BG

E(r, 1)+ E®
B(r,t) + B®

(229)

leading to the result that the continuity equation for electromagnetic radiation in vacuo is
unchanged if

B® < E(r, 1) = E? xB(r, 1) (230)

It was shown that {27} this result is compatible with the dual transformations (199), a
demonstration that 15 valid for electromagnetic waves in free space, rather than for the cavity
fields considered by Goldhaber and Nieto {6). The conclusion by Farahi and Evans {27} is
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consistent with the representation of electromagnetic energy density in terms of products such
as k,E, and B,B, in free space, products in which longitudinal and timelike components
cancel; a result which is also obtained from the d'Alembert equation and given as eqn. (204)
of this article.

Finally, in its quantized version, 5™ can be expressed as {27}:

© . .
i® - %—(&,&, dydy)k (231)

showing that 5™ and the conjugate product operator g0, #® are rigorously proportional
in quantum field theory. Both are described by the operator (d,dy - dydy) Whose

expectation value between quantum states of the electromagnetic field is always a constant, 2.

-

The Stokes operator §, in this notation is {27}

|
s o

(d dy - Gydy) (232)
i.e. both & gng g are defined in terms of 4 4, - 4,4, , which operates on any number

state [n> to give the conslant expectation value of 2. The latter is independnet of the
number state [n> of the photons, and generalises the third Stokes parameter S, of the
classical field. This is another way of seeing that g™ does not contribute 1o electromagnetic
energy density, which is described by the zero'th order Stokes parameter, S,. The
expectation value of the energy of n photons is

<n|H|n> = (n 1 .;-)m (233)

and depends on n, Since the expectation value of §™ does not depend on n, It cannol
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contribute to electromagnetic energy.

Nevertheless, g9 gng £ act as fields throughout electromagnetism, and are
expected to provide usetul new technigues such as optical NMR and optical magnetic
resonance imaging, in which the image is enhanced by g . These techniques are currently
under development.
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APPENDIX A: SPECIAL RELATIVITY AND CONSISTENCY OF NOTATION.

Unfortunately, the literature in special relatvity uses different types of notation, exemplified
by that of Ryder {15}, and that of Jackson {71}. For readers unfamiliar with this use of
notation, this appendix briefly sketches the foundations of special relativity, and explains the
notation used throughout this article. To avoid ambiguity and possible confusion, a
comparison is provided of different notations whenever necessary.

A clear account of the foundations of special relativity is given by Jackson {71},
chapter 11, and this is summarized here,

Maxwell’s equations in vacuo are invariant (Appendix B) to the Lorentz
transformation of special relativity. This was shown by Lorentz in 1904. Shortly afterwards,
Poincaré showed that all the equations of electrodynamics are similarly invariant. These
results were proven independently by Einstein in 1903, and shown in the theory of special
relativity to be generally applicable in physics. Einstein based his theory on two general
principles, the first asserts that the laws of physics take the same form in all Lorentz frames;
the second asserts that the constant ¢ is the same in all Lorentz frames. The latter is the
speed of light in the Maxwellian theory of electrodynamics, but not in the Proca theory (see
introduction to the text). The constant ¢ is independent of the motion of the source. The
postulated constancy of ¢ allows a connection {71} to be made between Minkowski spacetime
coordinates in different frames, customarily labelled K and K', the latter moving at v with
respect to the former along the Z axis.

In special relativity it is convenient to use pseudocuclidean spacetime rather than
euclidean space. The pseudoeuclidean frame of reference is written as (X, Y, Z, ict) in the
notation of this article, following the original proposal by Minkowski, circa 1906. In the
notation of Ryder {15} however, the i is suppressed, and the timelike component written
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first. The Ryder notation is common in contemporary field theory. In our notation:
K = (XY, Z, icr)
K' = X, Y, Z, ict")

(A1)
Note that the only quantity that does not change from K to K’ is ic, time changes in the
Lorentz transformation as well as space, and space and time are no longer distinct.
It is assumed {71} that the transformation K - K’ is linear:
XP+YE+ZR - 4P = A3 (X2« Y2+ 2% - oY)
(A2)

where A i1s a function of v such that A(0) = 1|, It can be shown {71} that A is unity for all v.
It v = 0, K’ does not move with respect 10 K. In general, the Lorentz transform takes the
form:

X'=X; Y=Y, Z'=y(Z-w);

' = ye- b
c
(A3)
v vi -1
where fp = —; y = (1-—) .
| C!
This can be written in matrix form:
rx”1 1170 o o 11 x 1
|Y’|Tl0l ¢ o || ¥ |
fz' ) 00 y B || Z |
Li! | LOO ~iyp v Il i |
(Ad)

