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A Four-Dimensional Continuum Theory of Space-Time and 

the Classical Physical Fields 

 
By D. L. Indranu 

 
Abstract 

 

In this work, we attempt to describe the classical physical fields of gravity, 

electromagnetism, and the so-called intrinsic spin (chirality) in terms of a set of fully 

geometrized constitutive equations. In our formalism, we treat the four-dimensional 

space-time continuum as a deformable medium and the classical fields as intrinsic stress 
and spin fields generated by infinitesimal displacements and rotations in the space-time 

continuum itself. In itself, the unifying continuum approach employed herein may 

suggest a possible unified field theory of the known classical physical fields. 

 

 

1. Introduction 

 

Many attempts have been made to incorporate the so-called standard (Hookean) linear 
elasticity theory into general relativity in the hope to describe the dynamics of material 

bodies in a fully covariant four-dimensional manner. As we know, many of these 
attempts have concentrated solely on the treatment of material bodies as linearly elastic 

continua and not quite generally on the treatment of space-time itself as a linearly elastic, 

deformable continuum. In the former case, taking into account the gravitational field as 
the only intrinsic field in the space-time continuum, it is therefore true that the linearity 

attributed to the material bodies means that the general consideration is limited to weakly 

gravitating objects only. This is because the curvature tensor is in general quadratic in the 

the so-called connection which can be said to represent the displacement field in the 

space-time manifold. However, in most cases, it is enough to consider an infinitesimal 
displacement field only such that the linear theory works perfectly well. However, for the 

sake of generality, we need not assume only the linear behavior of the properly-stressed 

space-time continuum (and material bodies) such that the possible limiting consequences 

of the linear theory can be readily overcome whenever it becomes necessary. Therefore, 

in the present work, we shall both consider both the linear and non-linear formulations in 
terms of the response of the space-time geometry to infinitesimal deformations and 

rotations with intrinsic generators.  
 

A few past attempts at the full description of the elastic behavior of the space-time 

geometry in the presence of physical fields in the language of general relativity have been 

quite significant. However, as standard general relativity describes only the field of 

gravity in a purely geometric fashion, these past attempts have generally never gone 
beyond the simple reformulation of the classical laws of elasticity in the presence of 

gravity which means that these classical laws of elasticity have merely been referred to 
the general four-dimensional curvilinear coordinates of Riemannian geometry, nothing 
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more. As such, any possible interaction between the physical fields (e.g., the interaction 

between gravity and electromagnetism) has not been investigated in detail. 
 

In the present work, we develop a fully geometrized continuum theory of space-time and 
the classical physical fields in which the actions of these physical fields contribute 

directly to the dynamics of the space-time geometry itself. In this model, we therefore 

assume that a physical field is directly associated with each and every point in the region 
of space-time occupied by the field (or, a material body in the case of gravity). This 

allows us to describe the dynamics of the space-time geometry solely in terms of the 

translational and rotational behavior of points within the occupied region. Consequently, 

the geometric quantities (objects) of the space-time continuum (e.g., curvature) are 

directly describable in terms of purely kinematic variables such as displacement, spin, 
velocity, acceleration, and the particle symmetries themselves.  

 

As we have said above, at present, for the sake of simplicity, we shall assume the 

inherently elastic behavior of the space-time continuum. This, I believe, is adequate 

especially in most cosmological cases. Such an assumption is nothing but intuitive, 
especially when considering the fact that we do not fully know the reality of the 

constituents of the fabric of the Universe yet. As such, the possible limitations of the 
present theory, if any, can be neglected considerably until we fully understand how the 

fabric of the space-time continuum is actually formed and how the properties of 

individual elementary particles might contribute to this formation. 

 

 

2. The Fundamental Geometric Properties of a Curved Manifold 
 

Let us present the fundamental geometric objects of an −n dimensional curved manifold. 

Let i

i

aia

i

a EXE
x

X
∂=

∂

∂
=ω  (the Einstein summation convention is assumed 

throughout this work) be the covariant (frame) basis spanning the −n dimensional base 

manifold 
∞

C  with local coordinates ( )kaa Xxx = . The contravariant (coframe) basis 
bθ  

is then given via the orthogonal projection 
b

aa

b δωθ =, , where 
b

aδ  are the components 

of the Kronecker delta (whose value is unity if the indices coincide or null otherwise). 

The set of linearly independent local directional derivatives iii
X

E ∂=
∂
∂

=  gives the 

coordinate basis of the locally flat tangent space )(MTx  at a point ∞∈Cx . Here M  

denotes the topological space of the so-called −n tuples ( ) ( )nxxhxh ...,,1=  such that 

relative to a given chart ( )( )xhU ,  on a neighborhood U  of a local coordinate point x , 

our −∞C differentiable manifold itself is a topological space. The dual basis to iE  

spanning the locally flat cotangent space )(* MTx  will then be given by the differential 

elements 
kdX  via the relation 

k

ii

kdX δ=∂, . In fact and in general, the one-forms 
kdX  

indeed act as a linear map IRMTx →)(  when applied to an arbitrary vector field 
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)(MTF x∈  of the explicit form 
a

a

i

i

x
f

X
FF

∂

∂
=

∂

∂
= . Then it is easy to see that 

ii XFF =  and aa xFf = , from which we obtain the usual transformation laws for the 

contravariant components of a vector field, i.e., ai

a

i fXF ∂=  and ia

i

i Fxf ∂= , 

relating the localized components of F  to the general ones and vice versa. In addition, 

we also see that 
kkk FXFFdX ==, . 

The components of the symmetric metric tensor ba

abgg θθ ⊗=  of the base manifold 

∞C  are readily given by  

 

baabg ωω ,=  

 

satisfying 
 

b

a

bc

ac gg δ=  

 

where baabg θθ ,= . It is to be understood that the covariant and contravariant 

components of the metric tensor will be used to raise and the (component) indices of 

vectors and tensors.  

 

The components of the metric tensor ( ) ki

ikN dXdXxg ⊗= η  describing the locally flat 

tangent space )(MTx  of rigid frames at a point ( )aNN xxx =  are given by 

 

( )1,...,1,1, ±±±== diagEE kiikη  

 

In four dimensions, the above may be taken to be the components of the Minkowski 

metric tensor, i.e., ( )1,1,1,1, −−−== diagEE kiikη .  

 

Then we have the expression 
 

k

b

i

aikab XXg ∂∂= η  

 

The line-element of ∞C  is then given by  
 

( ) kib

k

a

iab dXdXxxggds ⊗∂∂==2
 

 

where 
ia

i

a dXx∂=θ . 

 

Given the existence of a local coordinate transformation via ( )αxxx ii =  in 
∞

C , the 

components of  an arbitrary tensor field 
∞∈CT  of rank ),( qp  transform according to 
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ηνµ

λβα
λαβ
ηµν xxxxxxTT hdc

gbagab

hcd ∂∂∂∂∂∂= .........

...

...

...  

 

Let p

p

iii

jjj

...

...
21

21
δ  be the components of the generalized Kronecker delta. They are given by 

 





















=∈∈=

p

ppp

p

p

p

p

p

p

i

j

i

j

i

j

i

j

i

j

i

j

i

j

i

j

i

j

ii

jjj

iii

jjj

δδδ

δδδ

δδδ

δ

...

