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The equations o.f gravitational general relativity are developed with 
Cartan geometry using the second Cartan structure equation and the sec­
ond Bianchi identity. These two equations combined result in a second 
order differential equation with resonant solutions. At resonance the force 
due to gravity is greatly amplified. When expressed in vector notation, 
one of the equations obtained from the Cartan geometry reduces to the 
Newton inverse square law. It is shown that the latter is always valid in 
the off resonance condition, but at resonance, the force due to gravity is 
greatly amplified even in the Newtonian limit. This is a direct consequence 
of Cartan geometry. The latter reduces to Riemann geometry when the 
Cartan torsion vanishes and when the spin connection becomes equivalent 
to the Christoffel connection. 

PACS numbers: 95.30.Sf, 03 .50.-z, 04.50.+ h 

1. Introduction 

It is well known that the gravitational general relativity is based on Rie­
mann geometry with a Christoffel connection. This type of geometry is a 
special case of Cartan geometry [I] when the torsion form is zero. There­
fore gravitation general relativity can be expressed in terms of this limit of 
Cartan geometry. In this paper this procedure is shown to produce a sec­
ond order differential equation with resonant solutions [2- 20]. Off resonance 
the mathematical form of the Newton inverse square law is obtained from a 
well defined approximation to the complete theory, but the relation between 
the gravitational potential field and the gravitational force field is shown 
to contain the spin connection in general. At resonance the force field can 
be greatly amplified, or conversely decreased. This is shown in Section 2 
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and given the appellation "spin connection resonance" (SCR). A short dis-! 
cussion is given of possible technological implications in the area of counter I . 
gravitation. 

2. Gravitation and Cartan geometry 

The existence of SCR in the theory of gravitation is shown by consider­
ation of the second Cartan structure equation 

(1) 

and the second Bianchi identity of Cartan geometry 

(2) 

Therefore 
(3) 

and this is a second order differential equation with resonant solutions 
[2-20]. In these equations wab is the spin connection form [1-20] and Rab is 
the curvature or Riemann form. The symbol Dl\ is the covariant exterior 
derivative of Cartan geometry and 1\ represents the wedge product of Cartan 
geometry. If the torsion form ra of Cartan geometry is zero 

(4) 

Eqs. (1) to (3) reduce to Riemann geometry, and are fully equivalent to Rie­
mann geometry [1-20]. It is well known that Riemann geometry was used by 
Einstein and independently by Hilbert to obtain the field equation of gravi­
tational general relativity. From Eq. (3) it is shown in this paper that SCR 
exists in gravitational general theory within Einstein- Hilbert (EH) field the­
ory. If Eqs. (1) and (2) are developed into tensor and vector equations they 
lose the basic simplicity of structure of Eqs. (1) and (2) and the existence of 
SCR is obscured. So the existence of this important resonance phenomenon 
has been missed for ninety years. Written out in full, Eqs. (1) and (2) are 
[1-20] 

(5) 

and 
(6) 

where dl\ i.s the exterior derivative of Cartan geometry. Eq. (4) becomes 

(7) 
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so in Riemann geometry the following relation exists between the tetrad 
form qa and the spin connection form 

(8) 

EH theory relied on a second order description through the symmetric metric 

(9) 

where 'rfab is the Minkowski metric [1-20]. In Cartan geometry the description 
of gravitation is first order through the tetrad, and is simpler and more 
elegant. However the physical results of the two representations are the 
same. Eq. (6) can be rewritten as 

d 1\ Rab ·a 
J b' (10) 

dl\ R\ "':'a 
J b' (11) 

where 

·a 
J b Rae 1\ web- wac 1\ Reb' (12) 
-:-a 
J b jiac 1\ Web- Wac 1\ jicb. (13) 

The tilde denotes the Hodge dual [1-20] of the tensor valued two-form 

(14) 

in four-dimensions (time and three space dimensions). Eqs. (10) and (11) are 
directly analogous to the electrodynamic section field equations of Einstein­
Cartan-Evans (ECE) field theory [2-20] 

d 1\ pa 

d 1\ pa 
·a 

/-LO) ' 
-:-a 

/-LO) ' 

(15) 

(16) 

where pa is the electromagnetic field form, /-LO is the permeability in vacuo 
and ja is the homogeneous current of ECE field theory. The ECE Ansatz 
defines 

(17) 

(18) 

where cA (O) is the primordial or universal voltage of ECE theory and where 
A a is the differential form that defines the electromagnetic potential. If there 

. 
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is interaction between electromagnetism and gravitation Eqs. (10) to (18) 
are inter-related by the first Bianchi identity of Cartan geometry [1-20] 

(19) 

i.e. 