113



which in tensor notation becomes

x: =a,k,
. (AS5)

The four by four matrix in egn. (A4) is known as the Lorentz transformation matrix
and defines the boost generators of the text. Note that our boost generators are in Jackson
notation, and are real. In Ryder type notation they are complex and look quite different.
However, in both notations they obey the same commutation relations of the Lorentz and
Poincaré groups. The Lorentz transformation matrix is also different in Ryder notation. The
matrix (A4) defines the boost generator of the text as follows. We recognize that if

y =cosh¢; yp = sinho;

Z! tanhd; (1 -p%) = 1;
(AG) .
then
X1 110 o » Tix1l
| ¥ 1 101 0 o || ¥ |
| zZ7 | | 00 coshd isinh¢p || Z |
| jet/ | | 0 0 -isinh¢ coshd || iet |
(A7)
‘I'he boost generator in Z is defined as
foo o001
K.'_zlalw_' oo 00
2" * o0 01 |
l oo -10 |
(A8}

which is a real, unitless, antisymmetric, four by four matrix in the Jackson notation of
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special relativity. In the Ryder notation, 1&2 is imaginary. Throughout the text of this

article we bave used the Jackson notation, converted into 8.1. units.
For a frame K' moving with respect to K in the Y axis, we obtain:

Fx 1 11 0 00 17 x 1
| Y1 |0 vy Oip || ¥ |
|2z | |0 0 10 || Z |
Lict! | L O ~iyp 0 y 1L iet ]
(A9)
and
o0 0 001
. |00 01|
sz
10 0 00 |
Lo -100 )
(A1D)
Thirdly, for a frame K’ moving with respect to K in the X axis:
X1 | y oo0iyp 17 X 1
| ¥ | | 0 100 || Y|
|z | 0 01 0 || Z |
it/ | L -iyp 00 y 1L et |
(All)
and
0 0011
. 1l 0000 |
*1 o000 |
{ s-1000 |
(Al2)
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We see that the boost generators £ x"r and K, of the Lorentz group are

antisymmetric 4 x 4 matrices. It can be checked that in the Jackson as well as the Ryder
notaton, they form the commultation relations of the Lorentz and l‘omcare’ groups, for
example:
Ky, K = -iJ, & cyclies
(A13)

as in the text.
Covariance of the Laws of Physics.

‘T'he furst principle of Einstein asserts that the laws of physics have the same form in different
Lorentz frames; meaning that the equations describing the physical laws must be covariant in
form {71}. "Covanant” means that the equations can be written so that both sides have the
same, well-defined, ransformaton properties under Lorentz transformation. Thus,
physically meaningful equations must be relations between four-vectors, four-tensors, Lorentz
scalars {71}, and derivatives thereof. A relation valid in one frame must also be valid in the
‘same form in another, We illustrate the Einstein principle of covariance (the first principle of
special relativity) by reference to our novel lagrangian (184) of the text, testing its covariance
in the process. ‘The lagrangian is an energy, and therefore a scalar quantity which is the
same in different Lorentz frames, i.¢. is Lorentz invariant. Combining this with the principle
of covariance means that the transformed lagrangian must take the form:
{
e A -%—F“:Fﬂ" (-2%)(-&}—';)

1
(Al4)
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in frame K'. It follows that

Piplop p . 0AY D M M,
wFuv = F F. © Hx® Al &
ax ox ax,, »

(A15)

and this is indeed the case, as shown in more detail in Appendix B. Because of the Lorentz
condition:

% .% .0
ax' atu'
(Al16)

the lagrangians in both frames are also invariant to gauge transformation of the second kind
(Section 1 of the text), The lagrangian is therefore covariant and invariant in the required
way.
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APPENDIX B:  THE FORMAL LORENTZ TRANSFORMATION PROPERTIES
OF E, AND B,.

The four vectors E, and B, are lightlike, as discussed in the text. The four vector x, = (X,
Y, Z, ict) is lightlike if

X2+Y24 22 =72

(B1)
1e. if
XX, = 0
(B2)
As in the text
E“E_ = 0; B“B“ =0 )
(B3)

which is of the same form as egn. (B2). The formal Lorentz transform of a lightlike vector
from frame K to K’ takes place through the linear relation {71}:

(XP+YP+ZP 4 %) = Q3 (X2 + Y2+ 22+ %) = 0
(B4)

For all A,

XPoYR +ZR 4+ et = 0,
(B5)

Therefore the formal Lorentz transformation of x, gives another lightlike four-vector x,’ such
that '
XX, - x:,.t; = 0.