............

...

...

det

21

2

2

2

1

2

1

2

1

1

1

1

21

21

21

...

...

...

...  

 

where ( )
pp jjjjjj g ...... 2121

det ε=∈  and 
( )

pp iiiiii

g

...... 2121

det

1
ε=∈  are the covariant and 

contravariant components of the completely anti-symmetric Levi-Civita permutation 

tensor, respectively, with the ordinary permutation symbols being given as usual by 

qjjj ...21
ε  and piii ...21ε .  Again, if ω  is an arbitrary tensor, then the object represented by 

 

p

p

pp iii

iii

jjjjjj
p

...

...

...... 21

21

2121 !

1
ωδω =∗

 

 

is completely anti-symmetric. 

 

Introducing a generally asymmetric connection Γ  via the covariant derivative  

 

c

c

abab ωω Γ=∂  

 

i.e., 
 

( ) [ ]
c

ab

c

abab

cc

ab Γ+Γ=∂=Γ ωθ ,  

 

where the round index brackets indicate symmetrization and the square ones indicate 
anti-symmetrization, we have, by means of the local coordinate transformation given by 

( )αxxx aa =  in ∞C  

 
λβα

βλ
αα

bac

c

abab eeee Γ−Γ=∂  

 

where the tetrads of the moving frames are given by 
αα xe aa ∂=  and 

aa xe αα ∂= . They 

satisfy 
a

bb

a ee δα
α =  and 

α
ββ

α δ=a

a ee . In addition, it can also be verified that 
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ca

cbb

aa

b

cba

bc

aa

eeee

eeee

α
βλ

αβλα

βαλ
λ
αβαβ

Γ−Γ=∂

Γ−Γ=∂
 

 
We know that Γ  is a non-tensorial object, since its components transform as 

 
λβα

βλα
α

α ba

c

ab

cc

ab eeeee Γ+∂=Γ  

 
However, it can be described as a kind of displacement field since it is what makes 

possible a comparison of vectors from point to point in ∞C . In fact the relation 

c

c

abab ωω Γ=∂  defines the so-called metricity condition, i.e., the change (during a 

displacement) in the basis can be measured by the basis itself. This immediately 

translates into  

 

0=∇ abc g  

 
where we have just applied the notion of a covariant derivative to an arbitrary tensor field 

T :  

 

gab

pcd

p

hm

gab

hcp

p

dm

gab

hpd

p

cm

pab

hcd

g

pm

gap

hcd

b

pm

gpb

hcd

a

pm

gab

hcdm

gab

hcdm

TTT

TTTTT

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

Γ−−Γ−Γ−

Γ++Γ+Γ+∂=∇
 

 

such that ( ) gab

hcdm

gab

hcdm TT ...

...

...

...
∇=∂ .   

 

The condition 0=∇ abc g  can be solved to give 

 

( ) [ ] [ ] [ ]( )e

dabe

e

dbae

cdc

abbdaabddab

cdc

ab ggggggg Γ+Γ−Γ+∂+∂−∂=Γ
2

1
 

 

from which it is customary to define 
 

( )bdaabddab

cdc

ab gggg ∂+∂−∂=∆
2

1
 

 
as the Christoffel symbols (symmetric in their two lower indices) and 

 

[ ] [ ] [ ]( )e
dabe

e
dbae

cdc
ab

c
ab gggK Γ+Γ−Γ=  

 
as the components of the so-called contorsion tensor (anti-symmetric in the first two 

mixed indices).  

 

Note that the components of the torsion tensor are given by 
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[ ] ( )α
β

βα
β

βαα
α bccbcbbc

aa

bc eeeee Γ−Γ+∂−∂=Γ
2

1
 

 

where we have set λα
βλ

α
β cc eΓ=Γ , such that for an arbitrary scalar field Φ  we have  

 

( ) [ ] Φ∇Γ=Φ∇∇−∇∇ c

c

ababba 2  

 

The components of the curvature tensor R  of ∞C  are then given via the relation 

 

( )

[ ]
sab

rcdw

w

pq

s

wpq

wab

rcd

b

wpq

saw

rcd

a

wpq

swb

rcd

w

rpq

sab

wcd

w

dpq

sab

rcw

w

cpq

sab

rwd

sab

rcdqppq

T

RTRTRT

RTRTRTT

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

2

...

...

∇Γ−

−−−−

+++=∇∇−∇∇

 

 

where  
 

( ) d

ec

e

ab

d

eb

e

ac

d

abc

d

acb

d

abc

d

ec

e

ab

d

eb

e

ac

d

abc

d

acb

d

abc

KKKKKKB

R

−+∇−∇+∆=

ΓΓ−ΓΓ+Γ∂−Γ∂=

ˆˆ
 

 

where ∇̂  denotes covariant differentiation with respect to the Christoffel symbols alone, 
and where  

 

( ) d

ec

e

ab

d

eb

e

ac

d

abc

d

acb

d

abcB ∆∆−∆∆+∆∂−∆∂=∆  

 

are the components of the Riemann-Christoffel curvature tensor of ∞C .  

 

From the components of the curvature tensor, namely, 
d

abcR , we have (using the metric 

tensor to raise and lower indices) 
 

( ) [ ] [ ]

( ) [ ] [ ] [ ]
acb

abc

d

cd

b

ab

acc

bca

aba

a

d

cd

c

ab

c

acb

d

cb

c

ad

c

abcab

c

acbab

KKggBRR

KKKKBRR

−ΓΓ−Γ∇−∆=≡

Γ+Γ∇−−∇+∆=≡

2ˆ4

2ˆ2ˆ
 

 

where ( ) ( )∆≡∆ c

acbab BB  are the components of the symmetric Ricci tensor and 

( ) ( )∆≡∆ a

aBB  is the Ricci scalar. Note that 
d

bcadabc KgK ≡  and 
a

de

becdacb KggK ≡ . 

 
Now since  

 



 7 

( )( )
( )( ) [ ]

b

aba

b

ab

a

b

ab

b

ba

b

ba

g

g

Γ+∂=Γ

∂=∆=∆=Γ

2detln

detln
 

 
we see that for a continuous metric determinant, the so-called homothetic curvature 

vanishes: 

 

0=Γ∂−Γ∂=≡ c
cab

c
cba

c
cabab RH  

 

Introducing the traceless Weyl tensor W , we have the following decomposition theorem: 
 

( )

( ) ( )
( ) Rgg

nn

RgRRgR
n

WR

ac

d

bab

d

c

d

cabab

d

c

d

bacac

d

b

d

abc

d

abc

δδ

δδ

−
−−

+

−−+
−

+=

21

1

2

1

 

 

which is valid for 2>n . For 2=n , we have 

 

( )ab

d

cac

d

bG

d

abc ggKR δδ −=  

 
where  

 

RKG
2

1
=  

 

is the Gaussian curvature of the surface. Note that (in this case) the Weyl tensor vanishes. 