(20) 

or 
d 1\ pa (21) 

It is seen that 

(22) 

and 

":'a 
J 

A(O) (- b -b) Mo Rab 1\ q - Wab 1\ T (23) 

Eq. (19) links the curvature form Rab with the torsion form Tb. Eq. (17) 
defines the electromagnetic field pa as the Cartan torsion ya within a factor 
A(0) and Eq. (18) defines the electromagnetic potential Aa as the Cartan 
tetrad qa within the same factor. In EH theory there is no torsion and 
the spin connection reduces to the Christoffel connection. This means that 
Eq. (19) reduces to 

(24) 

which is the Ricci cyclic equation used in EH theory. In tensor notation 
Eq. (24) is the well known cyclic sum 

where 

ga,_ R"',_wp ' 

ga,_ R"' PJW ' 

ga,_R"' VP/-l. 

Here R"' /-lVP is the Riemann tensor related to the Riemann form by 

R "' "' b Ra /-lVP = q a q /-l bvp · 

(25) 

(26) 

(27) 

Ricci inferred tensors in the late nineteenth century and Einstein used tensor 
notation from about 1906 to 1916 to develop the EH field equation from the 
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second Bianchi identity (2) in tensor notation [1-20]. Cartan geometry was 
not available to Einstein until well after 1916, when Einstein and Cartan 
developed their well known correspondence. It was during this correspon­
dence that Cartan suggested that the electromagnetic field be related to the 
torsion. The ECE Ansatz (17) was developed independently in early 2003 
[2-20] without knowledge of Cartan's suggestion. The Ansatz is the simplest 
way in which Fa and Ta can be related by direct proportionality. The EH 
field equation is inferred from a comparison of this tensorial Bianchi identity 
of Riemann geometry with the Noether Theorem 

(28) 

The EH field equation is a possible solution of Eq. (28) and is 

(29) 

Here Qf.l-V is the Einstein tensor, k the Einstein constant and Tf.l-v the canoni­
cal energy-momentum density in tensorial form. Eq. (29) is well known, but 
much less transparent than the equivalent Cartan equation 

(30) 

The use of tensor notation obscured the existence of SCR for ninety years. 
From Eqs . (5) and (10) the basic SCR equation of EH theory is 

(31) 

and its Hodge dual. It is shown in this section that Eq. (31) produces an 
infinite number of resonance peaks of infinite amplitude in the gravitational 
potential [2- 20]. To show this numerically, Eq. (31) is developed in vector 
notation. Attention is restricted to the equivalent of the Coulomb Law in 
ECE gravitational theory. This equivalent is 

V · R(orbital) = J 0
, (32) 

where the orbital curvature vector [2- 20] is defined from the Schwarzschild 
metric as 

The analogy of Eq. (32) in electrodynamics is the Coulomb Law [2- 20] 

p 
Y·E=- , 

Eo 

(33) 

(34) 
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where E is the electric field strength in volts per meter, p is the charge 
density in coulombs per cubic meter and Eo is the vacuum permittivity. In 
ECE theory 

E = -(V +w)¢, (35) 

where w is the spin connection vector. Far off resonance [2-20] 

V¢=w¢. (36) 

There are direct gravitational analogues of Eqs. (34) to (36). These are 
found from the vector equivalent of the second Cartan structure equation, 
Eq. (1), which is 

(37) 

in vector notation. The spin connection form is the four-vector 

a ( a a ) w 11-b = w Ob,w b (38) 

with time-like component waob and space-like component wab). For each a 
and b the time-like component is a scalar and the space-like component is 
a vector in three dimensions. The electromagnetic analogue of Eq. (37) is 
[2- 20] 

8Aa 
Ea = ---- cVAOa- cwOabAb + cAObwab at ' (39) 

where A a is the vector potential and 

(40) 

is the scalar potential. It is seen that wab in gravitational theory plays 
the role of A a in electromagnetic theory. The role of ¢a in electromagnetic 
theory is played by w 0ac in gravitational theory. The role of Ea in elec­
tromagnetic theory is played by Rab in gravitational theory. The vector R 
(orbital) is a particular case of Rab defined by Eq. (33). This particular case 
fixes the indices a and b. 