(B7)
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Therefore

L Il _
EE, = EE, = 0
I
BB, - BB, =0

(B8)

The novel fields E™ and B® of Section 2 of the text vanish if there is no
electromagnetic plane wave travelling at ¢ in vacuo in the Maxwellian formalism of
electromagnetism. Therefore they are not conventional static electric and magnetic fields.
The constant ¢, identified with the speed of light in the Maxwell equations in vacuo, is the
same in all Lorentz frames by Einstein’s second principle of relativity. This means that a
Lorentz transformation from one frame to another cannot change the fact that E® and B”
propagate at ¢ in vacuo. To emphasize this point, consider the Maxwell equations in vacuo
in frame K:

Ze .9,
a‘v

(19)

This means that the four-divergence of F_, vanishes. This four-divergence is by definition a
four-vector in K, and Maxwell's equations can be interpreted to mean that this four-vector
vanishes in K. In frame K, following Jackson {71}, eqn. (B9) becomes:

O,
Bx /

L]

=0

(B10)

and the transformed four-vector also vanishes in frame K'. This transformed four-vector can
be given the symbol o, in frame K'. By definition

f .
llb = a"‘ﬂ..

(B11)
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under the Lorentz transformation a,,. Therefore
— _ 0

a, ™
(B12)

in frame K. We have simply back-transformed eqn. (B10) (frame K) to egn. (B12) (frame

K). Egn. (BI2) must be the same as eqn. (B9), and so:

o oF ’ ar,, ; aF,, -
Pax, o oax, g

(B13)

showing that Maxwell's equations in frame K are the same as in frame K'. 1t is impossible to
tell the difference between the original and transformed Maxwell equations in vacwo. Note

that in matter, this is not the case, because {71}:

..a_IF_'E: « 0O,
&ts
{BI4}

eF"") ives d zero
" o

v

In vacuo, the wansformauon of a zero (i.e.

If the Maxwell equations are indistinguishable in all Lorentz frames, then a four-
vector defined im vacuo, such as E,, whose three spacelike components are all solutions of
Maxwell’s equations in vacuo, will also appear the same in all Lorentz frames. Therefore

/!
E, = E
/
B, - B]
(81

3)
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From eqn. (B13) we have the result:

.

aFV
a, @, = o “"'ETR;:L
(B16)
and this is possible if and only if;
10001
0100 |
a -
¥ o010 |
L0001 !
(B1T)

and in turn, this is compatible with the definition (egn. (A14)) of a,, as the Lorentz
transformation matrix if and only if v = (.

-

Physically, this means that if a quantity is moving at ¢ it is not possible, by Emnstein’s

. second principle, for ¢ to be exceeded, and a formal Lorentz transformation is possible if and

only it v = 0. There is no frame travelling faster than the speed of light, identified in the
Maxwellian formalism with c.
In summary, it is pessible to write, formally:

n’\
n

a vap

=)
]

a.“B'
(B18)

but v is always zero in a, by Einstein’s second principle of relativity. [t is essential
therefore to realize that E™ and B™ are never static fields in the conventional meaning of
electrostatics, well described by Jackson {71}. The field B” for example is formed from the
vector cross product (egn. (7)) and Section 2) of B™ and B™, both of which are plane waves
in vacuo, propagating at ¢ by definition. Therefore B® must propagate at ¢, although its
specific phase dependence has been removed by the cross product. As explained in the text,
B™ is n general a quantum mechanical operator, and obviously differs from the static
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magnetic field of magnetostatics. ‘The latter is not a quantized quantity, and must always be
generated by a moving charge according to the Biot/Savart law {71}. The static electric field i
of electrostatics must be generaled by a static point charge according to the Coulomb law ’
{71}.

It 1s well known that the Lorentz transformation of, for example, a static electric field
in electrostatics produces a mixture of electric and magnetic fields. In S.1. units:

t‘,

Ey = y(Ey-vB); E; = vy(Ex+vBy
Ey = Y(Ey+vBy); Ey = y(Ey-vBy)
E; = E; E, = E
By = Y(B,+ZE); By = y(By--Ep
s [
By = v(B,-“E); B, = y(By+—Ep)
¢ L8
’ / T
Bz L Bz; Bx = Bz

(B19)

These well known spacelike relations are compatible with egn. (B18) if and only if v = 0.
This means that E, and B, can be defined if and only if they describe a plane wave travelling
al ¢ in vacuo in the Maxwellian formalism. The latter is for all practical (i.e. laboratory)
purposes identical with the Proca formalism of electrodynamics in vacuo.

We claim no more and no less than this in the text of this article.
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