 

Any −n dimensional manifold (for which 1>n ) with constant sectional curvature R  and 

vanishing torsion is called an Einstein space. It is described by the following simple 
relations: 

 

( )

Rg
n

R

Rgg
nn

R

abab

ab

d

cac

d

b

d

abc

1

)1(

1

=

−
−

= δδ
 

 

In the above, we note especially that 

 

( )
( )

( )∆=

∆=

∆=

BR

BR

BR

abab

d

abc

d

abc
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Furthermore, after some lengthy algebra, we obtain, in general, the following generalized 

Bianchi identities: 
 

[ ] [ ] [ ] [ ] [ ] [ ]( )
[ ] [ ] [ ]( )

[ ] [ ]
cdb

a

a

cd

d

c

c

da

ababab

a

a

bfd

f

ec

a

bfc

f

de

a

bfe

f

cd

a

becd

a

bdec

a

bcde

e

bc

a

ed

e

db

a

ec

e

cd

a

eb

a

dbc

a

cdb

a

bcd

a

dbc

a

cdb

a

bcd

RRgRgR

RRRRRR

RRR

Γ+Γ=






 −∇

Γ+Γ+Γ=∇+∇+∇

ΓΓ+ΓΓ+ΓΓ+Γ∂+Γ∂+Γ∂−=++

2
2

1

2

2

 

 
for any metric-compatible manifold endowed with both curvature and torsion. 

 

In the last of the above set of equations, we have introduced the generalized Einstein 
tensor, i.e., 

 

RgRG ababab
2

1
−≡  

 

In particular, we also have the following specialized identities, i.e., the regular Bianchi 

identities: 
 

0
2

1ˆ

0ˆˆˆ

0

=







−∇

=∇+∇+∇

=++

BgB

BBB

BBB

abab

a

a

becd

a

bdec

a

bcde

a

dbc

a

cdb

a

bcd

 

 
In general, these hold in the case of a symmetric, metric-compatible connection. Non-

metric differential geometry is beyond the scope of our present consideration.  

 
We now define the so-called Lie derivative which can be used to define a 

diffeomorphism invariant in ∞C . for a vector field U  and a tensor field T , both 
arbitrary, the invariant derivative represented (in component notation) by 

 

g

m

mab

hcd

b

m

gam

hcd

a

m

gmb

hcd

m

h

gab

mcd

m

d

gab

hcm

m

c

gab

hmd

mgab

hcdm

gab

hcdU

UTUTUT

UTUTUTUTTL

∂−−∂−∂−

∂++∂+∂+∂=
...

...

...

....

...

...

...

...

...

...

...

...

...

...

...

...

...

...
 

 

defines the Lie derivative of T  with respect to U . With the help of the torsion tensor and 
the relation 

 

[ ]( ) ca

bc

a

bc

a

b

ca

cb

a

b

a

b UUUUU Γ−Γ−∇=Γ−∇=∂ 2  

 

we can write 
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[ ] [ ] [ ]

[ ] [ ] [ ]
pgab

mcd

m

hp

pgab

hcm

m

dp

pgab

hmd

m

cp

pmab

hcd

g

mp

pgam

hcd

b

mp

pgmb

hcd

a

mp

g

m

mab

hcd

b

m

gam

hcd

a

m

gmb

hcd

m

h

gab

mcd

m

d

gab

hcm

m

c

gab

hmd

mgab

hcdm

gab

hcdU

UTUTUT

UTUTUT

UTUTUT

UTUTUTUTTL

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

....

...

...

...

...

...

...

...

...

...

...

...

...

2...22

2...22

...

...

Γ−−Γ+Γ−

Γ++Γ+Γ+

∇−−∇−∇−

∇++∇+∇+∇=

 

 

Hence, noting that the components of the torsion tensor, namely, [ ]
i

klΓ , indeed transform 

as components of a tensor field, it is seen that the 
sij

rklU TL
...

...  do transform as components of 

a tensor field. Apparently, the beautiful property of the Lie derivative (applied to an 
arbitrary tensor field) is that it is connection-independent even in a curved manifold. 

 

We will need a few identities derived in this section later on. 

 

 
3. The Generalized Four-Dimensional Linear Constitutive Field Equations 

 
We shall now present a four-dimensional linear continuum theory of the classical 

physical fields capable of describing microspin phenomena in addition to the 

gravitational and electromagnetic fields. By microspin phenomena, we mean those 

phenomena generated by rotation of points in the four-dimensional space-time manifold 

(continuum) 
4S  with local coordinates 

µx  in the manner described by the so-called 
Cosserat continuum theory. 
 

We start with the following constitutive equation in four dimensions: 

 








 −== RgRDCT
µνµνρσµν

ρσ
µν

κ 2

11
 

 

where now the Greek indices run from 0 to 3. In the above equation, µνT  are the 

contravariant components of the generally asymmetric energy-momentum tensor, µν
ρσC  

are the mixed components of the generalized four-dimensional elasticity tensor, ρσD  are 

the contravariant components of the four-dimensional displacement gradient tensor, µνR  
are the contravariant components of the generalized (asymmetric) four-dimensional Ricci 

curvature tensor, πκ 8−=  is the Einstein coupling constant (in geometrized units), and 
µ
µRR =  is the generalized Ricci four-dimensional curvature scalar. 

 

Furthermore, we can decompose our four-dimensional elasticity tensor into its holonomic 

and anholonomic parts as follows: 
 

µν
ρσ

µν
ρσ

µν
ρσ BAC +=  

 

where 
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( )
( )

[ ]
[ ] µν

ρσ
µν

ρσ
µν
ρσ

µν
ρσ

µν
ρσ

µν
ρσ

BBB

AAA

==

==
 

 

such that 

 
µν

ρσ
µν
ρσ CC =  

 

Therefore, we can express the fully covariant components of the generalized four-

dimensional elasticity tensor in terms of the covariant components of the symmetric 

metric tensor µνg  (satisfying, as before, 
µ
ν

µσ
νσ δ=gg  ) as 

 

( ) ( )νρµσνσµρνρµσνσµρρσµν

νρµσνσµρρσµνµνρσ

ωλα

γβα

gggggggggg

ggggggC

−+++=

++=
 

 

where ,,,, λγβα and ω  are constitutive invariants that are not necessarily constant. It is 

therefore seen that 
 

( )
( )νρµσνσµρµνρσ

νρµσνσµρρσµνµνρσ

ω

λα

ggggB

ggggggA

−=

++=
 

 

An infinitesimal displacement (diffeomorphism) in the space-time manifold 4S  from an 

initial point P  to a neighboring point Q  is given as usual by 

 

( ) µµµ ξ+= )(PxQx  

 

where µξ  are the components of the four-dimensional infinitesimal displacement field 

vector. The generally asymmetric four-dimensional displacement gradient tensor is then 

given by 

 

µνµν ξ∇=D  

 

The decomposition ( ) [ ]µνµνµν DDD +=  and the supplementary infinitesimal point-

rotation condition [ ] 0=Γ µα
µν ξ  allow us to define the symmetric four-dimensional 

displacement (“dilation”) tensor by 
 

( ) ( ) µνξµννµµνµν ξξ gLD
2

1

2

1
=∇+∇==Φ  

 
from which the “dilation” scalar is given by 
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µ
µµνξ

µνµ
µ

µ
µ ξ∇===Φ=Φ gLgD

2

1
 

 
as well as the anti-symmetric four-dimensional intrinsic spin (vorticity) tensor by 

 

[ ] ( )νµµνµνµν ξξω ∇−∇==
2

1
D  

 

Let us now decompose the four-dimensional infinitesimal displacement field vector as 

follows: 

 
µµµ ψξ +∂= F  

 
Here the continuous scalar function F  represents the integrable part of the four-

dimensional macroscopic displacement field vector while the remaining parts are given 

by µψ  via 

 
µµµµ ϕφσψ e2++=  

 

where µσ  are the components of the non-integrable four-dimensional macroscopic 

displacement field vector, µφ  are the components of the four-dimensional microscopic 

(micropolar) intrinsic spin vector, e  is a constant proportional to the electric charge, and 
µϕ  are the components of the electromagnetic four-potential vector. We assume that in 

general ,, µµ φσ and µϕ  are linearly independent of each other.  