Attention is now confined to the equivalent in gravitational theory of the 
electrostatic limit in electromagnetic theory, a limit in which Ea is expressed 
in terms of the scalar potential only 

( 41) 

The equivalent of Eq. ( 41) in gravitational theory is 

(42) 



-- I 

Spin Connection Resonance in Gravitational General Relativity 2217 

The gravitational scalar potential is therefore identified as the time-like part 
of the spin connection 

(43) 

Thus 
(44) 

It is convenient to use a negative sign for the vector part of the spin connec­
tion, so 

(45) 

This is the direct gravitational analogue of the electromagnetic equa­
tion (35). The off resonance condition [2-20] is now defined by 

(46) 

This is the analogue of Eq. (36) in electrodynamics. Summation over re­
peated indices are implied, so · 

(47) 

Since a and b occur in the same way in all terms, Eq. (47) can be written as 

(48) 

The indices a and b are found by the use of the Schwarzschild metric in 
defining R(orbital) in Eq. (33). For each a and b we define 

With these definitions 

R(orbital) -(V+w)<P 
ROlOli + R0202j + R0303k. 

From Eqs. (32) and (50) 

which is the gravitational analogue of the electromagnetic 

The Newton inverse square law is obtained from units analysis [2- 20] 

F = m 2GR(orbital), 

===== 

( 49) 

(50) 

(51) 

(52) 

(53) 
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where F is force, m is mass and G is the Newton gravitational constant. 
Here R(orbital) has the units of inverse square meters. The Newtonian 
limit is defined as the off resonance condition 

with gravitational potential 

'V'P=wP 

1 
P= -­

r 

(54) 

(55) 

along the radial direction. Therefore the spin connection vector is found to 
be 

1 
w = --er, 

r 
(56) 

where er is the ra~ial unit vector in spherical polar coordinates. Therefore 

and 

R(orbital) =-
2
2
er. 

r 

(57) 

(58) 

The Newton inverse square law emerges from Eqs. (53) and (58) by identi­
fying 

(59) 

where m1 and m2 are two gravitating masses, and by using half the value of 
R( orbital) in Eq. (58). In the non-relativistic (classical) theory of Newtonian 
dynamics the spin connection is missing, and the classical relation of force 
and gravitational potential is 

(60) 

In gravitational general relativity, gravitation is due to curvature, and the 
spin connection is always non-zero. This means that the force in general 
relativity is twice the force in the classical for a given potential P. The 
extra contribution is due to the spin connection as follows 

F (classical) 

F (relativistic) 

-m1m2GVP, 

~m1m2G(V + w)P. 

(61) 
(62) 

Off resonance therefore the presence of the spirr connection cannot be de· 
tected because it simply doubles the definition of the potential. The forcr 
is the quantity which is detected experimentally and as long as the fore 
is expressed in terms of the potential as in Eq. (57) the inverse square lm~ 
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is not changed. Similar considerations apply [2- 20] to the Coulomb law of 
ECE theory. The factor two also occurs in the original EH theory [1], but 
is arrived at via a different route in a much more complicated way. In the 
bending of light by gravity the relativistic result is now known to be twice 
the classical result to a precision of one part in 100,000. Again, the tensorial 
theory of this well known result is much more complicated than the simple 
route used here and elsewhere [2- 20] in this series of papers. SCR emerges 
finally from the radial form of Eq. (51), which is 

a2 iP - ~ a iP + ~ iP = - Jo 
8r2 r 8r r2 

(63) 

where it is assumed that there is an oscillatory driving term 

(64) 

The electromagnetic analogl)e of Eq. (63) is 

82¢ 1 8¢ 1 p(O) ---- + -¢ = --cos(I'Lr) 
8r2 r 8r r 2 Eo 

(65) 

which has been solved recently using analytical and numerical methods [2-
20]. These solutions for ¢ and iP show the presence of an infinite number of 
resonance peaks, each of which become infinite in amplitude at resonance. 
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