 

The intrinsic four-dimensional macroscopic spin (“angular momentum”) tensor is then 
given by 

 

( )νµµνµν σσ ∇−∇=Ω
2

1
 

 
Likewise, the intrinsic four-dimensional microscopic (micropolar) spin tensor is given by  

 

( )νµµνµν φφ ∇−∇=
2

1
S  

 

Note that this tensor vanishes when the points are not allowed to rotate such as in 

conventional (standard) cases.  
 

Meanwhile, the electromagnetic field tensor is given by 

 

νµµνµν ϕϕ ∇−∇=F  
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In this case, we especially note that, by means of the condition [ ] 0=Γ µα
µν ξ , the above 

expression reduces to the usual Maxwellian relation 
 

νµµνµν ϕϕ ∂−∂=F  

 
We can now write the intrinsic spin tensor as 

 

µνµνµνµνω FeS ++Ω=  

 
Hence the full electromagnetic content of the theory becomes visible. We also see that 

our space-time continuum can be considered as a dynamically polarizable medium 
possessing chirality. As such, the gravitational and electromagnetic fields, i.e., the 

familiar classical fields, are intrinsic geometric objects in the theory. 

 
Furthermore, from the contorsion tensor, let us define a geometric spin vector via 

 

[ ]
σ
µσ

σ
µσµ Γ=≡ 2KA  

 

Now, in a somewhat restrictive case, in connection with the spin fields represented by 

,, µµ φσ and 
µϕ  , the selection 

 

µµµµµ ψϕφσ ∈=++= 321 2 ceccA  

 

i.e., 

 

µµµ

µµµ

ϕφσ

ϕφσ

e

cecc

2

2 321

++

++
=∈  

 

will directly attribute the contorsion tensor to the intrinsic spin fields of the theory. 
However, we would in general expect the intrinsic spin fields to remain in the case of a 

semi-symmetric connection, for which 0=µA , and so we cannot carry this proposition 

any further. 

 

At this point, we see that the holonomic part of the generalized four-dimensional 

elasticity tensor given by µνρσA  is responsible for (centrally symmetric) gravitational 

phenomena while the anholonomic part given by µνρσB  owes its existence to the 

(con)torsion tensor which is responsible for the existence of the intrinsic spin fields in our 
consideration.  

 

Furthermore, we see that the components of the energy-momentum tensor can now be 

expressed as 
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νµµνµνµν γβα DDgT ++Φ=  

 
In other words, 

 

( ) ( )

[ ] ( ) µνµν

µνµνµν

ωγβ

γβα

−=

Φ++Φ=

T

gT
 

 

Alternatively,  

 

( ) ( )

[ ] ( ) ( )µνµνµνµν

µνξαβξ
αβ

µνµν

γβ

γβα

FeST

gLgLggT

++Ω−=

++=
2

1

2

1

 

 

We may note that, in a sense analogous to that of the ordinary mechanics of continuous 

media, the generally asymmetric character of the energy-momentum tensor means that a 

material object in motion is generally subject to distributed body couples.  
 

We also have 

 

( ) RTT 14 −−=Φ++== κγβαµ
µ  

 

Let us briefly relate our description to the standard material description given by general 
relativity. For this purpose, let us assume that the intrinsic spin fields other than the 

electromagnetic field are negligible. If we denote the material density and the pressure by 

ρ  and p , respectively, then it can be directly verified that 

 

γβα
ρ

++

−
=Φ
4

4 p
 

 
is a solution to the ordinary expression 

 

( ) 






 −−−= αβ
αβµν

σ
νµσµννµµν π

ρ FFgFFgpuuT
4

1

4

1
 

 

where µu   are the covariant components of the unit velocity vector. This is true whether 

the electromagnetic field is present or not since the (symmetric) energy-momentum 

tensor of the electromagnetic field given by 
 








 −−= αβ
αβµν

σ
νµσµν π

FFgFFJ
4

1

4

1
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is traceless.  

 
At this point, however, we may note that the covariant divergence 

 

( ) γβγβα µ
νµ

µ
µννµ

µ
µν

µµ
µνµν

µ ∇+∇+∇+∇+Φ∇=∇ DDDDgT  

 

need not vanish in general since 

 

[ ] [ ]( )ρσν
λ

λ
ρσ

σ
ρ

ρ
σµ

µνµνµν
µ

µν
µ κκ

RRgRgRT Γ+Γ=






 −∇=∇ 2
1

2

11
 

 

In an isotropic, homogeneous Universe, for which the constitutive invariants 

,,,, λγβα and ω  are constant, the above expression reduces to 

 
νµ

µ
µν

µµ
µνµν

µ γβα DDgT ∇+∇+Φ∇=∇  

 

If we require the above divergence to vanish, however, we see that the motion described 

by this condition is still more general than the pure geodesic motion for point-particles. 
  

Still in the case of an isotropic, homogeneous Universe, possibly on large cosmological 
scales, then our expression for the energy-momentum tensor relates the generalized Ricci 

curvature scalar directly to the “dilation” scalar. In general, we have 

 

( ) µνξ
µνκκγβακ gLgR Λ−=ΦΛ−=Φ++−=

2

1
4  

 

Now, for the generalized Ricci curvature tensor, we obtain the following asymmetric 
constitutive field equation: 

 

( )νµµνµν

µνµνµν

γβθκ

κ

DDg

TgTR

++=








 −=
2

1

 

 
where  

 

( )Φ++−= γβαθ 2
2

1
 

 

In other words, 

 

( ) ( )( )
[ ] ( ) µνµν

µνµνµν

ωγβκ

γβθκ

−=

Φ++=

R

gR
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Inserting the value of κ , we can alternatively write 

 

( ) ( )

[ ] ( ) ( )µνµνµνµν

µνξµνµν

γβπ

γβθπ

FeSR

gLgR

++Ω−−=








 ++−=

8

2

1
8

 

 

Hence, the correspondence between the generalized Ricci curvature tensor and the 
physical fields in our theory becomes complete. The present theory shows that in a 

curved space-time with a particular spherical symmetry and in a flat Minkowski space-

time (both space-times are solutions to the equation 0=Φ µν , i.e., 0=µνξ gL ) it is in 

general still possible for the spin fields to exist. One possible geometry that complies 
with such a space-time symmetry is the geometry of distant parallelism with vanishing 

space-time curvature (but non-vanishing Riemann-Christoffel curvature) and non-

vanishing torsion. 

 

Now let us recall that in four dimensions, with the help of the Weyl tensor W , we have 
the decomposition  

 

( ) ( ) RggggRgRgRgRgWR νσµρνρµσµσνρνρµσµρνσνσµρµνρσµνρσ −+−−++=
6

1

2

1

 

We obtain, upon setting ,
2

1
,

2

1
,

2

1
γκγβκβθκα === and Λ= κλ

6

1
 

 

( ) ( )
( ) ( )Φ−+−−++

−−++−+=

νρµσνσµρσµνρρνµσρµνσσνµρ

µσνρνρµσµρνσνσµρνρµσνσµρµνρσµνρσ

λγ

βα

ggggDgDgDgDg

DgDgDgDgggggWR 2

 

Therefore, in terms of the anholonomic part of the generalized elasticity tensor, we have 

 

( )
( ) ( )Φ−+−−++

−−+++=

νρµσνσµρσµνρρνµσρµνσσνµρ

µσνρνρµσµρνσνσµρµνρσµνρσµνρσ

λγ

β
ω
α

ggggDgDgDgDg

DgDgDgDgBWR 2
 

 

In the special case of a pure gravitational field, the torsion of the space-time continuum 

vanishes. In this situation our intrinsic spin fields vanish and consequently, we are left 
simply with 

 

( ) ( )
( )Φ−+

−−+++=

νρµσνσµρ

µσνρνρµσµρνσνσµρµνρσµνρσ

λ

γβ

gggg

DgDgDgDgWR
2

1
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In standard general relativity, this gives the explicit form of the Riemann-Christoffel 

curvature tensor in terms of the Lie derivative µνµνξ Φ= 2gL . For a space-time 

satisfying the symmetry 0=µνξ gL , we simply have µνρσµνρσ WR = , i.e., the space-time 

is devoid of material sources or “empty”. This condition is relatively weaker than the 

case of a space-time with constant sectional curvature, .constR =  for which the Weyl 

tensor vanishes. 
 

 

4. The Generalized Four-Dimensional Non-Linear Constitutive Field Equations 

 
In reference to the preceding section, let us now present, in a somewhat concise manner, 
a non-linear extension of the formulation presented in the preceding section. The 

resulting non-linear constitutive field equations will therefore not be limited to weak 
fields only. In general, it can be shown that the full curvature tensor contains terms 

quadratic in the displacement gradient tensor and this gives us the reason to express the 

energy-momentum tensor which is quadratic in the displacement gradient tensor.   
 

We start with the non-linear constitutive field equation 
 








 −=+= RgRDDKDCT
µνµνληρσµν

ρσλη
ρσµν

ρσ
µν

κ 2

11
 

 

where 
 

ρλµσνησλµρνηρηµσνλ

σηµρνλρλνσµησλνρµηρηνσµλ

σηνρµλνρµσληνσµρληνλµηρσ

νηµλρσσλρηµνσηρλµνληρσµνµνρσλη

gggagggaggga

gggagggagggaggga

gggagggagggaggga

gggagggagggagggaK

151413

1211109

8765

4321

+++

++++

++++

+++=

 

 

where the fifteen constitutive invariants 1521 ,...,, aaa  are not necessarily constant.  

 

We shall set 

 

µνληρσληµνρσρσµνληµνρσλη KKKK ===  

 

Letting 
 

 

( )( )( )

[ ][ ][ ]ληρσµνµνρσλη

ληρσµνµνρσλη

µνρσληµνρσληµνρσλη

QQ

PP

QPK

=

=

+=
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we have 

 

µνληρσληµνρσρσµνληµνρσλη

µνληρσληµνρσρσµνληµνρσλη

QQQQ

PPPP

===

===
 

 

Introducing the eleven constitutive invariants 1121 ,...,, bbb , we can write 

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )ρηµσσηµρνλρηµσσηµρνλ

ρηνσσηνρµλρηνσσηυρµλ

νρµσνσµρληνρµσνσµρλη

νλµηνηµλρσνλµηνηµλρσ

σλρησηρλµνσλρησηρλµνληρσµνµνρσλη

gggggbgggggb

gggggbgggggb

gggggbgggggb

gggggbgggggb

gggggbgggggbgggbK

−+++

−+++

−+++

−+++

−+++=

1110

98

76

54

321

 

 

The energy-momentum tensor is therefore given by 
 

( )
( ) ( )

µρ
ρ

νµρ
ρ

ν

νρ
ρ
µνρ

ρ
µµνµν

νµµνµν
ρσ

ρσ
ρσ

ρσµν

ω

ωω

γβωωα

DbDb

DbDbbbbb

DDgbbbT

1110

987564

32

2

1

22

2222

22

+Φ+

+Φ+Φ++ΦΦ++

+++ΦΦ+Φ+Φ=

 

 

In other words, 

 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

[ ] ( ) ( ) ( ) ( )
( ) ( )µρ

ρ
ννρ

ρ
µ

µρ
ρ

ννρ
ρ
µµνµνµν

µρ
ρ

ννρ
ρ
µµρ

ρ
ννρ

ρ
µµν

µνµν
ρσ

ρσ
ρσ

ρσµν

ωω

ωωγβ

ωω

γβωωα

DDbb

DDbbbbT

DDbbDDbbbb

gbbbT

−++

Φ−Φ++Φ++−=

+++Φ+Φ++ΦΦ+

Φ+++ΦΦ+Φ+Φ=

99

10864

11910864

32

2

1

2

2

22

 
We also have 

 
µν

µν
µν

µν ωωµµµµ 43

2

21 +ΦΦ+Φ+Φ=T  

 
where we have set  

 

( )
( )
( )11934

10823

6412

1

28

28

24

4

bbb

bbb

bbb

−+=

++=

++=

++=

µ
µ

µ
γβαµ

 

 

for the sake of simplicity. 
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For the generalized Ricci curvature tensor, we obtain 
 

( )(

)µρ
ρ

νµρ
ρ

ννρ
ρ
µνρ

ρ
µ

µνµννµµν

µν
ρσ

ρσ
ρσ

ρσµν

ωω

ω

ωωκ

DcDcDcDc

ccDcDc

gccccR

1211109

8765

43

2

21

+Φ++Φ+

Φ+ΦΦ+++

+ΦΦ+Φ+Φ=

 

 
where 

 

( )

( )
( )
( )

( )
( )

1112

1011

910

89

758

647

6

5

11934

10823

6412

1

2

2

2

2

2

2

2

2

2
2

1

bc

bc

bc

bc

bbc

bbc

c

c

bbbc

bbbc

bbbc

c

=

=

=

=

+=

+=

=

=

−+−=

++−=

++−=

++−=

γ
β

γβα

 

 

i.e.,  

 

( ) ( )(
( ) ( ) ( )

( ) ( )

[ ] ( )( ( ) ( )

( ) ( )


−++

Φ−Φ++Φ+−=




+++

Φ+Φ++ΦΦ+Φ++

+ΦΦ+Φ+Φ=

µρ
ρ

ννρ
ρ
µ

µρ
ρ

ννρ
ρ
µµνµνµν

µρ
ρ

ννρ
ρ
µ

µρ
ρ

ννρ
ρ
µµνµν

µν
ρσ

ρσ
ρσ

ρσµν

ωω

ωωκ

ωω

ωωκ

DDcc

DDcccccR

DDcc

DDccccc

gccccR

1110

119865

1210

119765

43

2

21

2

1

2

1

2

1

2

1

 

 

The generalized Ricci curvature scalar is then 
 

( )µν
µν

µν
µν ωωκ 43

2

21 hhhhR +ΦΦ+Φ+Φ=  
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where 

 

121044

11933

522

6511

4

4

4

4

ccch

ccch

cch

ccch

++=

++=

+=

++=

 

 

Finally, we obtain, for the curvature tensor, the following expression:  
 

( ) ( )
( ) ( )
( ) ( )
( )
( )
( )
( )
( )νρµλ

λ
σµσνλ

λ
ρνσµλ

λ
ρµρνλ

λ
σ

νρµλ
λ
σµσνλ

λ
ρνσµλ

λ
ρµρνλ

λ
σ

νρσλ
λ
µµσρλ

λ
ννσρλ

λ
µµρσλ

λ
ν

νρσλ
λ
µµσρλ

λ
ννσρλ

λ
µµρσλ

λ
ν

σµνρρνµσρµνσσνµρ

µσνρνρµσµρνσνσµρ

µσνρνρµσµρνσνσµρ

νρµσνσµρ
λη

λη
λη

ληµνρσµνρσ

ωωωω

ωωωω

γ

ωωωωβ

β

ωω

gDgDgDgDf

gDgDgDgDf

gDgDgDgDf

gDgDgDgDf

DgDgDgDg

ggggf

ggggf

ggggffffWR

−−++

Φ−Φ−Φ+Φ+

−−++

Φ−Φ−Φ+Φ+

−−++

−−+Φ++

Φ−Φ−Φ+ΦΦ++

−+ΦΦ+Φ+Φ+=

10

9

8

7

6

5

43

2

21

 

 

where 
 

( )

( )

1210

119

108

97

86

75

121044

11933

722

11

6

1

3

2
1

6

1

3

2
1

6

1

3

2
1

2

cf

cf

cf

cf

cf

cf

cccf

cccf

ccf

cf

=

=

=

=

=

=

−+






 −=

++






 −=

+






 −=

+==

κκ

κκ

κκ

λα

 

 
At this point, the apparent main difficulty lies in the fact that there are too many 

constitutive invariants that need to be exactly determined. As such, the linear theory is 

comparatively preferable since it only contains three constitutive invariants. However, by 
presenting the most general structure of the non-linear continuum theory in this section, 
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we have acquired a quite general picture of the most general behavior of the space-time 

continuum in the presence of the classical fields. 

 

 
5. The Equations of Motion 

 

Let us now investigate the local translational-rotational motion of points in the space-time 

continuum 4S . Consider an infinitesimal displacement in the manner described in the 
preceding section. Keeping the initial position fixed, the unit velocity vector is given by 

 

νµ
µν

µµ
µ ξ

uug

ds

dx

ds

d
u

=

==

1

 

 

such that, at any proper time given by the world-line s , the parametric representation 
 

( )dssxud ,αµµξ =  

 

describes space-time curves whose tangents are everywhere directed along the direction 

of a particle’s motion. As usual, the world-line can be parametrized by a scalar ς  via 
bas += ς , where a  and b  are constants of motion. 

 

The local equations of motion along arbitrary curves in the space-time continuum 4S  can 

be described by the quadruplet of unit space-time vectors ( )zwvu ,,,  orthogonal to each 

other where the first three unit vectors, or the triplet ( )wvu ,, , may be defined as (a set of) 

local tangent vectors in the (three-dimensional) hypersurface ( )tΣ  such that the unit 

vector z  is normal to it. More explicitly, the hypersurface ( )tΣ  is given as the time 

section .0 constxt ==  of 4S . This way, the equations of motion will be derived by 

generalizing the ordinary Frenet equations of orientable points along an arbitrary curve in 
three-dimensional Euclidean space, i.e., by recasting them in a four-dimensional manner. 

Of course, we will also include effects of microspin generated by the torsion of space-
time.  

 

With respect to the anholonomic space-time basis ( )( )
i

ik

X
eXx
∂
∂

== µ
α

µµ ωω , we can 

write 
 

µ
µ

µ
µ

µ
µ

µ
µ

ω

ω

ω

ω

zz

ww

vv

uu

=

=

=

=

 



 21 

 

we obtain, in general, the following set of equations of motion of points, i.e., point-like 

particles, along an arbitrary curve l  in the space-time continuum 
4

S : 
 

µ
µ

µµ
µ

µµ
µ

µ
µ

ϕ

ϕτ

φτ

φ

w
Ds

zD

zv
Ds

wD

uw
Ds

vD

v
Ds

uD

=

+=

−=

=

 

 

where the operator µ
µ ∇= u

Ds

D
 represents the absolute covariant derivative. In the 

above equations we have introduced the following invariants: 

 

2/1

2/1









=

∈=









=

Ds

zD

Ds

zD
g

z
Ds

vD
vu

Ds

uD

Ds

uD
g

νµ

µν

σ
ρ

νµ
µνρσ

νµ

µν

ϕ

τ

φ

 

 

In particular, we note that, the torsion scalar τ  measures the twist of the curve l  in 
4S  

due to microspin.  

 
At this point, we see that our equations of motion describe a “minimal” geodesic motion 

(with intrinsic spin) when 0=φ . In other words, if 

 

µ
µ

µµ
µ

µ
µ

µ

ϕ

ϕτ

τ

w
Ds

zD

zv
Ds

wD

w
Ds

vD

Ds

uD

=

+=

=

= 0
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However, in general, any material motion in 4S  will not follow the condition 0=φ . This 

is true especially for the motion of a physical object with structure. In general, any 

physical object can be regarded as a collection of points (with different orientations) 

obeying our general equations of motion. It is therefore clear that 0≠φ  for a moving 

finite physical object (with structure) whose material points cannot be homogeneously 
oriented.  

 

Furthermore, it can be shown that the gradient of the unit velocity vector can be 

decomposed according to 

 

µνµνµνµνµν θβα auhu +++=∇
6

1
 

 

where 
 

( ) ( ) ( )

( ) ( ) [ ]

Ds

uD
a

u

uKhhuuhhuuhh

uKhhuuhhuuhh

uugh

µ
µ

µ
µ

σ
σ
αβ

β
ν

α
µαββα

β
ν

α
µαββα

β
ν

α
µµν

σ
σ
αβ

β
ν

α
µαββα

β
ν

α
µαββα

β
ν

α
µµν

νµµνµν

θ

β

α

=

∇=

−∇−∇=∇−∇=

−∇+∇=∇+∇=

−=

2

1ˆˆ
4

1

4

1

2

1ˆˆ
4

1

4

1

 

 

Note that 
 

( ) [ ] [ ]( )
[ ] [ ]

σ
αβ

σ
αβ

η
λαβη

η
λβαη

σλσ
αβ

ν
µν

ν
µν

ν
µν βα

Γ=

Γ+Γ−=

===

K

gggK

uuuh 0

 

 
Meanwhile, with the help of the identities 

 

( ) ( ) ( ) ( ) ( )
( ) [ ] µσ

λσ
λν

λ
σ

σ
µλνµνλλν

λ

µ
λ

λνµνµ
λ

λνµλ
λ

νµλν
λ

uuuuRuu

uuauuuuuu

∇Γ−=∇∇−∇∇

∇∇−∇=∇∇−∇∇=∇∇

2
 

 

we obtain 

 

( ) ( ) [ ]
ν

σ
µσ

µν
νµ

µν
µ

ν
ν

µ
µ

µ

θ
uuuuRuua

Ds

D
∇Γ+−∇∇−∇= 2  

 

for the “rate of shear” of a moving material object with respect to the world-line. 
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6. The Variational Principle for the Theory 
 
Let us now derive the field equations of the present theory by means of the variational 

principle. Considering thermodynamic effects, in general, our theory can best be 

described by the following Lagrangian density: 
 

321 LLLL ++=  

 

where 

 

( ) ( ) ( )

( )

( ) ( ) ( )νν
νµ

µ

µ
µ

ληρσ
µν

µν
ρσλη

ρσ
µν

µν
ρσ

µ
µµνµν

µν

ρξξ

ξ
κ

ufugL

TDDDDKDDCgL

RDDRgL

−∇=








 ∆Θ−+=








 −Φ−−∇=

det

3

1

2

1
det

2

1
det

1

3

2

1

 

 

where Θ  is a thermal coefficient, T∆  is (the change in) the temperature, and f  is a 

generally varying scalar entity. Note that here we have only explicitly assumed that 
µ

µ ξ∇=Φ .  

 

Alternatively, we can express 1L  as follows: 

 

( ) ( )µνµν
µνµν ξ

κ
DRgRgL −∇







 −=
2

1
det

1
1  

 

Hence we have 

 

( ) ( )

( ) ( ))νν
νµ

µµ
µ

ληρσ
µν

µν
ρσλη

ρσ
µν

µν
ρσµνµν

µν

ρξξ

ξ

ufuTD

DDDKDDCDTgL

−∇+∆Θ−




 ++−∇=
3

1

2

1
det

 

 

We then arrive at the following invariant integral: 
 

( ( )( ) [ ]( )

( ) ( )) Σ−∇+

∆Θ−+ΦΦΦ+

+ΦΦ+−∇+Φ−∇= ∫

dufu

TDQP

BATTI
S

νν
νµ

µ

µ
µ

ληρσ
µν

µν
ρσλη

ληρσ
µν

µν
ρσλη

ρσ
µν

µν
ρσ

ρσ
µν

µν
ρσµνµν

µν
µνµν

µν

ρξξ

ωωω

ωωωξξ

3

1

3

1

2

1

2

1

4
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where ( ) 3210det dxdxdxdxgd =Σ  is the proper four-dimensional differential volume.  

 

Writing ( ) LgL det=  and employing the variational principle, we then have 

 

( ) ( ) 0
4

=Σ









∇

∇∂
∂

+
∂

∂
+Φ

Φ∂

∂
+

∂

∂
= ∫ d

LLL
T

T

L
I

S

νµ
νµ

µν
µν

µν
µν

µν
µν ξδ

ξ
ωδ

ω
δδδ  

 

Now 
 

( ) ( ) ( ) ( )

( )∫

∫∫∫

Σ










∇∂
∂

∇−=

Σ










∇∂
∂

∇−Σ










∇∂
∂

∇=Σ∇
∇∂
∂

4

444

S

SSS

d
L

d
L

d
L

d
L

ν
νµ

µ

ν
νµ

µν
νµ

µνµ
νµ

ξδ
ξ

ξδ
ξ

ξδ
ξ

ξδ
ξ

 

 

since the first term on the right-hand-side of the first line is an absolute differential that 
can be transformed away on the boundary of integration by means of the divergence 

theorem. Hence we have 

 

( ) 0
4

=Σ
























∇∂
∂

∇−
∂

∂
+Φ

Φ∂

∂
+

∂

∂
= ∫ d

LLL
T

T

L
I

S

ν
νµ

µ
µν

µν
µν

µν
µν

µν ξδ
ξ

ωδ
ω

δδδ  

 

where each term in the integrand is independent of the others. We may also note that the 

variations ,,, µνµνµν ωδδδ ΦT and νξδ  are arbitrary. 

 

From 0=
∂

∂
µν

T

L
, we obtain 

 

( )

[ ]µνµν

µνµν

ξω

ξ

∇=

∇=Φ
 

 

i.e., the covariant components of the “dilation” and intrinsic spin tensors, respectively. 

 

From 0=
Φ∂

∂
µν

L
, we obtain 

 

( ) ( )
TgPARgRT ∆Θ−ΦΦ+Φ=







 −= µνληρσµν
ρσλη

ρσµν
ρσ

µνµνµν

κ 2

11
 

 

i.e., the symmetric contravariant components of the energy-momentum tensor.  
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From 0=
∂

∂
µνω
L

, we obtain 

 

[ ] [ ] ληρσµν
ρσλη

ρσµν
ρσ

µνµν ωωω
κ

QBRT +==
1

 

 

i.e., the anti-symmetric contravariant components of the energy-momentum tensor. 
 

In other words, 

 

TgDDKDCRgRT ∆Θ−+=






 −= µνληρσµν
ρσλη

ρσµν
ρσ

µνµνµν

κ 2

11
 

 

Finally, we now show in detail that the fourth variation yields an important equation of 
motion. We first see that 

 

( ) ( )νµµν

νµ

ρξ
ξ

ν

ufuT
L

−+=
∇∂
∂

 

 
Hence 

 

( ) ( ) ( ) ν
µ

µνµ
µ

ν
µ

µνµ
µ

µν
µ

νµ
µ ρρξξ

ξ
uuuuufufT

L
∇−∇−∇+∇+∇=











∇∂
∂

∇  

 

Let us define the “extended” shear scalar and the mass current density vector, 

respectively, via 
 

( )
µµ

µ
µ

ρ uJ

ufl

=

∇=
 

 
We can now readily identify the acceleration vector and the body force per unit mass, 

respectively, by 

 

( )( )µν
ν

µµ

µ
µ

ν
νµ

ξ
ρ

uJflb

Ds

uD
aua

∇−+=

=∇=

1
1

 

 

In the conservative case, the condition 0=∇ µ
µ J  gives 
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µ
µρ

ρ
u

Ds

D
∇−=  

 

In the weak-field limit for which ( )Auu ,1=µ
 where 3,2,1=A , we obtain the ordinary 

continuity equation,  
 

( ) 0=∇+
∂
∂ A

A u
t

ρ
ρ

 

 
Finally, we have 

 

( ) 0
4

=Σ−+∇∫ dabT

S

ν
ννµν

µ ξδρρ  

 
i.e., the equation of motion 

 

( )ννµν
µ ρ baT −=∇  

 

or 

 

( )ννµνµν
µ ρκ baRgR −=







 −∇
2

1
 

 

If we restrict our attention to point-like particles, the body force vanishes since it cannot 
act on a structureless (zero-dimensional) object. And since the motion is geodesic, i.e., 

0=µa , we have the conservation law 

 

0=∇ µν
µ T  

 
In this case, this conservation law is true regardless of whether the energy-momentum 

tensor is symmetric or not. 

 

Let us now discuss the so-called couple stress, i.e., the couple per unit area which is also 

known as the distributed moment. We denote the couple stress tensor by the second-rank 
tensor field M . In analogy to the linear constitutive relations relating the energy-

momentum tensor to the displacement gradient tensor, we write 

 
ληρσµν

ρσλη
ρσµν

ρσ
µν LLHLJM +=  

 

where  
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µνρσληµνρσληµνρσλη

µνρσµνρσµνρσ

VUH

FEJ

+=

+=
 

 

These are assumed to possess the same symmetry properties as µνρσC  and µνρσληK , 

respectively, i.e., µνρσE  have the same symmetry properties as µνρσA , µνρσF  have the 

same symmetry properties as µνρσB , µνρσληU  have the same symmetry properties as 

µνρσληP , and µνρσληV  have the same symmetry properties as µνρσληQ . 

 

Likewise, the asymmetric tensor given by 

 

( ) [ ]µνµνµν LLL +=  

 

is comparable to the displacement gradient tensor. 

 

Introducing a new infinitesimal spin potential via µφ , let the covariant dual form of the 

intrinsic spin tensor be given by 

 

( )νµµν
ρσ

µνρσµν φφωω ∇−∇=∈=
2

1

2

1
 

 

Let us now introduce a completely anti-symmetric third-rank spin tensor via 

 

( ) σ
µνρσµνρ φγβ ∈−−=

2

1
S  

 

As a direct consequence, we see that  
 

( ) µνµνρ
ρ ωγβ −=∇ S  

 

In other words, 
 

[ ] [ ]( )µνµνµνµνµνρ
ρ κ

Λ−=−=∇ RNTS
1

 

 
where  

 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )µ

ρ
νρν

ρ
µρµ

ρ
νρν

ρ
µρµνµν

µ
ρ

νρν
ρ

µρµ
ρ

νρν
ρ

µρµνµν

ωωω

ωωω

DDccDDccc

DDbbDDbbbbN

−++Φ−Φ++Φ=Λ

−++Φ−Φ++Φ+=

11101198

9910864

2

1

2

1

2

 

We can now form the second Lagrangian density of our theory as 
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( ) ( )(
( ) ( ) ( ))νν

νµ
µλρσν

µν
µ
ρσλ

ληρσ
µν

µν
ρσλη

ρσ
µν

µν
ρσµνµν

µν

ρφφφ

φ

sIhuuS

LLLHLLJLMgH

−∇+∇∈−

++−∇=
3

1

2

1
det

 

 

where h  is a scalar function, I  is the moment of inertia, and 
νs  are the components of 

the angular velocity vector.  
 

Letting ( ) µνµν XL =  and [ ] µνµν ZL = , the corresponding action integral is 

 

( ( )( ) [ ]( )

( )
( ) ( )) Σ−∇+

∇∈−++

++−∇+−∇= ∫

dsIhu

uSZZZVXXXU

ZZFXXEZMXMJ

S

νν
νµ

µ

λρσν
µν

µ
ρσλ

ληρσ
µν

µν
ρσλη

ληρσ
µν

µν
ρσλη

ρσ
µν

µν
ρσ

ρσ
µν

µν
ρσµνµν

µν
µνµν

µν

ρφφ

φ

φφ

3

1

3

1

2

1

2

1

4

 

As before, writing ( ) HgH det=  and performing the variation 0=Jδ ,  we have 

 

( ) 0
4

=Σ
























∇∂
∂

∇−
∂

∂
+

∂

∂
+

∂

∂
= ∫ d

H
Z

Z

H
X

X

H
M

M

H
J

S

ν
νµ

µ
µν

µν
µν

µν
µν

µν φδ
φ

δδδδ

 

 

with arbitrary variations ,,, µνµνµν δδδ ZXM and νφδ . 

 

From 0=
∂

∂
µν

M

H
, we obtain 

 

( )

[ ]µνµν

µνµν

φ

φ

∇=

∇=

Z

X
 

From  0=
∂

∂
µν

X

H
, we obtain 

 
( ) ληρσµν

ρσλη
ρσµν

ρσ
µν XXUXEM +=  

 

From  0=
∂

∂
µν

Z

H
, we obtain 

 
[ ] ληρσµν

ρσλη
ρσµν

ρσ
µν ZZVZFM +=  

 
We therefore have the constitutive relation 
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ληρσµν

ρσλη
ρσµν

ρσ
µν LLHLJM +=  

 
Let us investigate the last variation 

 

( )∫ =Σ










∇∂
∂

∇−
4

0

S

d
H

ν
νµ

µ φδ
φ

 

 

in detail. 

 
Firstly, 

 

( ) ( )ννµσλρµν
λρσ

µν

νµ

ρφ
φ

sIhuuSM
H

−+∈−=
∇∂
∂

 

 

Then we see that 

 

( )
[ ] ( )

( ) ν
µ

µνµ
µ

ν
µ

µνµ
µ

σ
µ

λρµν
λρσ

σµρν
µρσ

µν
µ

νµ
µ

ρρ

φφ
φ

suIsuI

uhuhuSuTM
H

∇−∇−

∇+∇+∇∈−∈−∇=










∇∂

∂
∇

 

 

We now define the angular acceleration by 
 

Ds

sD
su

µ
µ

ν
νµα =∇=  

 
and the angular body force per unit mass by 

 

( ) 







∇−+= µν
ν

µ
µµ φ
φ

ρ
β sJI

Ds

D
hl

1
 

 

where  ( )µµ uhl ∇= . 

 

We have 
 

[ ]( )( ) 0
4

=Σ−+∇+∈−∇∫ dIuSuTM

S

ν
ννσ

λ
µρλσµρν

µρσ
µν

µ φδαρβρ  

 

Hence we obtain the equation of motion 
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[ ]( )( ) ( )ννσ
λ

µρλσµρµρν
µρσ

µν
µ βαρ −+∇+−∈=∇ IuSuNTM  

 

i.e., 
 

[ ]( ) ( )ννσ
λ

µρλσµρµρν
µρσ

µν
µ βαρ

κ
−+







 ∇+Λ−∈=∇ IuSuRM
1

 

 
 

7. Final Remarks 

 
We have seen that the classical fields of physics can be unified in a simple manner by 

treating space-time itself as a four-dimensional finite (but unbounded) elastic medium 

capable of undergoing extensions (dilations) and internal point-rotations in the presence 

of material-energy fields. In addition, we must note that this apparent simplicity still 

leaves the constitutive invariants undetermined. At the moment, we leave this aspect of 
the theory to more specialized attempts. However, it can be said, in general, that we 

expect the constitutive invariants of the theory to be functions of the known physical 

properties of matter such as material density, energy density, compressibility, material 

symmetry, etc. This way, we have successfully built a significant theoretical framework 

that holds in all classical physical situations.    
 

 
 

 

 

 

 
 

 

 


